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PREFACE 


This book has evolved from a set of mimeographed lecture notes . 
used in a one-semester course in engineering mathematics offered by the 
senior author in the School of Engineering of Columbia University for the 
last seven years. The course is the first of a sequence of four aimed at 
widening the mathematical background of undergraduate and graduate 
students and at filling the gap between a knowledge of theoretical mathe- 
matics and the technique of solving physical problems by mathematical 
methods. 

It is well known that the student’s interest in a subject is greatly 
enhanced whenever he is shown beforehand its importance in connection 
with his field of work. In this elementary text a simple physical problem 
first motivates the introduction of each mathematical technique and of 
the corresponding theory; the solution of the problem is then carried to 
its final numerical result, with special emphasis on accuracy of computa- 
tion and practical numerical schemes. Proofs are mentioned only to 
develop the treatment of the material in a logical manner. 

Although the reader is assumed to have a knowledge of college mathe- 
matics, including the calculus, it has been found extremely useful to 
devote about one-third of the book to a review, from an intuitional stand- 
point, of those fundamental concepts of mathematics which are so often 
forgotten by the student after his first rapid excursion in the field. This 
review, on the one hand, clarifies the basic ideas repeatedly used in the 
applications and, on the other, constitutes a reminder of the elementary 
techniques learned in pure mathematics courses. 

The topics treated have been chosen by polling members of the staff of 
the School as to the mathematical needs of their courses. It w r as found 
that the same topics are also of interest to practicing engineers requiring 
a review course on mathematics or a wider mathematical background in 
connection with their work, as well as to students in mathematics, 
chemistry, and physics wishing to become acquainted with the engineering 
approach to physical problems. Hence the book is intended for use by 
readers with various technical backgrounds. 

The six chapters of the book deal with 

1. The fundamental ideas of mathematics (number, variable, func- 
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tion, limit, continuity, infinitesimal, derivative, differential, and 
integral) and related techniques. 

2. The use of plane Cartesian geometry. 

3. The solution of algebraic and transcendental equations. 

4. The solution of systems of simultaneous linear equations. 

5. The elementary functions of a real and of a complex variable and 
power series expansion. 

G. The Fourier series expansion and harmonic analysis. 

The illustrative problems used in the text are taken from elementary 
pli 3 r sics and mechanics and from the various branches of engineering, 
but their understanding does not require familiarity with senior-year 
subjects. 

In any book trying to teach mathematical techniques the sections on 
problems are among the most important. At the end of each chapter the 
reader will find a series of problems, which may be divided into two 
categories: practice problems and applied problems. The first type of 
exercise is aimed at improving the mathematical skill of the student and 
does not require a knowledge of either physics or engineering; the second 
is aimed at teaching the reader how to formulate and solve physical 
problems in mathematical terms. Answers to alternate problems are 
given at the end of the book. 

Kenneth S. Miller, after giving considerable help in the preparation 
of the manuscript, undertook the strenuous job of gathering and solving 
the more than one thousand problems contained in the book. I am glad 
to take this opportunity to express my appreciation for his efforts. 

I fulfill a debt of gratitude to the memory of the late Prof. G. B. 
Karelitz by remembering his help in starting an engineering mathematics 
course at Columbia, and I am grateful to many colleagues in the School 
for their encouragement. 

To my friend Prof. R. D. Mindlin I am particularly indebted for his 
continued interest in my work and his illuminating advice. 

I also wish to express my thanks to Miss \F. M. Curtis and Miss E. J. 
Johnson for their skillful and untiring efforts in the preparation of the 
manuscript, and finally to my numerous students, who have contributed 
so much to my interest and knowledge in the field of engineering mathe- 
matics by their challenging questions. 

Mario G. Salvador! 

New Yokr, N.Y. 

July, 1958 
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INTRODUCTION 


Mathematics is a type of shorthand particularly well adapted to the 
language of logic or common sense. Common sense, like any other 
faculty, can be improved only by practice. Mathematical common sense 
will be improved by using mathematics, but this can be done only by 
first mastering its shorthand alphabet. 

By careful study of .this short book the reader will first learn this 
alphabet and build up a mathematical vocabulary. He will then be 
shown how to use this basic language to extend the range of his mathe- 
matical ideas and to attack successfully a large variety of engineering 
problems. 

To the engineer, mathematics is a tool. Far from despising the 
pioneering and creative effort of the pure mathematician, the engineer is 
compelled to take for granted most of the rigorous proofs of mathematical 
theorems and to concentrate on the question: “How can I apply these 
abstract truths to my problem?” For this reason the fundamental ideas 
of mathematics will be introduced to the reader from an intuitional 
point of view and will be clarified by means of their application to ele- 
mentary engineering problems. This viewpoint also has the great 
advantage of motivating to the reader the studs'- of certain mathematical 
ideas and techniques. 

The reader should keep in mind that, in any book attempting to 
teach “how to do things,” the section on problems is the most important. 
If and when he learns how to solve most of the problems presented at 
the end of each chapter, he will be well equipped to undertake mathe- 
matically elementary engineering problems. More difficult problems 
may require much more mathematics than can be covered in a single 
book, but advanced work will appear easy once the fundamentals have 
been thorough^ mastered. 
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CHAPTER I 

A REVIEW OF SOME BASIC MATHEMATICAL CONCEPTS 


14 Numbers 

The ultimate result of engineering work is very often a number, 
which ma} r be obtained after many computations and which must be 
correct lest all the labor involved in getting it be of no avail. It is only 
proper that we should know what kinds of numbers we shall meet in 
our computations. 

Natural numbers, as the positive integers are sometimes called, are so 
deeply rooted in our minds that the German mathematician Kronecker 
said: “God made the integers, man the other numbers.” Within the 
field of positive integers, the operation of addition is always possible, since 
the sum of two or more positive integers is always a positive integer. 
But the field of positive integers is insufficient to perform the operation of 
subtraction in all cases. Therefore, negative integers and zero have to be 
invented for this purpose. Geometrically minded people like the Greeks, 
to whom numbers very often meant distances, had no use for negative 
integers. The Hindus, on the other hand, who were great traders, knew 
that in business one can be “in the red” and used negative integers. 

The operation of multiplication, a shorthand operation for addition, 
can always be performed within the field of integers. But the operation 
of division, in order always to be performable, requires an extended field 
of numbers called fractions. 

In measuring the length of a segment we often use feet and inches, 
i.e., fractions of 1 ft, in order to be more accurate. But it must be 
noticed that by using a smaller unit, say the inch, the measure of a length 
can always be represented by an integer. Thus a length of 2 ft 4 in. is 
represented mathematically by the fraction 2 % 2 feet and by the 
integer 28 in inches. 

A fraction a/b is defined by the two integers a,b. This shows that a 
number of the new family, the fractions, is defined by an ordered couple 
of numbers of the previous family, the integers, since a/b is different 
from b/a. Once fractions have been introduced, we extend the rules of 
algebra to this new family in such a maimer that the rules on integers 
{i.e., on the special fractions a/b where 6 = 1) remain unchanged. 

In engineering, most fractions are written in decimal form. Some 
fractions give rise to decimal numbers with a finite number of digits, 
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for example, 34 = 0-25; others are representable by decimals with an 
infinite number of digits, which will always repeat in groups, for example, 

34 = 0.142857 142857 142857 ... 

If a unit length and an origin are chosen on a straight line (usually 
called the x axis), all the integers and all the fractions can be represented 
by points on the straight line, as shown in Fig. 1-1. The family of 
integers and fractions is called the field of rational numbers. 



Fig. 1-1. 


Let us now build, by compass and straightedge, the right triangle of 
sides equal to those of the triangle shown in Fig. 1-2, whose diagonal by 
Pythagoras’s theorem has a length L = \/l- + l 2 = V2. On the 
axis of Fig. 1-1 there is a point whose distance from the origin is equal to 
a/2. But a/2 is neither an integer nor a fraction. It is not an integer, 



I'ig. 1-2. 


since 

1= < 2 < 2= 

and, taking the square root of each term of 
this inequality, 

1 < a/2 < 2 

To prove that \/2 is not a fraction, we 
assume instead that 

a/2 = 

n 


where m and n are two integers having no common factors. (If they 
have, we first divide them both by these common factors.) Squaring 
and multiplying by n", we obtain 


2>E- = m- 


T. his equality shows that m- is twice n- and that, hence, m- and n 2 must 
have common factors. But, since by assumption m and n have no com- 
mon factors, m- and n- do not have common factors either. This 
contradiction proves that the assumption a/2 = m/n is false, i.e., that 
a/2 is not a fraction. 

It is thus seen that, while the operation of taking powers of a positive 
rational number can always be performed in the field of rational numbers, 
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the operation of taking roots of- a positive rational number requires a 
wider field, the field of irrational numbers, to be always performable. 
Famous among irrational numbers are \/2 , \/3, and e (base of Napier- 
ian logarithms). Irrational numbers, when written in decimal form, 
have an infinite number of decimal figures, -which follow at random. 

The rational and irrational numbers form the field of real numbers, 
which covers all the points of a straight line without gaps. The number 
1 is called the unit of real numbers. 

The square root of a negative number cannot be taken within the 
field of real numbers, since no real number gives a negative result when 
squared. But since one of the steps in ma^ computations is found to 
involve the evaluation of such square roots, a new kind of number has 
been invented in order that the operation “take an even root” be per- 
formable on all real numbers. These new' numbers are called imaginaries. 
The imaginary number y / — 4 is often written as 

_ V4( z: I) = V5 = 2 \/^l = 2 i 

calling i the new symbol y/ — l, which has no meaning in the field of real 
numbers. The symbol i is the unit of imaginary numbers and is an 
entirely different kind of unit from 1, the real unit. The only tie between 
i and 1 is that i 2 = — 1. In other words, multiplication of one kind 
of number, say the real number 2, by i, changes it into a different kind of 
number, the imaginary 2 i, while a second multiplication by i gives again 
a real number, — 2. 1 

Numbers of the real kind, like a-1, and of the imaginary kind, like 
b • i, cannot be added, just as different kinds of objects, say potatoes and 
tomatoes, cannot be added. But it is not unco mm on to find in engineer- 
ing work that the result of a computation cannot be expressed by a real or 
an imaginary number alone; both a real and an imaginary number are 
required, as in the solution of the quadratic equation 

x 2 -f- 2x -{-2 = 0 

whose roots are 

* = M(-2 ± \/4"— "S) = -1 ± i 

It was noticed before that two integers are needed to define a fraction. 
Similarly, two real numbers (a, b) are needed to express the fact that the 

1 That the same operation may give essentially different results when repeated 
should not amaze the reader. Suppose that a man is very sick and is ordered by his 
doctor to take one tablet of a medicine containing a poisonous ingredient. He follows 
the prescription and gets well. The result of the operation “take one tablet” applied 
once is -‘life.” If the man applies the same operation twice, i.e., takes two pills, he is 
poisoned and dies. The result of applying twice in a row the lifesaving operation 
“take one tablet” is entirely different— it is “death.” 
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answer of a problem is a units 1 and b units i, and it is convenient to 
consider this composite answer as a single number of a new kind, a 
complex number. A complex number z is therefore defined by the ordered 
couple (a,b) and means a units 1 and b units i. When b = 0, we get the 
special case of real numbers; when a = 0, the special case of imaginary 
numbers. 

It is customary to write the complex number z = (a, b) in the form 

z = a + bi 


but it cannot be overemphasized that the plus sign in this formula does 
not stand for addition. The only justification for the use of this notation 
is that the operations of addition, subtraction, and multiplication on 
complex numbers are so defined that the usual rules of the algebra of real 
numbers hold for complex numbers, if the plus sign is formally considered 
as an addition sign. Thus, given two complex numbers (a, b) = a + bi 
and (c,d) = c + di, 


(a + bi) + (c + di) = (a ± c) + (b ± d)i (ITT) 

(a + bi)(c + di) = (ac — bd) + (ad + bc)i (1-1-2) 

Two complex numbers are called conjugate when they have the same 
real part and opposite imaginary parts. The product of two conjugate 
numbers is always a positive real number, 

(a + bi)(a - bi) = (a 2 + b-) + ( ab - ab)i = a 2 + b 2 

whose positive square root is called the modulus of the complex number, 

or its absolute value, and is indicated by the symbol 

|z| = + V’o^+T 2 (IT-3) 

In the particular case of real numbers (b = 0) the absolute value of a 
number is its positive or numerical value. Thus 


|4| = + vT 2 = +4 (-3; = + \/( — 3 Y = +3 

To divide one complex number by another, we multiply both by the 
conjugate of the divisor, 


a + bi _ (a -j- bi)(c — di) _ (ac + bd) + (be — ad)i 
c + di (c + di)(c — di) ~ c- + d- 

_ ac + bd , be — ad . 
c- + d 2 + c 2 + d- 1 


(IT *4) 


Just as a real number is represented by a point on the x axis, a complex 
number is represented by a point in the x,y plane. The point is obtained 
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by taking as x coordinate the real part of the number and as y coordinate 
its imaginary part (Fig. 1*3). The modulus of the number is equal to 
the distance r of the point from the origin. Real numbers ( b = 0) 
appear on the x axis, imaginaries (o = 0) on the y axis. 1 In more 
advanced work, numbers with more than two units are sometimes used. 
Quaternions have, for instance, four 
separate units, ei,e 2 ,e 3 , and and are 
written as 

Z = ote i -f- be 2 -f* ce 3 -J- de 4 

while space vectors have units i x , i V! 
and i z and can be written as 

V — xi x + yi v + zi~ 



Table 1*1 shows the different kinds of numbers used in our computa- 
tions and their relation to one another. 


Table 1*1 


Natural numbers 
Zero 

Negative integers 


Integers ) 
Fractions 


Rationals 

Irrationals 


Reals 


Imaginaries J Com P lex numbers 


1*2 Operations on Complex Numbers 

In order to multiply, divide, and take powers and roots of a complex 
number it is often convenient to locate the representative point in the 
x,y plane by means of polar coordinates (Fig. 1*4). 

The polar coordinates of the point P(x,y), representative of the com- 
plex number 

z = x + yi (1-2-1) 

are given by 

r = + \/ x- + y- (1-2-2) 

8 = arctan - (1*2-3) 

where r, as indicated, is always positive. 

Since, from Fig. 1-4, 


x = r cos 8 y — t sin 8 

1 In certain problems it is convenient to consider the numbers + iy as represented 
by the vector OP rather than by the point P. 
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the complex number z can be written in its trigonometric form as 

z — r( cos 0 -f- i sin 0) (1-2-4) 

or simply 

z = r/0 (l-2-4o) 

Given another complex number in its trigonometric form, 
z' = r'(cos O’ + i sin 0') 

the product z ■ z' can be immediately obtained, remembering the formu- 
las for the sine and cosine of the sum of two angles, in the form 

z • z' = rr'[(cos 0 cos O' — sin 0 sin O') + i{ sin 0 cos 0' -f cos 0 sin 0')] 

= rr'[cos ( 0 + O' ) + t sin ( 0 + 0')] (1-2-5) 

Equation (1-2-5) proves that the modulus of the product is equal to the 

-product of the moduli, while the angle 
(or| phase) is equal to the sum of the 
angles. 

Similarly, the operation of division 
gives, calling 

z' = r'(cos O' — i sin O') 

the conjugate of z' and remembering 
that z' ■ z’ = {r') z , 



Z£ 

■!z' 


rr 


— (Py [( cos 0 cos d" s ‘ n 0s ' n O') + f(sin 0 cos O' — sin O' cos 0)] 


= p [cos (0 — O') + i sin (0 — 0')] 


( 1 - 2 - 6 ) 


Thus the modulus of the ratio is equal to the ratio of the moduli, while the 
angle is equal to the difference of the angles. 

If in Eq. (1-2-51 we take z' = z, that is, r — r’ and 0 = 0', we get the 
square of z, 

z" = r-( cos 20 + i sin 20) 

Multiplying z" by z we get z 3 = r 3 (cos 30 + i sin 30) and, in general, with 
n a positive integer, 

z n = r n ( cos nO + i sin nO) (1-2-7) 

Equation (1-2-7) ( dc Moivrc’s formula) can be proved to hold for any 
real number n and is used in computing the n separate nth roots of a com- 
plex number. Let us assume that the number 

z = r(cos 0 + i sin 0) 


( 1 - 2 - 8 ) 
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is one of the ath roots of the number 

Z = B ( cos ip + i sin tp) 

This simply means that z n = Z, that is, according to Eq. (1-2-7), that 

z n — j-n( CO s nd + i sin nd ) = R ( cos <p + i sin <p ) (1-2-9) 

Two complex numbers are equal if and only if their real parts and their 
imagimuy parts are equal. Therefore Eq. (1-2-9) holds if and only if 


r n cos nd = R cos <p 
r” sin nd = R sin ip 

Squaring and adding these two equations, we find that (r n ) 2 = R 1 and 
hence that r n = R, or 

r = </R (1-2-11) 


( 1 - 2 - 10 ) 


i.e., the modulus of the nth root of a number is equal to the nth root of 
the modulus of the number (a real positive nth root of R always exists, 
since R is a positive number). Since r n = R, Eqs. (1-2-10) show that 
the two angles nd and <p must have the same cosine and the same sine. 
But two angles have the same cosine and the same sine when they are 
equal or differ by multiples of 360 deg, that is, of 2i r radians. 

Hence 


or 


nd = tp -f /.-2 tt ( k an integer) - 


6 = n. + A ' T (A ' = -° } 2 » •••.»- 1) d-2-12) 


Equation (1-2-12) gives n separate val 
values of the sine and cosine, by means 
of which Eqs. (1-2-8) and (1-2-11) give 
the n roots of Z. [The angles ob- 
tained from Eq. (1-2-12) bj- making 
k = n,n -f l,n -j- 2, . . . have cosines 
and sines identical with those of the 
previous angles. Hence onh* n sepa- 
rate nth roots are obtained.] 

Let us compute, for example, the 
four 4th roots of the number 


of the angle d, having different 



Z = -4 + 3i, 

represented in Fig. 1-5 by the point P. By Eqs. (1-2-2) and (1-2-3), 

R = V4= + 3 2 = 5 

<P = arctan (-%) = 143.13° 



10 


SOLUTION OF ENGINEERING PROBLEMS 


ISkc. 1-2 


By Eq. (1-2-11), 
and by Eq. (1-2-12) 


or for 


r = y/b = 1.495 


6 = 


143.13° , , 360° 

— — + k '~r 


(/.• = 0, 1, 2, 3) 


k = 0 6 = 35.78° 

7; = 1 e = 125.78° 

k = 2 0 = 215.78° 

/; = 3 0 = 305.78° 


Hence, by Eq. (1-2-8), 

2 , = 1.495(cos 35.78° + 7 sin 35.78°) = 1.495(0.8112 + 7 0.5845) 

= 1.213 + 0.8738? 

2 ; = 1.495 (cos 125.78° + 7 sin 125.78°) = 1.495(-0.5845 + 7 0.8112) 

= -0.8738 + 1.2137 

• 2 3 = -1.213 - 0.87387 2^ = 0.8738 - 1.2137 

The same result can be obtained graphically by drawing a circle of 
radius r = s/R, by marking on its circumference the point Pi, which 



defines the angle tp/n, and by dividing the circumference into n equal 
parts starting from the point P x . The points P u P 2 , P 3 , . . . , P n thus 
obtained are the representative points of the n roots, since their coordi- 
nates are given by 


V 


= Vii 
= Vr 


cos 


sin 


(? + **) 
(5+*t) 


(k = 0, 1, 2, 


, n - 1) 


Figure 1-6 shows the graphic construction for the roots of the previous 
problem, while Fig. 1- / shows the construction for the three cube roots 
of Z = 1: 
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Z = 1 -f Of = l(cos 0 -j- f sin 0) 

r = y 1 = 1 0 = | + = 0°, 120°, 240° (k = 0, 1, 2) 

, 1 , V3 . 1 V3 . 

Zi - 1 2"^2 z 03 2 2 * 

Noticing that -\/a = v'a v'T, the ?ith roots of a real number are easily 
obtained by multiplying any one of its roots by the n nth roots of unity. 


1-3 Variables and Functions 

Numbers are used to define quantities whose value does not change. 
But very many quantities may or actually do change in value. For 
instance, time changes constantly. The temperature of a room may 
change. A quantity whose value may change is called a variable. It is 
customary to indicate variables by the last letters of the alphabet, x, y, 
z, t, w. 

Very often a variable is found to have values that depend upon the 
values of another variable. For instance, the temperature of a room 
may change depending upon the time of the day. We say in this case 
that there is a functional relationship between the two variables, tem- 
perature T and time t. If we have a graph of the temperature versus 
time, we may select a value of the time t and locate on the graph the 
corresponding value of the temperature T. We say in this case that t is 
the independent variable, since it can be chosen freely, and T the depend- 
ent variable, since, once the value of t is chosen, the value of T depends 
upon this particular value of t and cannot be chosen freely. The depend- 
ent variable T is also said to be a function of t. 

A function is therefore a variable depending on one or more other vari- 
ables. The functional relationship thus established is symbolized by 
the equation 

T = m (1-3-1) 

The cost of a train ticket C depends upon the length of the traveled 
distance s. The functional relationship between C and s is symbolized by 
writing 

C = /(s) 

But since to one value of s there corresponds one value of C, and vice 
versa, we may consider s as the function and C as the variable and write 

s = F(C) 

The function F is said to be the inverse of the function / and is sometimes 
written as 

5 = f-KC) 
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If you want to travel a given distance, you -are interested in /(s). If you 
have a given amount of money that you wish to spend on a vacation trip, 
you are interested in 

When a quantity w depends upon various variables x,y,z, . . . , we 
write 

w = f(x, y,z, . . . ) 

to indicate the functional relationship between w and x,y,z, .... In 
this course we shall consider only functions y of a single variable x and 
shall often indicate the functional relationship by the shorter symbol 

y = I/O) (1-3-2) 

It will also be assumed, unless otherwise stated, that to each value of x in a 
given interval there corresponds one and only one value of y, that is, 
that y is a single-valued function of x. 

It must be clearly understood that a functional relationship is not an 
explanation of why the function varies but purely a description of how it 
varies. Science does not explain, it only describes, phenomena. 

A functional relationship may be represented in four ways. 

1. By means of a verbal or written statement, as when we say : 
“The volume of a certain amount of gas is inversely proportional to its 
pressure.’' 

2. By means of a table of corresponding values, as in a schedule of 
prices of railroad tickets. 

3. By means of a graph, this being perhaps the presentation most com- 
monly used in engineering. 

4. By means of a mathematical formula, as when we write y = 2x 2 . 

The representation of a functional relationship by means of a formula 

is often the most fruitful, and all other representations may be derived 
from it; but when it is either difficult or impossible to locate the mathe- 
matical formula representing the function, other representations must 
be resorted to. In some cases, moreover, a function requires more than 
one mathematical formula for its representation: for instance, the func- 
tion giving the relationship between postage and weight of first-class 
mail requires the following specification, where 

p = postage, in cents, w = weight, in ounces. 
p — 3 for 0 < w < 1 

p = G for 1 < ta < 2 

p = 9 for 2 < u> < 3 


This can also be written as 

V = 3n for (n — 1 ) < w < n (n = 1, 2, ... ) 
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The range of values of the variable in which we are interested forms 
the interval of definition of the function. For instance, the real function 
y = y/A — x- is defined in the interval -2 < x < 2, which is also repre- 
sented by the symbol (-2, 2) or by the “absolute-value” symbol 
|x] < 2. [Read: “absolute value of x less than or equal to 2”; see Eq. 
(1-1-3).] 

Sometimes a variable z depends on another variable y, which in turn 
depends upon a third variable x. We write in this case 

2 = F(y) y = fix) 
or 

2 = F\f(x)] 
or 

z = z[y(x)] (1-3-3) 

and say that z is a composite function of x through the intermediate 
variable y. Thus the volume V of a gas depends upon the pressure P, 
but the pressure may vary because 
of a change in the temperature T; 
hence V is a composite function of 
T through P, 

V = V[P(T)] 

1-4 Limit of a Variable and Limit of 
a Function 

In a physics experiment a pendu- 
lum, consisting of a heavy mass 
attached to one end of a bar whose 
other end is hinged at a point 0 (Fig. 

1-8), swings freely after being dis- 
placed 30 deg from its vertical posi- 
tion of equilibrium. Owing to friction 
at the hinge and to air resistance the 
amplitude of the oscillations decreases 
after each swing, as shown by the first line of Table 1 -2, in which swings to 
the right are indicated by a plus sign and swings to the left by a minus sign. 

Line 2 of the table records the successive swings of the same pendulum 
in a second experiment, during which the frictional resistances at the 
hinge are increased. In a third experiment a vertical obstacle is set to 
the left of 0, so that the pendulum is compelled to bounce back after 
reaching the position 6 - 0°. Line 3 of the table shows that in this case 
the amplitude of the oscillations is always positive but decreases as in 


o 
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the previous cases, because of frictional resistances and energy losses 
during impact against the obstacle. 

In a fourth experiment, recorded on line 4 of Table 1-2, the pendulum 
swings in a thick fluid and the combined resistances vary in such a way 
that the pendulum stops in its vertical position of equilibrium after five 
swings. 


Tab ix 1-2 


Pendu- 
lum i 

»> 

* ! 

9 , 

, 

* 

* 

6 ; 


1 

+30° 

-20° 

+13.33° 

-8.89° 

+5.93° 

-3.95° 

+2.63° 


2 

+30° 

-15° 

+ 7.5° 

-3.75° 

+1.88° 

-0.94° 

+0.47° 


3 

+30° 

+15° 

+ 7.5° 

+3.75° 

+ 1.88° 

+0.95° 

+0.47° 

. , , 

4 

+30° 

-20° 

+ 12° 

-6° 

+2° 

0° 

0° 

• • • 


Table 1-2 shows four different ways in which the amplitude 0< of the 
pendulum oscillations at the end of each swing approaches its final value, 
zero, but the tabulated values 0 , satisfy in all four cases the following two 
conditions: 

1. They become smaller and smaller in absolute value. 

2. They remain small. 

In other words, the angles 0, approach the value zero and remain near 
this value in all four cases. 

When a variable x approaches (at least after a while) a value x 0 and 
remains near this value, we say that x approaches Xo as a limit and write 

lira x = xo 

The pendulum swings 0, in the four experiments approach zero as a 
limit. 

Two negative circumstances must also be emphasized. 

1. While in all four experiments the pendulum approaches a vertical 
position, this happens in a different way in each experiment. It is 
immaterial to the concept of limit of a variable how the limit is approached, 
provided that conditions (1) and (2) above be satisfied. 

2. While in the fourth experiment the limit zero is actually reached, 

in the first three experiments an infinite number of swings is necessary 
to stop the pendulum. It is immaterial to the concept of limit of a vari- 
able whether or not the limit is reached. The connotation of impossibility 
« . < ^ reme _ difficulty, inherent in the common usage of the word 

limit, is entirely absent from its mathematical significance. 
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A constant xo can also be stated to be tbe limit of a variable x by 
either of the two mathematical notations 

lim jx — xo| = 0 
|x — Xo| < 6 

where 5 is a number that can be made as small as we please. 

Let us now perform a fifth experiment in which the resistances are so 
high that the pendulum cannot swing but approaches its vertical position 
of equilibrium as shown in Table 1-3, where the values of the angle 9 
are measured at time intervals of 1 sec. 


Table 1-3 



If we consider the angle 9 as time increases, 6 becomes a well-defined 
function of t, which approaches and remains near the value zero as the 
variable t approaches the value 7 as a limit. We say in this case that 
the function 9 approaches zero as a limit as t approaches 7 and write 


lim 0 — 0 

t— *7 


In general, if a function y(x) approaches a value y 0 as a limit when x 
approaches x 0 , we write 

lim y = 7/o 


This result can also be stated by saying that, if x is taken near enough 
to xo, y can be made as near to y 0 as we wish. Mathematically this 
means that | y — y 0 \ < e (e as small as we please), provided |x — x 0 | < 6 
(6 a suitably small number). 

Here again it is immaterial whether the function does or does not 
reach the limit. The concept of limit of a function is, so to speak, a 
kinematical concept, which investigates the behavior of the function as the 
variable approaches its limit and not the value of the function at the limit. 
It may be noticed that the angle' 6 of the first experiment, considered as a 
function of the continuotcs variable t, does not approach zero as a limit, 
since it becomes zero and then increases again, i.e., does not remain near 
zero. 


The only essential difference between the limit of a variable and the 
limit of a function is that the law of approach of a function cannot be 
chosen freely, since it depends upon the law of variation of the inde- 
pendent variable. 
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If a function increases indefinitely as the variable approaches a given 
value, we say that the limit of the function is infinity. For example, 
y = 1/(1 — 2)- approaches infinity as x~* 2 (I r ig. l-12a). Some func- 
tions do not approach any limit for certain values of the variable. Thus 



V' sin (1/x) keeps oscillating between 1 and — 1 an infinite number of 
times as x — > 0 (Fig. 1*9). Other functions have different limits from 
the left and from the right, as shown in the graph of Fig. 1-10. In this 
case we write 

lim y — y\ 
lim y — y+ 
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1-6 Continuity 

The graph of Fig. 1-11 gives the heights h (in feet) above sea level 
of the bottom of a creek versus horizontal distances x, measured along 
the creek from a certain origin. The creek has a waterfall at x — 4 
miles. We wish to locate a stretch of creek in the neighborhood of x = 2 
miles for which the altitude h will be less than 90 ft and more than 80 
ft. It is clear from the graph that, provided that 1 < x < 3, then 
SO < h <90; or, in mathematical symbols, that 

|7i — 85| < 5 when |a — 2| < 1' 
and that the difference in level can be made smaller by limiting the values 



of x to a smaller interval around x = 2. Whenever the variation of a 
function can be limited by limiting the variation of the variable around a 
given point, the function is said to be continuous at that 'point. Our 
function h (x) is continuous at x = 2. 

It will also be noticed that, as x approaches 2, the function h ap- 
proaches 85, which is the value of h at cc = 2, 

lim h(x) = h(2) = 85 

x-*2 

Hence another way of stating mathematically that a function y(x) is 
continuous at x — xo is to write that 

lim y = y{x 0 ) 

x— »xo 

i.e., that the limit of the function equals the value of the function at 
the limit. An equivalent mathematical statement of continuity is 
obtained by transposing y(x 0 ) to the left-hand member of the equation 
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and by writing 


lira | y{x) — t/(x 0 )| = 0 

X—XC 


If we now try to limit the altitudes of the creek in the neighborhood of 
x -s 4 miles, we see that the variation of h cannot be made less than 20 
ft, since even two points immediately to the right and left of x = 4 have 
a difference in level greater than 20 ft. Whenever the variation of a 
function cannot be limited by limiting the variation of the variable 



around a given point, the function is said to be discontinuous at that 
point. At points of discontinuity, the function jumps suddenly from 
one value to another, and there are actually two limits of the function, 
one from the left and one from the right (see Sec. 1*4). 

A function y[x) is also said to be discontinuous at a point x 0 if it 
approaches plus or minus infinity as x approaches Xq. For example, the 
function y — l/(x — 2)- approaches infinity as x approaches 2 (Fig. 
l-12a). The function y = \/{x — 2) approaches plus infinity as x 
approaches 2 from the right and minus infinity as x approaches 2 from 
the left (Fig. 1-126). 


1-6 Infinitesimals 

Many formulas used in engineering computations are approximate 
formulas valid only for a limited range of values of the variable. For 
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instance, it can be proved (see Sec. 5-8 d) that, for small values of x , 

\/l + x = 1 + %. x - }fix 2 (a) 

where [=] stands for “approximately equal to.” In Table 1-4 the last 
two terms of Eq. (a) and the approximate and precise values of s/HT+x 
are tabulated for decreasing values of x. The table proves that formula 


Table 1-4 


X 

X 

2 

X 2 

8 " 

1 + 5 _ 

T 2 8 


Vl + x. 

1.0 

0.5 

0.125 

1.375 

mmm 

E3H 

iKira 

0.03125 

1.21875 




0.00125 

1.04875 


0.01 

9BHH 

0.0000125 

1.0049875 


0.001 


0.000000125 

1.0004999 

■H 


(a) gives five correct significant figures for x less than 0.1 and that for 
x less than 0.01 the contribution of the term x 2 /8 can be neglected in 
comparison with the contribution of x/2, if no more than five correct 
figures are needed, because, as x approaches aero, the term x 2 /8 becomes 
small more rapidly than the term x/2. 

This vague statement can be put in a more definite mathematical 
form by means of the concept of infinitesimal. An infinitesimal is a 
function of x that approaches zero as a limit as x approaches a given value 
x 0 . For instance, 

y - log (x - 3) 

is an infinitesimal as x approaches 4, since log (4 — 3) = log 1=0. 
The functions x/2 and x 2 /8 are both infinitesimals as x approaches zero. 
An infinitesimal is not a small quantity but a quantity that becomes 
indefinitely smaller. 

IVe noticed that, while both x/2 and x 2 /8 approach zero as x 
approaches zero, x 2 /8 approaches zero faster than x/2. Knowledge of 
the speed ’ of an infinitesimal is of fundamental importance in engineer- 
ing theory and in engineering computations because it allows simplifica- 
tion of formulas and reduction of computations. For example, formula 
(a) can be written as 

VlT^ = 1 + 

as soon as we know that the term ,r 2 /8 becomes negligible. The relative 
speed, or order, of two functions f(x ) and g(x), both infinitesimals as 
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x approaches xo, is measured by taking the lim it of their ratio as x 
approaches x 0 - There are three possible values of this limit. 


fix) _ 


lim , . 
r—*2s gw 


0 

h ■ (a finite number 0) 

CC 


In the first case, f(x) is faster than gix), that is, the order of f{x) is higher 
than the order of g{x)] in the second, /(x) and g{x) have the same speed 
(j.c., they are infinitesimals of the same order); in the third case, g[x) is 
faster than /(x), that is, the order of /(x) is lower than the order of g(x). 
For example, if /(x) = x-/8 and g(x) — x/2, 


lim 

T—*Zt> 


fix) 

gix) 


x-/8 


= lim = lim ~ 
x-o x/2 r— *0 4 


= 0 


and x-/S is of higher order than x/2. If /(x) = 24x 2 and g(x) = 12x : , 


lim 


fix) 

gix) 



y 24 

in 


2 


and 24x 2 is of the same order as I2x : . If/(x) = 3x and g(x) — 2x', 


.. f(x) .. 3x .. 3 

lim J -—L = fi m __ = hm — = 

r-x. gix) x-o 2x- x-o 2x 


and the order of 3x is less than the order of 2x : . 

This qualitative correspondence of infinitesimals’ speeds can be made 
quantitative by choosing a series of fundamental infinitesimals with 
increasing speeds and by comparing the speed of the given infinitesimal 
with these speeds. The function y = x — x 0 and its powers, which are 
infinitesimals as x approaches xo, are usually chosen as comparative 
infinitesimals. -4n infinitesivial of the same order as (x — Xo) n is called an 
infinitesimal of the nth order. For example, y = Vx — 1 is an infinitesi- 
mal of order Y> as x approaches 1. 

The sum of two infinitesimals is obviously an infinitesimal; and if 
one of the two is of higher order, it can be dropped as soon as x is near its 
limit. Thus (x/2) — (x-/8) is an infinitesimal as x approaches zero, 
and the infinitesimal of the second order x-/8 can be dropped in compari- 
son with the first-order infinitesimal x/2 whenever x is sufficient!}' small. 
How soon it may be dropped depends upon the accuracy required by the 
particular problem at hand. 

The lowest-order part of an infinitesimal is called its 'principal part: 
x/2 is the principal part of (x/2) — (x : /8). In comparing infinitesimals 
onlj' their principal parts need be compared. For example, given, 
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/( x) = 2x + 3z 3 and g(x) = -\/3x + 2x-, 


,. /(a:) 2x + 3x 3 

lim ^7-4 = lim - , ==== = 

x-+xo 9\ x ) *->o \/3x + 2x- 


lim 


2x 


= lim — 7 = = 0 


LX y XZXXX y— 

o V3x *— *o V3 


The order of f(x) is higher than the order of g(x); in fact, the order of 
f(x) is 1 , while the order of g(x) is Y- 


1-7 Derivatives 

a. Definition 

If I have some doubts about the accuracy of the speedometer of my 
car, I may use the following test, which has been devised to check it: 
I drive with two friends along a highway and drop one at milestone 15 
and the other at milestone 16, giving them two synchronized watches. I 
then drive a little farther and come back at a speed, as constant as pos- 
sible, that mj r speedometer shows to be 40 mph. My second friend 
clocks my passage at 4:02, my first at 4:04. Since it took 2 min (%o hr) 
to drive 1 mile, my average speed was actually 


= < 77 — — 30 mph 

Inasmuch as this check is not entirety accurate, for a perfectly con- 
stant speed of 40 mph is hard to maintain for two full minutes, I station 
my second friend Yi mile from milestone 15 and repeat the test. The 
times are now 4:15 and 3 sec, and 4:15 and 53 sec, giving a speed in the 
second trial of 

v,r = ^ X 3600 = 36 mph 

which checks much better the speedometer reading. The accuracy of the 
test can be further improved if the two friends are set nearer and nearer 
so as to make the driving time shorter and shorter, but a perfect check 
can be obtained only by measuring the instantaneous value of the speed. 

All this can be rigorously and clearly written in mathematical terms. 
Let s(t) be the distance traveled by the car in a time t, s and t being 
measured from the beginning of motion, and let £1 and £» be the values of 
the time when the car goes by the first and the second friend. The 
checked distance being s(ti) — s(£i) and the time taken to cover it being 
£2 — £ 1 , the average speed is 

„ _ s(£ 2 ) - s(£i) 

av £2 - £1 

By means of the new symbol for the difference, or increment, of the vari- 
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able t, 


At = h — 1 1 


(read: “delta t equals — ti”), — U At, and v, r may be written as 

s(ti + At) — s(t{) 

P " ~ At 


In order to get an ideal check, the time At must become smaller and 
smaller, i.e., be an infinitesimal. Hence the instantaneous value of the 
speed v is obtained by taking the limit of v„ as At — * 0, 


i'(ti) = lim 

if— o 


s(h -j~ At) — s(li) 
At 


When this limit exists, the function s(/j is said to be differentiable at 
1 = ti and the limit v is called the derivative of s(t) at t = l\ and is indi- 
cated by one of the following symbols: 


The derivative of a function y = f(x) at x — Xi is then, by definition, 


dy _ }im fi x i -f Ax) - f(x i) 

Ax— o 


(1-7-1) 


dy/dx, which must be considered as a single symbol and not as a fraction, 
is a shorthand expression for the sequence of operations indicated at 
the right-hand member of Eq. (1-7-1), 

1. Subtract the value of f(x) at x — Xi from the value of f(x) at 
x = x i + Ax. 

2. Divide by Ar. 

3. Take the limit as Ax approaches zero. 

Hence the definition of the derivative, Eq. (1-7-1), gives also a method 
for its computation, sometimes called the “A method.” 

The difference f(x + Ax) — f(x) is the change in the function y = f(x) 
due to a change Ax in the variable x and is often indicated by A f or Ay. 
The ratio Ay/ Ax therefore measures the average rale of change of the 
function with respect to the variable, and dy/dx measures the instan- 
taneous rate of change of y with respect to x. The speed v, that is, the 
instantaneous rate of change of the mileage with respect to the time, is 
measured by the derivative of s with respect to t. 

The importance of the concept of limit in the definition of derivative 
can now be fully appreciated. If we make Ax = 0 in Eq. (1-7-1), the 
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f(x i + Ax) — /(x i) 

Ax 

takes the form 0/0, which has no meaning; but if we take the limit 
as Ax approaches zero,, we actually get the behavior of this ratio as Ax 
approaches zero. 

The concept of derivative was systematical^ used and investi- 
gated by Newton and Leibnitz independently toward the end of the 
seventeenth century. It is one of the two basic concepts of the calculus 
and allows the study of the important field of problems in which instan- 
taneous rates must be dealt with. 


b. Computation of Derivatives by the A Method 

We shall now compute by the A method the derivatives of three 
elementary functions : 


(1) y(x) = 2 + 3x — x- 

y(x + Ax) = 2 + 3(x + Ax) — (x + Ax) 2 

= 2 + 3x + 3 Ax — [x 2 + 2x Ax -f (Ax) 2 ] 

Ay = y(x + Ax) — y{x) = 3Ax — 2x Ax — (Ax) 2 

^ - 3 - 2* - 4* 

Ax 



lim — = 3 — 2x 

Az-*0 Ax 


(2) y(x) = logs x 

y(x + Ax) = log& (x + Ax) 

Ay = log 6 (x + Ax) — logt, x = log (l — — Ax 




or, letting t = x/Ax, and hence 1/Ax = t/x, 


zf - l l0Sb ( 1 + t) = l lo & i 1 + /) 

Noticing that, as Ax — > 0, t — > » , since x is kept constant in this limiting 
process, 


dy_ & 
dx 


lim ~ = 

Ax~»0 Ax 


lim - logt, 
<->. a x 


( 1 + 0‘ = S 1o& [,S( 1+ t)‘. 


The limit in the square bracket can be proved to be an irrational num- 
ber, usually indicated by the letter e (e = 2.718 . . . ), by means of 
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which 




Many formulas of the calculus would be cumbersome if the multiplying 
numerical constant log;, e should appear in the expression for the deriva- 
tive of the logarithm. To eliminate this constant, the base b of loga- 
rithms in calculus is always taken equal to e, logs e becomes log,. c = 1, 
and the derivative of the logarithmic function simplifies to 


d In x 
dx 


d . 1 

“E lo&af = J 


The log. x is commonly indicated by the symbol In x (natural log- 
arithm of .r). 

(3) y{x) = sin x 

y(x + Ax) = sin (x + Ax) 

Ay = y{x + Ax) — y(x) = sin (x + Ax) — sin x 

Using the trigonometric identity 

- o ■ „ . /S — a p + a 

sin p ~ sm a — 2 sm — g — cos ~~2 — 

with P — x + Ax and a — x, Ay becomes 

. o . Ax ( . Ax\ 

Ay = 2 sm -g- cos la: H — ^ I 


and hence 


Ay _ sin (Ax/2) 
Ax 
dy 
dx 


cos 


h%) 


and, since 


Ax/2 

by _ sin (Ax/2) 
a*-.o Ax AI _ 0 Ax/2 


v r am \txjbfti) ( Ax \ 

Iim —■ = lim — A- 1 1 cos ( x + 1 


lim cos 

Ax— *0 




cos X 


lim = 1 

Ax— *0 Ax/2 

provided that Ax/2 be measured in radians (see Sec. 1-8 d2) } 1 


dy _ 


dx 


— cos X 


1 The radian is always used as the unit of angles in the calculus in order that the 
derivatives of the trigonometric functions be free of a numerical multiplying constant 
deriving from the limit considered above. 
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Table 1-5 gives the derivatives of the elementary functions most often 
used in engineering computations. 

c Table 1-5 



dy 

V 

dx 

x » 

71X n ~ 1 

sin x 

cos X 

cos X 

—sin x 

tan x 

1 

cos 2 X 

c x 

e x 

In x 

1 



X 

sinh x 

cosh x 

cosh x 

sinh x 

tanh x 

1 

cosh 2 x 


c. Differentiation Rules 

The reader should review the fundamental rules of differentiation 
given in elementary books on calculus and should practice using them in 
various problems. Three of these rules, needed in almost all differentia- 
tion problems, will be derived here. 


1. Derivative of the Product of Two Functions. 

y{x) = u(x)v(x) 

u(x + Ax) — u(x) — A u 

»(x + Ax) — v(x) = Av 

y{x + Ax) = u(x + Ax) • y(x + Ax) 

= (u -f- Au) (v -f- Av) 

= uv + u Av + v Au + Am Av 

Ay = u Av + v Au + Au Av 

A y Av . Au . Av 

— = u- |-»- (-Am — 

Ax Ax Ax Ax 

dy _ r Aa , .. Am ... 4 Av 

-T- — u lim — + v hm — + lim Am lim — 

Ax— *0 AX Ax— *0 A.X Ax— *0 Ax— >0 Ax 

But Am — ■> 0 as Ax — » 0, and hence 

dy dv . du 

dx dx dx 

Examples 
v — sin x 


(1-7-2) 


1. y = a J sin x u «= 
y' = x 2 cos x -4- 2x sin x 

2. y = \/x log x u = Vi v = log x 

V> =^ x ( 1+1 2 lOSX ) 
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2. Derivative of the Function of a Function. Given z = F(y), where 
y = f(x), when x increases by Ax, y increases by Ay, and hence z increases 
by Az. 

y(x + Ax) = y(x) + Ay 
z{y + Ay) = z(y) + Az 

. * = lim — = lim ^ ^ (multiplying and dividing by Ay) 

dx A --0 Ax ax— * o Ay Ax 

But Ay — > 0 as Ax — » 0; hence 

dz Az Ay dz dy ,, 7 

— ■ = hm — lim = -r- • T- Cl 7*3) 

dx Ay-tn Ay Ax — *o Ax dy dx 


Examples 


1. 2 - sin 4x s y = 4x= z = sin y 


dz 

dx 


— cos y • 8z = Sx cos 4x ; 


2. z = %/sin x y — sin z z = Vy 

dz 1 1 1 cos x 

T = 7, COS Z = x —p2r= 2 

dx 2 •yi'p 2 -y s in x 

3. z = (x -f cos x'-) z y ~ x + cos x- 


~ = 3 y : — — 1 — 2z sin x- 

dy a dx 

~ = 3(z + cos z*) 5 (l — 2z sin z 1 * } 


2 = y 3 


3. Derivative of an Imerse Function. Given y — f{x), we call x — g(y), 
the inverse of/(z). Noticing that Ay — * 0 as Ax — > 0, we can write 

f{x) = = lim ^ = lim - ••• * •- = -p * ■, 

dx ax-o Ax Ax— *o Ax/A y hm Ax/A y 

Ay— » 0 

= d^Jdfj = VW) (1 ' 7 ‘ 4) 

In words, the derivative of the inverse function is equal to the reciprocal 
of the derivative of the function. 


1. y = In x 
dy _ 1 
dx x 

2. y = sin z 
dy 


Examples 


(Lx 


— cos z 


x — c v 
dx 

-j- — x — e' 
dy 

x — arcsin y 
dx _ 1 _ 

dy ~ cos z 


3 z 

By means of this rule the derivatives of the inverse trigonometric 
and inverse hyperbolic functions, 1 given in Table 1-G, are easily obtained. 


1 The inverse hyperbolic functions sinh -1 x, cosh -1 z, and tanh -1 z are aho repre- 

sented by the symbols orgsinh z, argeosh z, and argtanb x. (Read: “argument sinh z. 

etc.”) 
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Table 1-6 



dy 

V 

dx 


1 

arcsin x 

d 

H 

1 

T— ( 

> 


-1 

arccos x 

Vl - S 2 

arctan x 

1 

1 + X s 

argsink x 

1 

x/z 2 + 1 

argcosh x 

1 

■s/x" 1 — 1 

argtanh x 

1 

1 - x a 


d. Higher Derivatives and Partial Derivatives 

The derivative of a function f(x), as a rule, is another function of 
x, which, in general, can be differentiated. For example, if y = sin x, 
y' = cos x and the function cos x is differentiable. Its derivative, 
— sin x, is called the second derivative of sin x. The derivative of the 
second derivative of y is called the third derivative of y, and the function 
obtained by n successive differentiations is called the nth derivative of y. 
The following symbols are used to indicate the successive derivatives of y: 


dy 

dfy 

dfy 

d n y 

dx 

dx 2 

dx 3 

dx n 

y' 

y" 

y'" . 

y M 


Given a function z of two variables x,y, the derivative computed by 
keeping y constant and varying only x is called the partial derivative of z 


dz 

with respect to x and is symbolized by — • 

of z computed by keeping x constant and varying only y. 
given z = x 1 + y 2 + xy, 


dz 

Similarly, — is the derivative 
dy 


For example, 


dz dz 0 

-,2z + s- Ty = ^V+x 

dz ' 

The partial derivative ^ is, in general, a function of x and y and can 
usually be differentiated again partially with respect to x to give the 

d 2 Z 

second partial derivative of z with respect to x, — ; but it may also be 

differentiated partially with respect to y to give the second mixed 

• d^Z 

derivative - — - — 
dy dx 
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In the previous example, 


d-z 

dx' 


= 2 


d-z 

W 


= 2 


d-z 
dy dx 


= 1 


Differentiating partially with respect to x, we get 

d-z 


dx dy 


= 1 


It is true of most functions met in engineering problems that 

d-z _ 3 5 z 
dx dy dy dx 

As previously mentioned, we shall restrict our treatment almost 
exclusively to functions of one variable and hence to ordinary derivatives. 


1-8 Differentials 

a. Geometrical Interpretation of the Derivative 

The graph of Fig. 1T3 gives the elevations y of a stretch of road 
versus horizontal distances along the road from a given origin 0. We 



wish to compute from this graph the slope of the road at a point Pi, to 
check whether the road can be managed by a truck. Taking another 
point P- on the road, a horizontal distance Ax to the right of Pi, and 
calling Ay the difference in level between P» and P h the average slope of 
the road between Pi and P» is 


m a 


CP* 

PiC 


— — — tan 8 
Ax 


where 8 is the angle between the chord PjP 2 and the positive x axis. In 
order to get the slope at Pi, the point P 2 is made to slide along the road 
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toward Pi, that is, Ax is made an infinitesimal. As Ax —> 0, the chord 
PiPj approaches a limiting position, which is the position of the tangent 
to the road at Pi; hence the slope of this tangent, which is by definition 
the slope of the road, is given by 


77 ? i = lim m a 

bs — *0 


lim£'-|'] _tan P 
&x — *0 Aa: d2'Ji=n 


d-8-1) 


where <p is the angle between the tangent to the road and the x axis (Fig. 
1-14).. In words, the slope of the graph of a function y(x) at a point Xi is 
measured by the value of the derivative of y at X\. For instance, the slope 
of the graph of y = x 2 at x = 0.5 equals 


& 
dx _ x = 0.5 



x = 0.5 


= 1 


as. may also easily be checked graphically. 


b. The Differential 

The tangent to a curve y(x) at a point Pi ( 21 , 7 / 1 ) (see Fig. 1-14) inter- 
sects the vertical through P 2 at a point D, whose distance from the point 



C equals 

CD = P \C tan <p — tan <p • Ax 

or, by Eq. (1-8-1), using the symbol y' to .indicate the derivative of 

CD = y' Ax 


V, 


The segment DP 2 has a length 

DP, = C P, - CD = Ay - y' A 2 = (g _ y j ^ 
But the definition of derivative [Eq. (1-7-1)] 


(a) 


Ay 



30 


SOLUTION OF ENGINEERING PROBLEMS 


[Sbc. 1-8 



and proves that the distance DP*, being the product of two infinitesimals 
as Ax approaches zero (f and Ax itself), is an infinitesimal of higher order 
with respect to Ax (see Sec. 1-6). 

Therefore by Eq. (a), as Ax becomes smaller and smaller, y' Ax 
becomes very rapidly equal to Ay and can be taken as an approximate 
measure of Ay. 

The quantity if Ax is called the differential of y and is symbolized by 
dy. The differential of a function y is therefore by definition the product 
of the derivative of y limes the increment of the variable x, 

dy — y' Ax (1-8*2) 

Since dy is very often easier to evaluate than Ay, it is substituted for Ay 
in engineering computations whenever Ax is very small. For example, 

if y - x-, the difference between Ay and 
dy becomes 

Ay = (x -f Ax ) 2 — x 2 = 2x Ax 4- (Ax) 2 
dy = if Ax = 2x Ax 
Ay — dy = ( Ax) 2 

(Ax) 2 is an infinitesimal of the second 
order with respect to Ax and can be 
neglected as soon as Ax is small. This 
is geometrically demonstrated in Fig. 
1*15, where the area y of the square A 
(x on the side) equals x 2 , the area of the 
larger square [(a? + A.r) on the side] 
is (x + Ax) 2 , and hence Ay is the sum of the areas of the two equal rec- 
tangles B and C and of the square D. As soon as Ax becomes small in 
comparison with x, the area of D becomes negligible in comparison with 
the areas of B and C; for instance, for x = 10, 



Ay = (101 ) 2 - (100) 2 = 201 dy = 2 X 100 X 1 = 200 
Ay — dy — 1 <£" 201 = Ay 


Ax = 1, 
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c. The Lcibnitzian Symbol for the Derivative 

The sj-mbol dy is an “operational” shorthand symbol indicating the 
following operations: (1) take the derivative of y ; (2) multiply b 3 T Ax. 

Since differentials are used almost exclusively when Ax is an infini- 
tesimal, it is customary to substitute the symbol dx for Ax in order to 
indicate that Ax approaches zero. 1 Writing Eq. (TS-2) as 

dy = y' dx 


and dividing both sides by dx, we find that the sjunbol for the derivative 



can now be interpreted as the ratio of the differential of the function to the 
differential of the variable. 

The symbol dy/dx, first used by Leibnitz, which (as pointed out in Sec. 
1-7) had to be then considered as a single entity, can now be considered 
instead as a ratio of differentials. This result greatly simplifies manj r 
derivations of the calculus. 

The differential of the differential of y is called the second differential 
of y and is symbolized by dhj. To compute its value we perform twice 
successively the operations indicated by the d operator, 

dnj = d(dy) = d(y' dx) = dx = V"^) 2 


where y" indicates the second derivative of y. 
Dividing by (dx) 2 both sides, 


V 


rr 


d-y 

(dx) 2 


It is customary to drop the parentheses in the denominator of this equa- 
tion and to write 


It is thus seen that the second derivative of y can be considered as the 
ratio of the second differential of y to the square of the differential of x. 
Similarly, the nth derivative of y can be considered as the ratio of 

. 1 Tliis is permissible because the definition (1 -8-2) of dy, which holds for any func- 
tion y, gives in particular, for y = x, 

<fy=<ia;=2/'As = l- Aa; = Ax 

and shows that the differential dx of the independent variable is identical with its 
mcrement As. 
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the nth differential of y to the nth power of dx, 


d. Applications of the Differential 

1. One pound of air is contained in a cylinder of volume V at a pres- 
sure P = 1000 lb per sq in. If the pressure is slowly increased by 2 lb per 
sq in., by how much will the volume of the gas decrease? 

It is well known from physics that the product of the volume and the 
pressure for an ideal gas is a function of the temperature T, 

PV = f(T) 

If the change in pressure occurs very slowly, the temperature of the gas 
does not change and the product PV equals a constant, say K, 

PV = K 


Hence we can write the volume as a function of the pressure, 



A change of 2 lb per sq in. can be considered as practically small in com- 
parison with the initial pressure of 1000 lb per sq in. Hence the cor- 
responding change in V can be evaluated by means of the differential of V 
rather than by its increment, 

A V = dV = ^dP= ~^,dP 


For 1 lb of air at 27°F, K = 312,000 lb in., and the change in volume 
becomes 


AF = - 


312,000 X 2 
1000 2 


— 0.G24 cu in. 


(Air may be considered as an ideal gas in an approximate computation.) 

2. Indeterminate Forms. A corporation owns two grocery stores, 
which are opened on the same day. The two stores lose money at first, 
break even on the fifteenth day, and then proceed to make money. 
The company statistician finds that the incomes of the two stores follow 
the laws 
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where t is the time measured in days from the opening day (see Fig. 1-16). 
The owners wish to know the ratio R of the gains (or losses) of the two 
stores on each day. This can be 
easily computed for the first 14 
days, but on the fifteenth day this 
ratio becomes 


Ru — 


Z/i(15) 

157(15 - 15)/15 
100 sin (tt/GO) (15 - 15) 


0 

0 



an expression that has no meaning, 
since division by zero is not defined 
in algebra. 

What the company statistician 
can do in this case is to compute the 
limit of R as t approaches 15, rather than to compute the value of R at 
t = 15. 

lim R = lim + *> - lim = lim p 

(—is ai-.o 2/i( 15 + Af) Ai_> o 2 /i(15) + tyi ai-.o tyi 

since 7/ = ( 15) — yi(15) = 0. 

But as At — * 0, Ay approaches dy = y' dt; hence 


lim R - lim p - * 

t—*l5 A*-»0 1 Cly I 

= ya(!5) dt = yf\ 

y[{ 15) dt y[\t- 15 

or 

lim a = 

(-.is yi y -is 

The ratio of two functions, both of which become zero for a given value of the 
variable, equals the ratio of their derivatives, computed for the same value of 
the variable, (Notice that the ratio of the derivatives and not the deriva- 
tive of the ratio must be taken.) This result is called de V Hospital’s rule 
and is used in determining the value of ratios of the type 0/0 ( indeter- 
minate forms). 

Applying de l’Hospital’s rule to our problem, we find 


lim R = 

(-.15 


157 Ao 


= 2 


10 %oir cos (ar/60) (< — 15)J(=i5 

In some cases the ratio y'Jy\ is also of the type 0/0. De l’Hospital’s rule 
can then be applied to this new ratio and, if necessary, to the ratio of the 
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successive derivatives until a non-indeterminate form is found. For 
example, 

sin 2x — 2 sin x 0 2 cos 2x — 2 cos z 0 

lim 5 = jr = lim ~-r, 7T 

r— .0 X 0 *-0 OX* U 

—4 sin 2x + 2 sin x 0 .. — 8 cos 2x + 2 cos x 

= hm j; = T = Jim ~ = — 1 

-_ 0 6x 0 *o 6 

De l'Hospital's rule also applies when both t/;(x) and yi(x) approach 
infinity as z approaches Zc. 

J/;(x) 


lim 


= -!L = 


vi(x) 

Table 1-7 gives a resumd of the indeterminate forms encountered in 
engineering computations and indicates how they can be reduced to 
forms that can be evaluated by de l’Hospital’s rule. 





•Table 

1-7 


/- 0 

<r 

= 0 

/ ; 
<? 

II 

oio 

II 

•0JV5 

(a) 

/ = “ 

C 

= CO 

f 

= = /' 

(6) 



V 

M p' 

/-0 

9 

= ce 

D 

■° * "ro "s 

(0) 

n 

8 

9 

= 0 

U 


w 

f = cc 

O 

= DC 

/ 

- v = = - 

w 


if 

C 5 

7 * 

CO / 

— — CO 

(el) 


If 

c 

E2 

f 

0 J 

“ f = CO 

(c2) 


if 

V _ 

I 

1 see Eq. (d) 

(e 3 ) 


If 

V _ 
/ 

ijl / 

- p = ± <= 

(el) 

/- 0 

c* 

= 0 

/E = 0’ 

log/* = p log/ = 0(— «=) 

(/) 

/ = * 

V" 

= 0 

r = o* 

log/F = p log / = 0- * 

Cc) 

/ = 1 

9 

= CC 

f* = i- 

log /F = plOg/ = CC-0 

(ft) 

For Eqs. CO, (?). and ( h ), use Eq. (d). 



The most frequently encountered indeterminate forms are 0/0 and 

x / * . 

1*9 Integrals 

a. The Definite Integral 

The following simple procedure can be used to check the accuracy of 
the speedometer readings of a car over a certain range of speeds: The 
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car is driven from New York to Yonkers, and speedometer readings are 
taken at equal intervals of time At, say every minute (Mo hr). These 
readings are plotted in Fig. 1*17. If during the first minute the speed of 
the car did not change too much, the mileage covered during the first 
minute would be approximately equal to iq At, where tq is the speed at 
the end of the first minute, and would be measured by the area of the 
first rectangle in Fig. 1T7. Similarly, the mileage in the ith minute is 
approximately equal to the area of the corresponding rectangle v,- At, v 
being the speed at the end of the tth minute. Hence the sum of the 


IQQIlBEIQQQflBQIBIIlQIIlQiOl 





Fig. 1’17. 

areas of all the rectangles of Fig. 1T7 is a rough estimate of the mileage 
covered in 16 min. The distance between New York and Yonkers being 
known, a comparison between the actual and the computed mil eages 
allows an over-all check on the speedometer reading over the range of 
speeds used in the test. 

_ If the velocities v are given in miles per hour, the mileage after 16 
min computed from Fig. 1T7 is 


60 + ,, = ' <50 + ' 


or, using the symbol 2 (capital sigma) to indicate the sum of the terms in 
the right-hand member of this equation, 
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Under the assumption that the speed remains constant during any 
given minute, the area under the curve v(t) was approximated in this 
check by the sum of the areas of the rectangles of width At = } 'go hr. 
The accuracy of the check may be improved by taking readings every 
30 sec, t.e., making At = }^ 2 o hr, since the speed can be kept more nearly 
constant during 30 sec than during a full minute. The computed mile- 
age then becomes 

32 

mu ~ Vl ' ISo + ”* ' T5o + ‘ ' ' + l ’ 3J ‘I5o = X y, ' A/ 

i°l 

Geometrically, we have doubled the number of rectangles in Fig. 1T7 by 
cutting their width in half. 

If now At could be made an infinitesimal, the number of rectangles 
would increase indefinitely, while their width would approach zero and 
the expression for the mileage would be rigorously correct. 

(»>9Co 

771,6 = lim ) v(t) At (a) 

(ofl 

In this equation the sum is extended, so to speak, to all the values of t 
in the interval l = 0, l = 1 %q hr. The following special symbol is 
used in mathematics for the infinite sum (a) : 

771,6 = J 0 H ° v(t) dt (1-9-1) 

and is called the definite integral of the function v[t) between the lower 
limit 0 and the upper limit 1 %o- [The integral symbol is a modifica- 
tion of the letter S, which was originally used to indicate the sum of 
terms (a).] 

The definite integral is a number — in our case the mileage after 16 
min, in the general case the area under a curve between two given ordi- 
nates. If we had chosen to call the time x rather than /, the integral 
would not be changed in value, since the “name” of the variable does 
not appear in the result. Hence 

f 0 ,£ ° »(0 dt = J o n ° v(x) dx = J o M v(L) dL (1-9-2) 

t, x, L are different names for the variable of integration appearing under 
the integral sign, and Eq. (1-9-2) shows that a definite integral is not 
a function of the variable of integration. This variable is sometimes 
called a "dumb” variable. 
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b. Integral with Variable Limits 

From the graph of Fig. 1-17 we may also compute the mileage after, 
say 10 min., which is given by the integral 

?»io = J Q v(x ) dx 

or the mileage m(t) after t hr, which is given by 

m(t) = v(x) dx (1 -9-3) 

The integral m(f) is now & function (not a number); it is a function of the 
upper limit t, not of the variable of integration x. Unfortunately, the 
integral with upper variable limit [Eq. (1-9-3)] is often written 


m(t ) = J q ‘ v(t) dt 


confusing the variable upper limit with the variable of integration. This 
confusion should always be avoided. 

c. The Integral as an Anti-differential 

A fundamental property of the integral [Eq. (1-9-3)] with an upper 
variable limit t will now be proved by differentiating it with respect to 
this limit. 

Using the A method (Sec. 1-7 a, 6), we find 





w(0 = 

l 

v(x) 

dx 




ft+dt 




m(t 

11 

< 

+ 

Q 

v(x) dx 




t/ 

rt+M 


Am = 

= m{t + At) 

- m(t) = 

L 

v(x) dx - 


Am 

1 

' n+Ac 


r 


It ~ 

At 

Jo 

dx - 

- / v(x) 
Jo 

dm 

1 

r r 

f-f Af 

f 

t 

dt 

= lun — 

Af— >0 At 

Jo 

v(x) dx 

~L 

v(x) dx 

) 


Am 
hm — 

A(->0 At 


(a) 


By Eq. (1-9-3) the first integral in the right-hand member of Eq. (a) 
is the area under the v(t) curve between 0 and t + At; the second integral 
is the area under the same curve between 0 and t (see Fig. 1-18). Hence 
the quantitj 1 - Am is the area of the strip BCDB , shown enlarged in Fig. 
1-19, which is certainly larger than or equal to the area v(t) ■ At of the 
rectangle BCFE and smaller than or equal to the area v(t + At) ■ At of 
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the rectangle BGDE. Therefore the quantity Ain/At in the right-hand 
member of Eq. (a) is bounded as follows: 

v(t) < < v(l + At) {b) 

the equal signs representing the particular cases when v(t) is constant 
between l and t + At. Taking now the limit of the three terms of Eq. (b) 
as At approaches zero, and noting that lim v(t -f- At) = v(t), we find that 

Ai-,0 

or, since a quantity cannot be at the same time smaller and larger than 



In words, the derivative of an integral with upper variable limit with 
respect to this limit is equal to the function under the integral sign taken 
at the upper limit. 

The function m{t), limit of a sum and area under the curve v(t), can 
now be looked upon as being the function whose derivative equals v(l). 

This entirely different interpretation of the integral with variable 
upper limit is of fundamental importance in the applications of the calcu- 
lus and was known to its discoverers, Newton and Leibnitz. 

From Eq. (1-9-4), 

dm = V {1) dt 

and, integrating both sides between 0 and /, 

fo = Jo dl = Jo ''W dx ~ m (t) 

by Eq. (1 -9-3). This result shows how the operation of integration is 
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the inverse of the d operation (“take the differential”), since, applying 
to m(t) first the d operation and then integration, we obtain to again. 
(Similarly, the operation “squaring” is called the inverse of the operation 
“take the square root,” for the square of .the square root of a number is 
the same number.) 

What has been said of integrals with an upper variable limit can be 
extended to integrals with a lower variable limit by noticing that 

J° v{x) dx = 0 = £ v(x ) dx + J* v(x) dx ( a — const) 

and hence 

f t ° v(x) dx = - J* v(x) dx (1-9-5) 


d. Indefinite Integral 

We have seen how the integral 

m(t) = jf* v(x) dx 

is a function whose derivative equals v(t). But since the derivative of a 
constant is zero, all the functions of the family 

7«) = m(t) + C 

where C is an arbitrary constant, have also a derivative equal to v(t). 
This family of functions is called the indefinite integral of v(t) and is repre- 
sented mathematically by the symbol 

E(f) = fv(t) dt = to(0 + C (1-9-6) ' 

m(f) is the particular function of the family V ( t ) which becomes zero at 
t = 0, as can be seen by Eq. (1-9-3). 

The computation of the numerical value of a definite integral is usu- 
ally performed by means of the indefinite integral E(t) as follows: 

J* v(t) dt — j* v{t) dt — v{t) dt 

= m(b) - m{a) = [m(b) + C] - [m(a) + C] 

= V(b) - 7(a) 

Indicating the difference between 7(6) and 7 (a) by the symbol 7(i) J 6 , 

the procedure for the evaluation of the definite integral is represented by 
the formula 

f a b v(t)dt= V(t)J a (1-9-7) 

In words, to compute the definite integral of a function, determine its 
indefinite integral, and subtract from the value of the indefinite integral 
at the upper limit the value of the indefinite integral at the lower limit. 
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e. Techniques of Integration 

The definition of the derivative of a function gives at the same time a 
definite procedure for the computation of derivatives (the A method). 
Moreover, the derivative of an elementary function is always another 
elementary function. 

There are no standard procedures for the computation of the indefinite 
integral of a given function. Considering integration as the inverse of 
the d operation, it can well be said that the art of integration consists in 
a good memory of differentiation. Moreover, integration may lead 
from known to unknown functions. Thus the function 


has an integral 


y — — j. ' 7^=^: (I; = const, less than 1) 

Vl — k 7 sin 1 x 


F(x,k) 


[* dt 
Jo \/l — k 7 sin 2 1 


which is a new nonelementary function of x (and of k), called an elliptic 
integral of the first kind. The function F(x,k) is not representable by a 
finite combination of elementary functions. 

For this reason the engineer must be familiar with tables of integrals, 
like Peirce’s “A Short Table of Integrals” 1 and Bierens de Haan’s 
“Table of Definite Integrals,” 2 and should memorize the integrals of 
the elementary functions, given in Table T8. 


x" dx — 


f C(n s* -1) 


/ n + 1 

. J sin x dx — — cos r + C 
. £ tan i dx — sec 5 ifC 
'. J e~* dx = —e~ z -f C 
. J cosh x dx — sinh x + C 


Table 1-8 


2 

4, 

6 . 

8 . 

10 , 


•/; 

•/ 


dx « log, x + C 


cos x dx — sin x 4* C 


. J e r dx = e* + C 

■f 


sinh x dx = cosh x t C 


! . / log x dx = x log x — x -F C 


Among the techniques of integration often used in elementary deriva- 
tions, and hence of practical value to the engineer, is the method of inte- 
gration by parts. The formula for integration by parts is based upon the 
formula for the differentiation of the product of two functions [Eq. 
( 1 - 7 - 2 )], 


d(uv ) 
dx 



+ v 


du 

dx 


1 Ginn & Company, Boston. 

5 G. E. Stcchcrt & Company, New York 
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Multiplying by dx both sides of this equation and integrating, we obtain 


from which 


fd(uv) = uv = fu dv + /a du 
dv = uv — jv du 


( 1 - 9 - 8 ) 


This formula is helpful whenever jv du is easier to compute 
For instance, the integral 



cos 2x dx 


than J u dv. 


can be integrated by parts, remembering that 


and, taking 


d(2x) = dx = 2dx 
cos 2x d(2x) = d(sin 2.x) 



x cos 2x dx 
= Y^x sin 


u = x v = sin 2x 

= J r x cos 2.x d{2x) = )4 x d( sin 2x) 

2xj^ — )4 J sin 2x dx — — J4 J * sin 2x d(2x) 

= H jl T d ( cos 2x) = M cos 2xJ_^ = M(1 — 1) = 0 


Integration by parts leads sometimes to the evaluation of an integral 
by two successive applications of Eq. (1-9-8) as shown in the following 
example: 


JV sin x dx = JV d( — cos x) = —er cos x + JV cos x dx 

= — er cos x + JV d(sin x) = — e x cos x -f- e 1 sin x — JV sin x dx 

It will be noticed that the last integral is equal to the integral we are 
trying to evaluate. Transposing it to the left-hand member, we get 


from which 


2 JV sin x dx = e^sin x — cos x) 

JV sin x dx = J4e = (sin x — cos x) + C 


where C is a constant of integration. 

It is well to remember that, while the process of integration may 
be complicated, the results of integration can always be checked by 
differentiation. 


/. Numerical Integration 

When a function is not known analytically or cannot be integrated 
by elementary methods, its definite integral can always be obtained by 
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numerical methods. One such method was outlined in Sec. l-9a, but 
more accurate procedures have been devised, among which Simpson ’s 
rule is perhaps the most practical. 

Table 1 -9 gives the value of the velocity y in miles per hour of the car of 
Sec. 1-9 a versus time x in minutes. In order to compute the mileage 


Table 1-9 



1 

fl 


3 

E 

E 

G 

B 

8 

9 




13 



Q 

y 

1 

1 

l 

25 

30 

35 

32 

37 

35 

28 




25 

20 

5 

0 


covered in 16 min., i.e., the area under the curve y between x = 0 and 
x = 16, let us consider three consecutive points, A, B, and C, on this curve 

(Fig. T20) whose abscissas a, b, and c 
are equally spaced by an amount Aa;. 
Simpson’s rule consists in substituting 
for the actual curve y{x) in the interval 
a,c a quadratic parabola 

y(x) = Lx- + Mx + N (a) 

passing through the three points A, B, 
and C, and in computing the area under 
this parabola rather than the area under 
the curve. The area under the parabola (a) between a and c is given by 

= f* {Lx'- + Mx + N)dx = ~ + ~- + Nx^ 

= L + M + N{c - a) (6) 

If it were necessary to know beforehand the coefficients L, M, N of 
the parabola in order to compute the area S a , e , Simpson’s rule would be 
impractical. But, as we shall now prove, this area can instead be easily 
computed by means of the ordinates y a , yi, and y c of the curve. To this 
end, we notice that, since the quadratic parabola goes through the 
points A, B, and C, and since b is the middle point of the segment 
«,c [6 = ]4{a + c)J, 

y a — La- + Ma + N 

yb — }4L{a + c)- + ]/ 2 ,M{a + c) + N 

y< = Lc- + Me + A r 

Let us compute the following expression involving the ordinates y a , y k 
and y r : 
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c — a 
6 


(2/a + 42/6 + 2 fc) = C -^ {(£« 2 + Ma + N) + 4 L(a + c)* 
+ i ilf (a + c) + ivj + {Lc- + Me + N) j 


= (c - a) 


±L(a- + ac + c 2 ) + \ M(a + c) + N 




- L 


+ M + N(c - a) (c) 


Comparison of Eqs. (6) and ( c ) shows that 

C — Q. 

S a ,c = g (2/a + 47/6 + 2/e) 

or, since c — a = 2Ax, that 

Ax 


Sa,c = -g- (2/a + 4 7/6 + 2/c) 


(d) 


Upon dividing the interval x 0 = 0, x„ = 16 into an even number n of 
subintervals of width Ax = ( x n — xo)/n, Eq. (d) can be successively 
applied to each couple of subintervals, and the area A under the curve 
becomes 


A = -g- [(2/o + Ay x + yf) + (y» + 4y 3 + yf) + (y A -f 47/ 6 + 2/e) 

+ • • • + ( 2 /n — 2 + 42/„_i + 2/n) 

or 

A *T* 

A = -y ( 2/0 + 4?/i + 2y 2 + 4z/3 -f 2y 4 

+ ’ • ’ + 2y„_ 2 + 4 ?/n — 1 + 2/n) (T9-9) 

Equation (1-9-9) is called Simpson’s formula. 

In order to obtain an accurate evaluation of an integral by Eq. 
(1-9-9) it is advisable to start with a small number of strips and to double 
this number in successive computations. In the case of Table 1-9 we 
can start with n = 2, that is, with Ax = (16 — 0)/2 = 8 min = % 0 hr. 

As = (0 + 4 X 35 + 0) = 6.22 miles 

For n = 4 we have similarly 

Ai = Mo (0 + 4 X 30 + 2 X 35 + 4 X 30 + 0) = 6.88 miles 

For n — 8 and n ~ 16 the computations are conveniently arranged in 
tabular form (see Table T10). 
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(Sec. 1-9 


The accuracy of the result can be indefinitely improved by increasing 
the number of points considered, but two successive approximations are 
sufficient to evaluate the order of magnitude of the error in the second 
approximation. In fact, it can be proved that the error e in the approxi- 
mate value obtained by using n subintervals is roughly proportional to 
1 /rP: 

e — Kn~* 


Table 1-10. — Tabular Computations by Simpson’s Rule 
n = S Ax = ?£oi n = 16 Ax = !£ 0 


X 

y 

M 

My 

M 

My 

0 

0 

1 

0 

1 

0 

l 

10 



4 

40 

2 

20 

4 

80 

2 

40 

3 

25 



4 

100 

4 

30 

2 

60 

2 

60 

5 

35 



4 

140 

6 

32 

4 

128 

2 

64 

7 

37 



4 

148 

8 

35 

2 

70 

2 

70 

9 

2S 



4 

112 

10 

32 

4 

CO 

<N 

2 

64 

11 

36 



4 

144 

12 

30 

2 

60 

2 

60 

13 

25 



4 

100 

14 

20 

4 

80 

2 

40 

15 

5 

i 


4 

20 

16 

0 

1 

0 

1 

0 




2 = 600 


2 = 1202 


2^„ Ion 

A, = 006 = 0.73 A„ =- §2 1202 = 0.6S 

o o 


Hence, if we call n< and n,- the number of subintervals used in two suc- 
cessive approximations, the ratio of the corresponding errors e; and e,- 
becomes 

ci _ nj 
e, 

from which 



The error being the difference between the true value A and the approxi- 
mate value An, 


e = A — A 
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we can write, for the two approximations A n; and A ni , 

A = A„ { + et = A„ { + e ? 

A — Anj -4* e } - 


and, subtracting the second from the first of these equations, 


A — A — 0 = 4„,. — A „ , -f 



1 


«> 


from which the error in the last approximation becomes 


e i 


An i Am 

E (*/M ) 4 “ 1 


(1-9*10) 


"When the number of subintervals is doubled from one approximation to 
the next, «,-/?!,- = 2 and the error becomes 

e, = Mo (An, - An.) (1-9-11) 

In the previous example, 

e u = ~ (6-68 - 6.73) = - ^ = -0.0033 


and 4 l 16 is probably correct within one unit in the second decimal figure. 

When the number of subintervals used is odd, saj r 2m + 1, the area 
of the first 2m strips is computed by Simpson’s rule and the area of the 
last strip by assuming a straight-line variation of the graph between the 
last two points, i.e., by computing the area of the corresponding trapezoid 

m, 2m+l /^^^(V-m “f" y2m+l) 

Thus the last approximation of the mileage after 15 min in Table 1-9 is 
A u = A u + Su = 1162 + (20 4- 5) = 6.456 + 0.208 = 6.664 


By computing the area A for different values of x n the indefinite 
integral of a function can also be evaluated by Simpson’s rule within a 
given range of values of x. 


Problems 

1. State the difference between rational, irrational, imaginary, and complex 
numbers. 

2. To express the length 2% ft by means of an integer, we use the inch as unit. 
What unit should be used to express by means of an integer the length -\/8? 

S. Construct with ruler and compass the square root of 4 and the square root of 
10, starting with a line segment of unit length. 

4. Prove that \/7 is not a rational number. 

5. Prove that log l0 5 is not a rational number. 
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6. Classify the following numbers according to the classes of Table 1 -1 : 



(a) -i 

(6) -K 


( e ) e- 

(d) 4 4- Of 


(e) V2i 

W -~7t 


(?) « 

(A) 0.2222 . . . 


(0 0 4- 2.1: 

CO 0.714285 714285 . . . 

7. 

Compute the absolute value of the following numbers: 


(«) -3 

(5) 4.5 


(c) -3 4-2: 

(d) -3 - 2 i 


(e) V2i 

if) 2.4 4- 1.2: 

8. 

Express in the form a 4- 

5: the following complex numbers 



® 1 + VS 


< c >2+7: 

«*> 14-2: 


, ^ 5 — 5t 

W 10 4- lOi 

v> G - B ) 


(?) (7 4- 4i)’ 

(A) (-2 4-30’ 


® (4 4- 20’ 

^ 2 4-7: 

W (7 - 20’ 

9. 

Perform analytically and check graphically the following operations: 


(a) (4 - 20 4- (3 4- 0 

(5) (7 4- 30 - (0 - 30 


(c) (0 4- (2 4- 40 

(d) (3a 4- 6a 0 4- (4a’) 


«!+3 : 



(?) (7 + 30(2 - 0 

(A) (0 4- 40(20 


(0 o, **, * 4 

CO (3 4- 20’ 

10. 

rind the complex conjugates of the following numbers: 


(a) 2 - 3: 

(6) -2 - li- 


(e) 9 

Cd) -4 


(e) 2i 

(/) - V2i 

11. Express the foUovring numbers in polar form: 


(a) 4 4- 3i 

(0) 7 4-2: 


(c) -5 4- Of 

(d) 0.001 - 0.0015: 


(?) -0.7 - 0.8: 

(/) 1 - 5: 


(?) 2.5 

(A) -0.01: 


(0 10-* - 8.5 X 10- ’i 

O') 2 X 10 5 - 4 X 10 s : 


12. Express the following numbers in Cartesian form: 

(a) 12(cos 0.4 -f i sin 0.4) (l) 0.3[cos(— 0.7) 4- i sin (—0.7)] 

(c) 4-3(cos 10 -f i sin 10) (d) 7{co3 40° -f - 1 sin 40’; 

(e) 4 X lO-’fcos 2 X 10"’ 4- f sin 2 X 10"’) 

(/> 2.25 (cos 32-10' 4- i sin 32’10') 

Xotr: Angles are measured in radians unless otbervri.ee stated. 
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13. Perform the following operations by menns of the polar form of the numbers: 

' la) (2/30° X 3/25°) (&> 2.45/31^5/ * 12.2 /10° 25 ' 

(c) (3W) ! * « (16-2/272^ 

(e) (3.15/24°)- X (6.1 2/224° )-* (/) (r/?) X (r/y6) 

to) (1/0) x (r/e)- 1 (W ( r Z- 0 ) X ( r /~° +l ) 


(g) (1/0) X (r/S)- 1 («) ( r Z?l X 

14. Compute analytically and check by means of a polar diagram all the values of 
the indicated roots. 


(a) (40 + 300 1- ( b ) 

(c) (7 - 20 « ( d ) ( 16l ’) M 

(e) (20 + 301 4 (/) (20/0.8)1* 

(o) (16 + 001* ( fe ) (-19 - 140 k- 

(0 \/(7 - 130= O’) (0.232 - 0.0420^ 

16. Find all the roots of the following algebraic equations: 


(a) £ 3 — 1 = 0 
(c) 2z ? -f 7 = 0 
(e) .t 3 —i=0 


(b) = 2 

(d) r 5 + 3 1 = 0 
(/) a 3 + 1 = 0 


16. Find all the pairs of numbers zi,z 2 such that 

z; = z 2 and 4 “ z x 

17. Verify by direct calculation that 


z 3 = r 3 (cos 39 + i sin 30) 


where z = r(cos 0 + i sin 0). 

18. Show that the rational numbers are everywhere dense, i.e., that between any 
2 rational numbers there always falls another rational number. 

19. In an electric circuit the current I 
is 5 amp and lags the voltage E of 100 volts 
by 22.5 deg. What is the impedence Z of 
the circuit? Hint: Represent the complex 
quantities E, I, and Z by vectors, and 
remember that E = ZI. 

20. If a voltage of 240 volts at a fre- 
quency of 60 cycles per sec is applied to the 
circuit below (see Fig. 1-21), 

(а) What is the voltage across each element? 

(б) What is the current through each element? 

(c) Draw a vector diagram, and show that the sum of the voltages across each ele- 
ment equals the applied voltage. Hint: A pure inductance of L henrys has a react- 
ance = +iuL. A pure capacitance of C farads has a reactance = —i/nC. 

21. Mention some variable quantities depending upon (a) the time; (6) 1 spatial 
coordinate; (c) 3 spatial coordinates; ( d) the temperature; (e) the time and the tem- 
perature; (/) the time, the temperature, and 3 spatial coordinates. 

22. (a) If the friction encountered by a car is proportional to the square of its 
speed, express the direct and inverse functional relationship between friction and 
speed. ( b ) The displacement of a particle along a fixed axis from a fixed origin varies 



V=240v 
Fig. 1-21. 
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sinusoidally with time. The particle starts from rest at / = 0 and has a period of 
7 sec. Its maximum displacement from the origin is 4 ft. Express the displacement 
as a function of time. 

23. Mention 3 single-valued and 3 multivalued functions of the real variable x. 

24. Specify the field of definition of the following real functions: 


(a) V36 - i* 

(c) logic x 

(e) cos \/Sl — x* 

( 9 ) log (sin x) 


(b) sin x 
(d) 


If) e^ 4 -*’ 
(h) cosh -1 x 


26. Mention 3 composite functions of a variable x through an intermediate variable 
y, having physical significance. 

26. Represent by means of a table and a graph the following functional relation- 
ships in the given intervals. Plot 10 values of y versus x. 


(а) V =Kd(i ! - x + 1) 

(б) y = 0.25 (cos x — sin x) 

. , / 0.5x 

(c) y i 0.5 + (x - l) s 

(d) y = H(c* ~ <r*) 


(0 < x < 2) 

(0 < x < ir) 

(0 < x < 1) 

(1 < x < 3) 
(-1 < x < 1) 


(-1 

if) t/ = 3x + n (n - 1) < x < n (0 < n < 3) 


27. State the necessary conditions for a variable x to approach a value x 0 as a limit. 

28. Which of the following sequences indicate an approach ns a limit? Determine 
the value of the limit, when the limit exists. 


(a) 10, 9, 8.1, 7.29, . . 

(b) 1, H, H, H, ■ 

(c) 10, 9, 8, 7, 6, . 

(d) 1, Hr H, 1> H, Mgi 1, Ax, Hi, 1, . . . 

M l, -H, 4 -H, -H, +Ho, -Hx, ■ ■ . 
if) 2, 1.5, 1.25, 1.125, . . . 

(g) -S, -4, -2, -1, -0.5, . . . , 1.125, 1.25, 1.50, 2, 3, 5, 9, . . . 
C k ) 1, 4, 9, 10, 25, . . . 

(i) In 1, In 2, In 3, In 4, . . . 
if) 1, }i, 3-27, Hi, ■ - ■ 


29. Evaluate the following limits: 


(a) Iim (x ! — 7x + 3) 

X— *-4 


(e) lim — 
*—0 x- 

(e) lim — 
r—3 x 


X s 
-j- X 

- 9 

- 3 


(Z>) lim 


,2 x 4- 1 


(d) lim 
z — * * 

if) lim 
z—*l 


X 1 + 1 
x 5 - 2x + 1 

X — 1 


30. Specify the points of discontinuity, if any, of the following functions in the 
given intervals, and sketch their graphs in the given intervals: 
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(a) x 2 - 2x + 3 

(b) sin 32 

(c) tan 2x 

Marh 

, , 2x 
(e) (x - 2) 5 

(/) — 

V COS X 

(fir) log* z 

W y = { 5 % (x _ 1)2 


(-1 <*< i ) 

( — 51 < 2 < If) 
(—it < 2 < ir) 

(-1 <*< 1 ) 
(0 < 2 < 3) 

(0 < x < 2:r) 

(0 < x < 3) 

(0 < x < 1) 

(1 < x < 3) 


31. For what values of x are the following functions infinitesimals? 

(a) (x - 2) 2 (b) l 

(c) \/ 2 2 - 22 + 1 (d) ^/x 3 _ 3x 2 + 3x - 1 

(e) cos 32 (/) In 22 2 

32. What is the principal part of the following infinitesimals as x approaches zero? 

(a) 2 + 122 2 + Vlx* (6) Vx 2 + 12*6 

33. Which of the following functions are infinitesimals as x approaches zero? 
What is the order of the infinitesimal in each case? 


(a) 2 2 

(c) y/x 7 — 4x 
(e) y/x 3 — 1 


t*\ vOx + 4x 3 
W 



(d) cos x 3 — 4x 

(/) - D s - 1 

(h) 4(z — 1) + (2 — 2) 2 

O') e x - 1 


ffint: Use the series expansion of e z to determine the order of the infinitesimal of j. 

34. Compute the derivatives of the following functions by the A method: 


(a) 3x 2 

(c) COS 2 



0) 


3x 

x 2 + 2x 


(6) 2_x 3 - 7x + 4 
(d) sin 2 cos 2 

(/) x" 

( h ) tan 2 


36. Find the derivatives of the following functions: 


(a) 4.2z E 

(c) 3z 2 - llx + 5 
(e) (5x - 2x 2 ) 6 
0) (1 - x)~ 3 


(i b ) kx" 

(d) V25 

(/) (b - 7 x)(a + 3x 2 ) 
(A) (2 - x) VI + x 2 


1 - x= 


0) V'nrs; 
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36. Evaluate the derivatives of the following functions: 


(a) a 1 

(c) lnf±^ 

1 — x 

(e) xx 1 sin x 

(?) £’ sin f 1 

(i) cos (In 4x) 


(6) In 7x 3 
(d) In sin x 

( j ) In (x 3 tan x ) 
(A) c' inr 
(j) tan (c w ) 


37. Find the derivatives of the following functions: 


(«) 



(b) In e‘ 


( c ) : 

' ’ a + 3 cos ax 
, . sin x 
c 7—3 cos x 
(?) 6 » 

(i) i On x)«~" 


(d) e~* tan x 

(/) 6“ In 4x 
(A) 2e lkl 
(j) In On x) 


38. Compute the derivatives of the following functions: 

1 


(a) sin -1 x 
(c) In- 1 


(A) 


tan - 


ax + 6 
(e) In (1 + x=) 

e 0I (a sin x — cos x) 


(?) 


(d) x sec -1 x 

(/) tan -1 (e _I ) 

ri _ -</i — x- 


a 3 + 1 


(0 sinh 5 x 


(A) In (- 
(J) In tanh 3x 


0 


39. Evaluate the derivatives of the following functions: 


(a) cosh 1 x 3 
(c) tan -1 (sinh x) 

0) ln T^T:- 
1 + e- 

(?) (sinh 4x) 3 

(i) — Va — 1 + 2x — x ! -f sin -i 


( 6 ) 1 

(d) c~ cosh x 

(f) x esc -1 x + ln (x t \/x 3 — 1) 
(A) cosh : x — sinh 3 x 


x — 1 
Vo 


O’) 5 tan-» 


~ 5 tan (x/2) + 3 ] 
4 


40. Compute the derivatives of the following functions: 

(a) esc x (A) sec 3 x 

(e) — tan 3 x (d) sin 3 


(e) tan x sec x 

(?) (cos 3 x — sin 3 x)M 

(0 sec [sin (x -f 3)] 


(/) sin x cosb x 
(A) cot (sec x — 4) 
0") Visin' x' 
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41. Evaluate the derivatives of the following functions: 


(a) s’ + tan * 

(c) s 2 cos 2s 

(e) (z- 7s) cos 5 a 


(6) s sin x — cos x 
(s + 1) sin 2s 
(s — 1) tan s 


(«0 

(/) 


(S') V7s v / sec s 
tan (7s 2 ) 


sin x 3 
(ft) esc -1 (s cos s 2 ) 
... sin s 2 

(j) —r~ 


sin (V z + 1) 

42. Compute dy/dt for each of the following composite functions: 


(a) y = s 2 

(b) y — — x 

(c) y = Vs sin x 

(d) y = tan -1 (2s) 

(e) y = a 1 -f 4 
(/) y = In (s + 3) 

(p) y = 

(ft) y = sin 2x 

(*') y = cos <r — sin c* 

. - . 1 + s 

00 y “ 


s = 4 < 
s = sin 2 1 
s = i 2 

s = 6 \/f — 1 
s = t 3 - 4i 
x = In t 
x = In t 
x = sin -1 1 
x = In 21 

x = sin t 


Vi — * 5 

43. If 7i and v are functions of s and c 0, show by the A method that 

, f u\ du dv 

d {-v) v Tx~ u Tx 


dx 


A a \ A dz dz d*z d z Z 

44. Fmd — , — . — , — , 


e'-z 


functions: 


ex eif ex- ey 2 ex ey 


and verify that 


d 3 z 


e 3 z 


ex ey ey ex 


for the following 


(o) z = (s + y) 2 
(c) z = x 3 y + e *+» 
(c) c = tanh (sy) 


(6) z = x 3 + y 3 + 3 sy 
(rf) z = sin (2s + y) 
(/) s = In (sy) 


46. Evaluate the second derivative of the functions in Prob. 34. 

46. If the derivative of a function /(x) is equal to zero, what can you say about 

/(x)? 

47. Show that y = e 1 —■ sin s + 4 satisfies the following equation: 


d'-y , 
d?- + y 


4 = 2e* 


4S. Find 2 functions such that the square of their derivatives equals 1 minus the 
function itself squared. 

49. Find 2 functions such that the square of their derivatives equals 1 plus the 
function itself squared. 

60. What functions z(x,y) have = 4y and — = 4s? 

ex gv 


i 


t * r» 
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61. If y — /( i), prove the following identity: 

(&x\ /dy\ 5 j, f ds y\ _ o fdH/Y 
\dy s ) \dx) ' \dx’J \dx) 3 \dx'J 

Hint: Remember that dy/dx = 1 /(dx/dy). 

62. Put the following statement in mathematical form: "The rate of decomposi- 
tion of a certain radioactive material at a given time is proportional to the amount 
of material present at that time. The constant of proportionality is a.” 

63. Show that, if F(z,p) = 0, then 

BP 

dy _ dx 

dx ~ BF 

By 

Hint: The function F is a constant, and hence its derivative with respect to x is 
zero. The relationship F(x,y ) = 0 defines y as a function of x. Consider F as a 
function of x bot h directly and through y{x). 

64. If r = a/(i — a) 5 + (y — b)' + (z — c) ! , verify that 1/r satisfies the equa- 
tion 



66. The van der Waals equation for a nonideal gas is 

P RT a 

t> — 6 o’ 

where P — pressure, in atmospheres 

V = volume per mol 

T = absolute temperature, in degrees Kelvin 
R, a, b — const 

Find the rate of change of P with respect to t> when v is reduced to half its initial 
volume Co. 

66. Compute the following expressions to 3 significant figures, considering the 
increments indicated as very small: 

(6) V08 = Vl - 0.2 

(d) — — = — 

V82 V81 + 1 

(/) sin (45°15') = sin (45° + 15’) 

(ft) cosh 0.01 = cosh (0 -{- 0.01) 

(j) 10= °» = 10 s+ «°» 

67. The adiabatic expansion of a gas follows the law 

PF r =■ const 

where P — pressure 

V = volume 
r = const 

What will be the percentage change in volume at P = 100 psi when P is decreased by 
0.6 psi? Assume r = 1.4. 


(a) VT03 = \/lO0 + 3 
(e) a/350 = \/343 + 7 

( e ) _L = \ 

w 203 200 + 3 

(<t) tan 44° = tan (45° — 1°) 

(f) In 1.02 = In (1 + 0.02) 
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68. If the radius r of a sphere is increasing at the rate of 0.1 in. per sec, 

(а) how fast is the volume changing when r = 3.1 ft? 

(б) how fast is the surface increasing when r = 2.3 ft? 

69. Show that, for small angles 6, tan 0 = sin 8. Hint: tan 0 = sin 0=0. Show 
that the rates of increase of tan 0 and sin B are equal around 0 = 0. 

60. Show that, if e is very small in comparison with unity, 

(1 + «)” = 1 4* me 
and that, if 17 is also small in comparison with unity, 

(1 + e)"(l + v)" = 1 + me 4- to 7 


Hint: For e = 0, (1 + e) n = 1 + me. Considering e as a small increment, show that 
the rate of change of (1 4- «)" is the same as the rate of change of 1 4- me. 

61. Evaluate the following indeterminate forms: 


(a) lim 

Wlim^l 


cos X — 1 


,. 1 - cos X 

(6) lim 7 

x— *0 fan z 


(d) lim 


In x 


C * ) 

lim 

X— + a: 

sin x 

if) 

lim 
x— *0 

X z 

(9) 

lim 

(1 4- ax)*'* 

(h) 

lim 

(i+lT 

X— *0 


x— *0 

\ X/ 

(f) 

lim 

(sin x)"™ 1 

O) 

lim 

(£-§) 

X— +0 


x — *■ =c 

\x x-J 



e z — 1 



cosh x — ( 1 

iff) 

lim 
x— *0 

X 

(/) 

lim 

x— »0 

V 

X* 


62. Evaluate the following indefinite integrals: 


(a) / 

(c) / 

(c) / e~ z '. 

is) f 


4x 3 dx 

dx 
x 1 


'x dx 
dx 


(£>) 


(let x — a sin t) 


/si 
(d) / si 

» r-i 

w h 3 


sin 4x dx 
sinh x cosh x dx 


dx 

dx 


(i) 


\/ a- — x- 

r x- dx (integrate by parts, 

J Va- - x- ^ O) / sin (In x) dx (let In x = t) 


x — a sin f) 

63. Evaluate the following indefinite integrals. 
/ sin -1 x dx 

(x + 1) ! 


(a) 

(c) / 


dx 


(h) J sec 1 x dx 
(d) / J*-T 2 > dx 


3x 4- 2 



54 


SOLUTION OF ENGINEERING PROBLEMS 


(«) 

j cos 2 x dz 

if) 

(p) 

f dx 

(h) 

J 

1 1 — COS X 


w 

j 

f [let z = a (cos ()“*) 

' z vz 3 — a 5 

(j) 


j \/2oz — o* dx 

(let n -f bz *■ t) 


i dz 


\/a + 6z 


64. Evaluate the following definite integrals: 


(a) 

fo xSdx 

(b ) 

In x dx 

iO 

J sin mxcosnxdx im,n integers) 

W) 

j sin mx sin nxdx 

(e) 

j cos mx cos nx dx 

(m,n integers; m ~ n, m n) 

(/) 

(m,n integers; m 
r o.s 

/ z 5 sin z dz 

Jo 

ig) 

f cos 3z dx 

Jo 

(ft) 

f z In xdx 

W 

ft dx 

Jo -i/ x + 1 

w 

h'±*dx 

1 2 X 

Evaluate the following indefinite integrals: 


(a) 

j xer* cos z dx 

(ft) 

£ xe’ sin z dx 

(c) 

f — (let Vz = t) 

/ 1- vz 

id) 

j e !l cos 4z dx 

(e) 

j tan* x dx 

if) 

J 

j c !l sin 3z dx 

Evaluate the following integrals, using integration by parts: 

(a) 

sin u(f — r) dr 

(6) J 

j ^ r sin o,(t — r) dr 

(c) 

f r COS «(f — r) dr 

Jo 

(<i) 

J 

J r- sin oi(t — r) dr 

« 

1 t 2 cos o}(l — t) dr 

Jo 



Show that, for n a positive integer, 




f x'e-* dx 

— Til 



Xote: Use dc rHospital’s rule to evaluate lim zv*. 

I—* CO 

68. Evaluate the following integrals by Simpson’s rule, using the indicated number 


of rubintcrvals: 

f2 


(a) j~ c~*’ dx 

(b) I sin z dx 

JO 


n — 2, 4 
n = 4, S 
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(c) 

f 1 yfx cos xdx 

Jo 

n = 4 

(d) 

V25 + x- dx 

« = 5 

(<0 

J" 0 Vg -j- v* dx 

n = 6 

(f) 

/ sin -\/xdx 

0 

7i = 4, 6 

(9) 

f r ~ -\/cos x dx 

7 ! = 2,4 


Evaluate the error in the second approximation of (a), (6), (/), and (g). 


69. Evaluate by Simpson’s rule the charge g = K i dt at l = 12 psec on the plates 
of a condenser uncharged at t = 0, if the current i in the circuit is given by the follow- 
ing table: 


t, psec 1 

1 

1 

| 

2 1 

3 1 

[4 ! 

1 

5 1 

1 

6 

a 

8 I 

9 1 

10 

11 

12 

i, amp | 

1 


0.3 

0.7 

ffl 

m 

1.9 

1 

2.2 

2.5 

2.7 1 

2.8 

2.9 

3.0 


70. The temperature of a casting is 1060T at 12 noon. At 2 p.xi. its temperature is 
observed to be SOOT. If the rate of cooling is proportional to the difference between 
the temperature of the casting and room temperature (GST), what will be the tem- 
perature of the casting at. 5 pjj.? 

71. Find the length of the curve 27i/ : = x z from the origin to the point (3, 1). 

72. Find the area bounded by the lines a: = 0, x = 1, and y — 0 and the curve 
xy + y = 1. 

73. Show that the area bounded by a parabola y = IPx- and a line y = c- (which 
is parallel to the tangent at the vertex of the parabola) equals two-thirds the area of 
the circumscribed parallelogram. 

74. The deflection w at a section a: of a simply supported beam of length L, uni- 
formly loaded with a load of q lb per ft, is given by the equation 

„ T d-w x , T . 
dx- - 2 ^ ^ 

where E is the modulus of elasticity of the beam, I is the moment of inertia, and x is 
measured from one end of the beam. Compute the deflection at the quarter points, 
assuming E — 30 X 10 6 psi, I = 100 in. 4 , q = 1000 lb per ft, and L — 30 ft. 

Hint: At the supports (x — 0, x = L), w = 0, and d-w/dx- ~ 0, since the deflec- 
tion and the bending moment are zero, 

76. A closed electric circuit contains a 2-henry coil and a 50-ohm resistance in 
series. If at t =0 the current through the coil is 10 amp, find the current through the 
coil at t = 0.1 sec. Note: The electromotive force (emf) due to the coil is propor- 
tional to the rate of change of the current and to the inductance; the emf due to the 
resistance is proportional to the current and to the resistance. The sum of the emfs 
in a closed circuit is zero. 

76. The instantaneous voltage in a circuit is c = E sin 2-60f. What are (a) its 
average, (6) its rms (root-mean-square) value over a half cycle in terms of El Note: 
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Tho rms of /(x) between a and 6 is 
ras . 

77. Compute the rms and average values of the voltage in a circuit when the volt- 
age wave form is given by the following graph (see Fig. 1-22), (a) over n half cycle, 
(6) over a full cycle. (See note on Prob. 76.) 


EJ volts 



78. Derive the expression for the work done in compressing isotliermally (PI 7 = A’) 

a gas from F = Fi to V = V-_. Hint: Work = P < IV. 

79. Derive the expression for work done in compressing adiabatically (PF r = K) 
a gas from V = Fi to V — V t . (See note on Prob. 78.) 

80. Deduce the result of Prob. 78 from that of Prob. 79 by taking the limit of the 
work done adiabatically ns r approaches 1. 

81. A steam locomotive has the indicator card shown in Fig. 1-23. Compute the 
mean effective pressure (mep). Note: Mep = J P dV/j dV. 



82. Find the coordinate y = J y ds // ds of the center of gravity of a semicircle, 
where ds is an elementary arc of the semicircle. 

83. A trough has a parabolic cross section y = 4x z and is filled with water to a 
depth II. What is the average pressure exerted on the ends of the trough? Hint: 
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The pressure at a depth h is proportional to the depth of the water and to its specific 
weight y. 


fct) 

Fig. 1-24. 

84. Find the magnetic-field strength H at the center 0 of a single circular loop of 
wire carrying a current I. Hint: Ampere’s law' states that dH = (AY sin 6 ds)/r-, 
where K is a constant depending on the units used and r, 0, and ds are shown in Fig. 
1-246. 



Fig. 1-25. 


85. Find the magnetic field at a point a distance h from an infinitely long straight 
wire carrying a current I. Note: See the hint to Prob. 84. 

86. A point P moves along the curve y = a ! /4 in such a way that its abscissa 
increases at the rate of 3 units per second. Calling 0 the origin and Q the foot of the 
perpendicular from P to the x axis, determine (a) the velocity of P; (6) the rate of 
change of the area of the triangle OPQ when P is passing through the point (2, 1). 
Hint: Velocity V = \/(dx/dt)- + {dy/dt)-. 

87. A solid has a semicircular base of radius a. The intersections with the solid 
of each plane perpendicular to the diameter bounding the base is a square. Find the 
volume of the generated solid. 

88. Calculate the work (in ergs) necessary to move a charge of q units through a 
potential F. Hint: q = CV, where q is in coulombs, C, the capacitance, in farads, and 
V the potential in volts. 

89. The density of a semicircular thin plate is proportional to the distance from 
the bounding diameter. If the radius is a and the constant of proportionality is k, 
find the mass of the semicircle. 

90. A wire rope of linear density 0.5 lb per ft and length 1000 ft is suspended in a 
vertical shaft. Assuming a modulus of elasticity E = 30 X 10 s psi, what is the maxi- 
mum stress in the rope, and how much does it elongate owing to its own weight, if its 
cross section is 0.2 sq in. 7 Hint: The stress a equals the strain e times E. 

91. Prove that 

y_ a /(x) dx = f* a K—x) dx 

Hint: Any function f(x) is the sum of an even function >4[/(z) -}- /(— x)]'and an odd 
function Mlf(s) ~ f(-x)]. 
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92. A concrete wall with a trapezoidal cross section is 20 ft high and has a base 30 
ft wide. If its center of gravity G is 9 ft from the ground, what is the angle 6 that the 
sloping side makes with the horizontal (see Fig. 1-26)? 



93. A reconnaissance balloon, finding itself dropping at the rate of 10 ft per 
sec, throws a sack of sand ballast overboard. If it takes 10 sec for the bag to hit 
the ground, how high was the balloon when the sand was released? (Xeglect air 
resistance.) 

34. If in a certain element of an electric circuit the current (2 amp maximum) 
leads the voltage (7 volts maximum) by 30 deg, calculate the power being dissipated in 
the element. Hint: the instantaneous voltage and current can be represented as 

i = 2 sin (u-t 4- 30) 
c = 7 sin wl 

1 [T *>— 

respectively, and power = -=, / ie dt, where T = — — 

J JO a 

95. If 

Kx(x.t) = K(x,t) 

and 

= J K{x,s)K,_i(s,t) ds 

show that 

rb 

F.j., (x,l) - / F,(z,s)K,(*,f) ds 

rb 

Hint: Iterate K,(x,t) — I F(i,s)F,_i(s J) dsj times. 

95. The critical load of a simply supported strut of length i, loaded by 2 equal 
longitudinal compressive forces P, is given by 

f L EI(v'’)-dx 

p JO 

1 " fL 

Jo { ’ /)Zdz 

where E is Young’s modulus, I the moment of inertia and y(x) the deflected shape of 
the strut. Compute an approximate value of the critical load P for a strut with 
moment of inertia I from 0 to i/2 and 21 from i/2 to i, assuming y — A sin (xx/L). 
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97. The mileage recorder of an automobile reads correctly when the tires are new. 
If after 10,000 indicated miles Yi hr. of rubber has worn off each tire, how far has the 
car actually traveled? Assume that the original diameter of the tires is 2 ft 0 in. and 
that the decrease in diameter is proportional to the mileage. 

98. A certain wall of a furnace is 4 ft high and 6 ft long. Because of inaccuracies 
in its construction, its width is not constant but varies (linearly) from S}4 to 7Y in. 
along the length. If the nominal thickness was supposed to be 8 in., what is the 
increase in heat lost per hour from the furnace to the surrounding atmosphere over 
that which would have been lost by a correctly designed wall? Assume the tempera- 
ture of the furnace to be 1068°F, room temperature 68°F, and thermal conductivity 

of furnace wall 5.0. Hint: Q — —— ^ — • 
where Q = heat, in Btu 
T = time, in hours 

A8 — temperature difference, in degrees F 
A = area of heat transmission, in square feet 
t = thickness, in inches 

K = thermal conductivity, in — — u -r; 

’ F— hr— sqft 



CHAPTER II 

PLANE ANALYTIC GEOMETRY 


24 Coordinates 

The publication in 1037 of “La Gdomdtrie” by R. Descartes represents 
one of the essential steps in the advancement of mathematics. Before 
Descartes, mathematicians were divided into two separate groups, the 
geometricians and the algebraists. By noticing that a •point could be 
located in a plane by means of two numbers, Descartes was able to trans- 
late all the algebraic concepts known to him into geometrical concepts 
and “to perform the marriage between algebra and geometry.” 

Analytic geometry is an extremely valuable tool of applied mathe- 
matics. It allows, on the one hand, the visualization of problems and 
their graphical solution. On the other, it permits the solution of geo- 
metrical problems by the accurate methods of algebra and the calculus. 
This chapter will be confined to problems of plane geometry and, cor- 
responding! y, to fimctions of one variable. 

Uptown New Yorkers live in a Cartesian city. Manhattan is referred 
to a system of rectangular coordinates in which the number of the house 
is the abscissa x and the number of the street the ordinate y. All the 
numbered streets are located in the region of positive y’s; positive and 
negative abscissas are labeled “East” and “West,” respectively. The 
statement: “My address is 210 West Seventy-fifth Street” is translated 
mathematically into 

x = —210 y = +75 

Since ordinates are measured in blocks and abscissas in buildings, the 
x and y scales are different. This is usually the case in the system of 
coordinates used in engineering problems, but it must be emphasized 
that most of the formulas of this chapter are derived under the assumption 
of equal x and y scales and do not hold when the scales are different. 

A point is located in a plane by means of its two Cartesian coordinates, 
and we shall write 

Pi = Pi(xi,yi) P - = P?(x!,y : ) 

2-2 Slopes and Distances 

A truck must be driven over a road of constant slope ni from a point 
P i to a point P i, and it must be determined whether or not it can negoti- 
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Sec. 2-31 


ate this slope. Special instruments can be used to measure slopes 
directly, but the problem is easily solved when the coordinates of the two 
points are known. Calling y the alti- . 
tudes and x the distances measured 
along the road, we derive from the 
geometry of Fig. 2-1 

m = tan 6 = ULZJll (2-2-1) 

X2 — Xl 

When two points Pi, Pi are located 
by means of Cartesian coordinates, 
their distance may be easily computed 
by Pythagoras’s theorem. Thus, if, 
in Fig. 2-1, represent now two airports on a map, their distance is 
given by 

d = P7i = V(xi - Xl y- + (yi - ?/i ) 2 (2-2-2) 



2-3 Straight Lines 

A straight road of constant slope m must be built starting from a 
point Pi(a-i,i/i), and a table of altitudes y is needed for points on the road 
of abscissa x. Since the slope between (* 1 , 2 / 1 ) and any point (x,y) on 
the road is m, we obtain, substituting (x,y) for (xi,yi) in Eq. (2-2-1), 


m 


V-~ V i 
X — Xi 


(a) 


or, multiplying both sides by (x — Xi), 

y — yi- rn(x - Zi) (2-3-1) 

Transposing yi, Eq. (2-3-1) may also be written as 

y = mx + {yi - mx i) (6) 

By means of Eq. (6) the altitude y of any point of abscissa x can be easilv 
computed, once m, x\, and y± are given. 

Since the coordinates of any point lying on the straight line satisfy 
Eq. (2-3-1) and any two numbers x,y satisfying Eq. (2-3-1) are the coordi- 
nates of a point on the line, Eq. (2-3-1) is known as the equation of the 
straight line. It is called the slope-point form of the equation of a line 
because it involves the coordinates of a given point and a given value of 
the slope. Letting 

yi - mxi = h ( c ) 

we may also write Eq. (b) as 


y - mx -f b 


(2-3-2) 
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Equation (2-3-2) shows that the point of abscissa x = 0 on the line 
has an ordinate equal to b, that is, that b is the length of the segment 
intercepted by the line on the y axis. For this reason, Eq. (2-3-2) is 
called the slope-intercept form of the line. 

A line passing through two given points Pi and Pi has a slope m given 
by Eq. (2-2-1). Equating Eqs. (2-2-1) and (a) we find the equation of a 
line through two points, 

yi - i/i _ v - y\ 

Xi — X\ X — Xi 


or 


y — y i = x — xi 

Vi - Vi Xi - Xi 


(2-3-3) 


Equations (2-3-1) to (2-3-3) contain the two coordinates of the variable 
point P(x,y ) to the first power, i.e., they are linear in x and y; any linear 
equation 

Ax + By + C = 0 (2-3-4) 


may be shown to represent a straight line, 
and transposing, we may write 


V = 


A C 
B x B 


Dividing Eq. (2-3-4) by B 


and comparison with Eq. (2-3-2) shows that the slope and intercept of 
(2-3-4) are 

m = - | b = - | (2-3-5) 


A freight train leaves New York at midnight, traveling at a constant 
speed of 50 mph, and 2 hr later a passenger train leaves New York on 
the same track, traveling at 70 mph. When and how many miles from 
New York will the second train overtake the first? 

If we measure time in hours starting at midnight and distances in 
miles from New York, the distance traveled by the first train is 

-Si = 50« (<f) 

while the distance traveled by the second train is 

St = 70(4 - 2) (e) 

The graphs of the two functions -Si and Si are straight lines (as shown in 
Fig. 2-2), since both S and 4 appear at the first power in ( d ) and (c). 
The second train overtakes the first when the distances -Si and <S ; are 
equal for the same value of 4, that is, when 

504 = 70(4 - 2) 
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From this equation, t = 7 hr] and, by substituting in either Eq. (d) or 
Eq. (e), Si = S 2 = 350 miles. It is thus seen that the algebraic solu- 


tion of this problem is equivalent to 
the geometrical location of the inter- 
section P(s,t ) of the two lines Si and 
Si. In general, then, the intersec- 
tion of two lines 

Ax + By + (7 = 0) , 

Aix + Biy + Ci = 0 j 

is found by solving simultaneously 
their two equations for the two 
unknowns x and y. 

If the two trains had the same 
speed, the second would never reach 
the first and the two lines Si, Si, hav- 
ing the same slope, would be parallel, 
respectively, 

A 



(?) 


Sj,s 2 mites 


the condition for two lines to be parallel is 

A Ai 
B Bi 
or 

A_ B_ 

Ai Bi 



OB -BC 


(2-3-6) 

Two lines are parallel when they 
have proportional coefficients; the 
constants C may instead have any 
values since they simpty locate the 
lines, maintaining them parallel. 
Very elaborate graphs of the type 
shown in Fig. 2-2 are used in rail- 
road engineering to set up train 
schedules and to check the move- 
ment of trains. 

From the geometry of Fig. 2-3 
it is seen that the two triangles OPB 
and OCB are similar because they 
have perpendicular sides; hence 

-1 

BC/OB 
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or 


tan a — 


-1 


-1 




tan E tan on 

Hence, calling m and nil the slopes of the two orthogonal lines L and L h 
we find that the relationship between the slopes of two perpendicular 
lines is 

m • nii — —1 (/i) 

Upon making use of ( g ), Eq. (/i) becomes 

Ai —B 
JSi A 
or 

AA, 4- BBi = 0 (2-3-7) 

Equation (2-3-7) is called the condition of orthogonality of two lines. 

Noticing that the angle 8 between two lines (Fig. 2-4) is equal to the 

difference between the angles on and 
a 2 they make with the x axis and 
remembering from trigonometry that 

. . . tan on — tan on 

tan (a 2 — on) = ^ — r- r ? 

1 + tan ai tan a 2 

the angle between two lines becomes 

6 = arctan — —— (2-3-8) 

1 + mim 2 

In particular, when 0 = 90°, tan'0 = «> 
and the denominator of Eq. (2-3-8) 
must equal zero, that is, ?rii?n 2 = — 1, which is Eq. ill). 

Given a point Po{xo,yo) and a line 

Ax + By + C = 0 ij) 

whose slope, by Eq. (2-3-5), equals —A/B, the line through P o per- 



pendicular to Eq. {j) becomes, by Eqs. (i) and (2-3-1), 

V ~ 2/0 = A ( X ~ X °) ^ 

The coordinates of the intersection P\ix\,yi ) of Eqs. (j) and (l;) are ob- 
tained by solving simultaneously these two equations for x and y and 
are found to be 

_ B*xp — A By a — AC ' 


v - Aiy ° 
yi 


A- + B 2 
- ABxo - BC 


A- + B 2 
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Sec. 24] 


The distance d between the point Po and the line (j) is therefore given 


by 


Axo + Byo + C 

d = V (xi — xo)- + {y i - y o}- = 


(2-3-9) 


24 Conic Sections 
a. The Circle 

An airplane starts from an airport 
cruising speed of 300 mph and sends 
an SOS after 20 min ( 2 %q hr), indi- 
cating that it is forced to land. In 
what region should search parties look 
for the crashing airplane? 

The distance traveled by the air- 
plane when its SOS is heard equals 
300 X -%o = 100 miles; the airplane 
is therefore inside a circle of 100 miles 
radius with center at O. To map this 
circle we notice that, by Pjdhagoras’s 
theorem, the x,y coordinates of any 
equation 

x 2 + y- — 


O in an unknown direction at a 



since vV- + y\is the distance of P(x,y ) from the origin 0. This equa- 
tion is called the equation of the circle because it is satisfied by the 
coordinates of any point on the circle and because any two numbers x,y 
satisfying it are the coordinates of a point on the circle. Similarly, the 
equation of a circle of center P o(x 0 ,yo) and radius R (Fig. 2-5) is given by 


(x - Xo ) 2 + (y - l/o) 2 = R" (2-4-1) 

and contains x and y both to the first and second powers. In order to 
identify the most general equation of a circle, it is well to remember that 
the general quadratic equation in two variables, 

Ax 2 + By 2 + Cxy + Dx + Ey + F = 0 (2-4-2) 

represents a circle if and only if 

A — B C = 0 D 2 + E 2 > 4 AF (2-4-3) 

The coordinates of the center and the radius of the circle (2-4-2) and 
(2-4-3) are given by 

~ 2 A y ° = ~ 2l R = 2 A Vi-P + E- ~ 4 AF (2-4-4) 


Xo = 
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-Equation (2-4-2) is the general equation of a “conic section,” i.c., 
of the curve obtained by cutting a circular cone with a plane. The 
conic section is a circle when the plane is perpendicular to the axis of the 


cone. 

It can be proved that the conic section (2-4-2) degenerates into two 
straight lines when 


2 A C 

C 2 B 
D E 



2F\ 


(a) 


in which case the cutting plane contains the axis of the cone. 
b. The Ellipse 

A two-engine airplane leaves from an airport A in an unknown direction 
after filling its tanks to capacity. Shortly afterward the pilot signals 



that one of the engines has gone dead but that he has just enough gasoline 
to reach airport B, located 2m miles from A (Fig. 2-6). Immediately 
after, the pilot signals again that the airplane is aflame and forced to land. 
The only additional information available to the airport authorities is 
that with full tanks that type of airplane can travel d miles and that 
consumption per mile is roughly equal whether one or two engines are 
running. Where should the search parties look for the lost airplane? 

If at the moment of the forced landing the airplane could still travel 
a distance of, say, n miles, n must be less than the airplane’s distance l 
from airport A, or the pilot, rather than trying to reach B, would have 
gone back to A. However, if the airplane had already traveled l miles 
and could travel only n additional miles, 

l + n = d 

since d is the maximum mileage the airplane can travel without refueling. 

If the line AB is taken as the x axis with origin at the middle point of 
the segment AB, the coordinates x,y of a possible landing point P must 
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AP +PB = l + n = d 


But, from the geometry of Fig. 2-6, 

ap = Vac- + cp- = V{x + W + y 2 
PB = VbC- + CP- = V(X - m ) 2 + y 2 

and hence 

\/(x + m ) 2 + y- -+- V(x — m)~ + y- = d 


Transposing the second radical and squaring, we get, after simplification, 
d 2 — 4 m a; = 2d \/ (x — in)- + y- 
and, squaring again, simplifying, and dividing by d-{dr — 4m 2 ), 

n o 

. V- = i (a) 

(d/2) 2 ^ (d/2) 2 - m 2 V ; 

Since l + n = d > 2m, d/2 is bigger than m and the denominator of the 
second fraction in Eq. (a) is greater than zero; hence Eq. (a) is of the type 



(2-4-5) 


and represents an ellipse with semiaxes a — d/2, b = V (d/2) 2 — m 2 and 
foci at A and B. 

A possible landing point of the crashing airplane must be nearer to 
B than to A and must therefore lie on the right half of this ellipse. Solv- 
ing Eq. (2-4-5) for x and taking the positive sign in front of the radical, 
we obtain the locus of possible landing points, 

x = + a yj 1 ~ % 

The ellipse is a conic section obtained by means of a plane inclined 
to the axis of the cone and cutting only one of its nappes. Eq. (2-4-2) 
represents an ellipse when 

4 AB - C 2 > 0 (2-4-6) 

c. The Hyperbola 

Airports A and B, 2m miles apart, belong to two enemy countries, 
and an espionage agent at A sends information to the authorities at B. 

A bomber squadron leaves A in a direction unknown to the foreign 
agent, v ho signals immediately the time and type of airplanes to airport 
B. Ten minutes later, airport B sends in all directions squadrons of 
fighter airplanes to intercept the bombers. Where null the enemy air- 
planes meet? 
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Assuming for simplicity that bombers and fighters have the same 
speed of, say, v mph, since the fighters left B 10 min (A hr) after the 
bombers left A, the distance traveled by the fighters, say n, must be 
c — v / 6 miles shorter than the distance l traveled by the bombers; i.e., 
calling P(x,y ) a possible meeting point, 

AP — BP = l — n — c 


But, with the symbols of Fig. 2-7, 

l = \/{x + m)- + y- 
n = \/(x — my + y- 



and hence __________ 

A(x 4- my + y 2 — y/(x — m) 2 y 2 = c 

from which, transposing the second radical, squaring, simplifying, and 
squaring again, we obtain 


y2 

Jfi/W ~ m 2 - (c/2 y 


(o) 


From Fig. 2-7 the side l of the triangle PBA is less than the sum of the 
other two sides, 


Therefore 


l < n + 2m 


m > 



c 

2 


the denominator of the second fraction of Eq. (a) is positive, and Eq. (a) 
is of the type 


5! _ t. = i 
a- b 2 


representing a hyperbola, which crosses the x axis (y = 0) at 


± 2 £ = 


+ (l — ri) 


(2-4-7) 
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Sec. 2-4 i 


but does not cross the y axis, since for x = 0 the values of y given by Eq. 
(a) are imaginary. The fighters will meet the bombers at a point of this 
hyperbola nearer to B than to A, that is, at a point on the right branch of 
the hyperbola, whose equation is 


x = 



a = c/2 is called the transverse 
semiaxis of the hyperbola ; 


■P-& 


is called its conjugate semiaxis. 

Hyperbola (2-4-7) and the 
hyperbola 


r 

b°- 


=1 

a- 


(b) 



are said to be conjugate because the 
transverse semiaxis of one is equal to 

the conjugate semiaxis of the other, j- rG 2 -s. 

and vice versa (see Fig. 2-8). The 

intersections of the hyperbolas in Eqs. (2-4-7) and (b) with the coordinate 
axes are called their vertices. 

Deriving the value of y as a function of x from both Eqs. (2-4-7) and 
(f>), we find, respectively, 


yz=±h 4^~ l ys * ±b $- + 1 


When x is so large that unity becomes negligible in comparison with 
(x/a)-, the ordinates of both hyperbolas approach the common value 



(2-4-8) 


Equation (2-4-8) represents two straight lines of slope ±b/a, passing 
through the origin, called the asymptotes of the conjugate hyperbolas. 
The hyperbolas approach indefinitely their asymptotes without ever 
touching them. When a = b, the asymptotes make 45-deg angles with 
the x and y axes and are therefore perpendicular to one another. The 
corresponding hyperbolas are called equilateral or rectangular hyperbolas. 
When a rectangular hyperbola of semiaxis a is referred to its asymptotes 
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[Sec. 2-4 


V = 


ar 

2x 


(2-4-9) 


The hyperbola is a conic section ob- 
tained by means of a plane cutting 
both nappes of the cone. Equation 
(2-4-2) represents a hyperbola when 

4 AB - C- < 0 (2-4-10) 

d. The Parabola 

A bomber, flying horizontally at 
a speed of 300 mph, drops a bomb 
on a given target from an altitude of 
9000 ft. What path will the bomb 
follow, and how many seconds be- 
fore flying over the target must the 
bomb be released? 

If air resistance is neglected, the horizontal speed of the bomb during 
the fall is equal to 300 mph and its horizontal distance at a time l sec 
from the instant it is dropped is 

gg= - 3600 ^ ~ 440i ffc (a) 

Because of the gravitational accel- 
eration g (32.2 ft per sec per sec) 
the bomb will drop in the same time 
a vertical distance 

y = Mgi 2 Q>) fig. 2 - 10 . 




The path followed by the bomb is obtained by substituting in Eq. (b) 
the value of l given by Eq. (a), that is, by eliminating t between Eqs. (a) 
and (6). 

y = l 2 g (m)~ = om00832x2 (c) 

By Eq. (c), when y = 9000 ft, x — 10,400 ft and, by Eq. (a), t = 23.7 
sec; hence the bomb must be dropped 23.7 sec before flying over the 
target. The value of t can also be computed directly from Eq. (6). 


l = 


l2y _ 1 18,000 

V g V 32.2 


= 23.7 sec 
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Equation (c) represents a quadratic parabola and is a particular case 
of the general quadratic equation (2-4-2), which represents a parabola 
if and only if 

4 AB - C 2 = 0 (2-4-11) 


A parabola is a conic section obtained by a plane parallel to the side of 
the cone. 

By similarity with Eq. (c) the polynomial curves of degree n, 

y = a„x n + an-iz"- 1 + • * • + a i* + flo 

are called parabolas of degree n. A first-degree parabola is a straight line. 

We have shown in Sec. 2-3 that a straight line can be made to pass 
through two points [Eq. (2-3-3)]. The coefficients a 2 ,a\, and «o of a 
quadratic parabola 

y = a 2 x 2 + aix + a 0 

can be chosen so as to have the parabola pass through three points 
Pi, P 2 , P 3 ; their values are obtained by solving the system of three 
simultaneous equations in a 2 ,a 1} and a 0 : 

a 2 x\ + ai^i Oo = 2/i 
a 2 x% + a\x 2 + ao = y 2 
a 2 x\ -f- a\Xz -f- a 0 = 2/3 

Similarly, an nth-degree parabola can be made to pass through (n + 1) 
points. This property of parabolas is very useful in curve-fitting 
problems. 


2-6 Parametric Equations 

A real function y — f{x) can always be represented in the x,y plane 
by means of a curve. Sometimes, as in Eqs. (a) and (b) of Sec. 2-4 d, 
the coordinates x and y of the point on the curve are given as separate 
functions of an auxiliary variable t, called a parameter. 

x = x(t) y = y{t) (2-5-1) 

Equations (2-5-1) are known, as the parametric equations of the curve. 
When the parametric equations can be solved for the parameter, t can 
be eliminated between them and the Cartesian form y = y(x) of the 
equation of the curve can be obtained, as was done in Sec. 2-4 d. 

2-6 Transformation of Coordinates 
a. Translation and Rotation 

The engineer must never forget that to him mathematics is a useful 
tool and that his mathematical formulas should always take the simplest 
possible form. 
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If one were to measure distances between Stamford, Conn., and New 
Haven, Conn., it would be unreasonable to set the origin of distances at 

New York, just because the Post Pond 
begins there. Similarly, in any appli- 
cation of analytic geometry the axes 
should be originally chosen or later 
shifted or rotated or both as may appear 
convenient. When this is done, it is 
unnecessary to set up all over again the 
equations of the problem with respect 
to the new axes. In fact it is seen from 
Fig. 2-11 that, upon calling x',y' the 
coordinates of a point referred to new 
axes parallel to the old axes x,y, 

x = x' + x 0 ) 

y = y' + 2 / 0 1 (2-e-i) 


y 

i y> 

P(x.yl=Pfx'y : 

T — 



* 

1 

! 


L x* •? 

y 

y 

O' 


1 

1 

i 

i 


1 

I 

1 

y a 

i 

\ 


1 

\ 

o 


■~x 

i 


Fig. 2-11. 


where « 0 ,2/o are the coordinates of the new origin O' with respect to x,y. 
The new equations referred to x',y' are obtained by substitution of Eqs. 
(2-6-1) for x and y in the old equations. For instance, if in the equation 
of the circle of center x 0 , yo and radius R 


(x — x 0 ) 2 + (y — y 0 ) 2 = R 2 


we substitute Eqs. (2-GT), we obtain the much simpler equation for the 
same circle referred to the x',y' axes, 

(z') 2 + WY = R 2 



Very many equations are simplified when referred to a new set of 
axes x',y' rotated by an angle 0 with respect to x,y. From Fig. 2-12 it is 





PLANE ANALYTIC GEOMETRY 


73 


Sec. 2-61 
seen that 

x = OH — HA — OH - FG = x' cos 8 - y' sin 8 
y = AP = BP + AB = BP + OE = x' sin 0 + 2/' cos 8 

Equations (2-6-2) allow the transformation of equations by rotation. 
For example, we have seen in Sec. 2-4 c that a rectangular hyperbola 


( 2 - 6 - 2 ) 


r _ ar = i 
a 2 a 2 


(a) 


can be referred to its orthogonal asymptotes x',y' by a 45-deg rotation. 
With 8 = 45°, letting 

V2 


Eqs. (2-6-2) become 


c = sin 45° = cos 45° = 

x = c(x' - y') 
y - c(x’ + y') 


and substitution into Eq. (a) gives 


from which 


c 2 (s' + y'Y cHx' - y'Y 
a 2 a 2 


^11 

4c 2 .r' 


2x' 


which is identical vdth Eq. (2-4-8). 

"WTien the origin is shifted to xo,y 0 and at the same time the axes are 
rotated by 0, the relations between the old and the new coordinates 
become 


x = x' cos 6 — y r sin 6 + x 0 
y = x' sin 8 y' cos 0 + yo 


(2-6-3) 


b. Polar Coordinates 

A point can be located in a plane by measuring its distance r from the 
origin 0 and the angle 8 between the x axis 
and the line OP (Fig. 2-13). The quantities 
r and 8 are called the polar coordinates of 
P\r is alwaj r s considered positive, and 0 is 
measured counterclockwise from the posi- 
tive x axis. From Fig. 2-13 the relation- 
ships between the Cartesian and the polar 
coordinates of a point P are 

y — r sin 8 (2-6-4) 



o 


x — r cos 6 


Fig. 2-13. 
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Taking the square root of the sum of the squares of Eqs. (2-6-4), we find 
that 

r = \/x- + y 2 (2-0-5) 

while taking the ratio of y to x, 

6 = arctan (2-6-6) 

Equations (2-6-5) and (2-6-6) give the inverse relationships between polar 
and Cartesian coordinates. It is important to notice that Eq. (2-6-6) 
gives two values for 6 differing by 180 deg; to choose the correct value 
of 6 it is necessarj - to refer back to Eq. (2-6-4) and to choose the angle 0 
for which both equations are satisfied. For instance, if x = — 1, y — +1, 
Eq. (2-6-6) gives 

0 = arctan — y = 135° or 315°; 

but since r is always positive, by Eqs. (2-6-4) cos 0 must be negative and 
sin 0 must be positive; hence 0 — 135°. 

Some equations become simplified when written in polar coordinates; 
for instance, the equation of a circle x 2 + y 2 = R 2 becomes r = R; while 
the equation of the lemniscate ( x 2 + y 2 ) 2 = a 2 {x 2 — y 2 ) becomes 
r 2 — a 2 cos 20. 


2-7 Geometrical Applications of the Calculus 
a. Tangent to a Curve 

The graph of Fig. 2-14 gives the distance s traveled by a car versus 
s time l. Since the slope of the s 

curve is measured by the derivative 
ds/dt (see Sec, 1-8 a), the graph indi- 
cates that the car traveled with a 
variable speed v = ds/dt. If the 
speed of the car had remained con- 
stant after t : = l 0) what would have 
been the distance covered at t = i\1 
The s graph for a constant speed 
is a straight line. If we indicate 

the slope at t = t 0 by s' 0 = ds/dt ( , this straight line (the tangent to s 

at l = t 0 ) must pass through (f 0 ,s 0 ) and have a slope equal to sj>; by Eq. 
(2-3-1) its equation is 

s — s 0 = s' 0 (l — to) 
and the mileage at l = h becomes 

= So -f- S 0 (<1 to) 

More in general, the equation of the tangent to a curve y(x) at a point 
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y - yo = yo(* - * 0 ) (2-7-1) 

where y' 0 - y'(x 0 ). 

The tangent to a curve is the limiting position of the chord. . in Fig. 
2T5 when the chord AB approaches the tangent Y, the two points A,B 
move toward the point of tangency y 
C. For this reason the tangent is 
said to have two paints in common 
with the curve , both of them located 
at C. If we indicate by Y(x) the 
equation of the tangent to the curve 
y(x) atx = x 0 , not only does at this 
point y equal Y, but y' equals Y\ 
since the slope of the tangent is by 
definition the slope of the curve. 

When two curves have at a given O 
point the same ordinate and the same Fig - 2 ' 15- 

slope, we say that they have a contact of the first order; hence the tangent 
has a contact of the first order with the curve. 

The graph of Fig. 2-16 illustrates a simple but important property of 
the derivative of a function. Let the tangent to a curve be oriented 
along the direction of increasing abscissas. The tangent T at Pi makes 
with the positive direction of the x axis, an angle 6 1 < 90° whose trig o- 




Fig. 2-16. 


Fig. 2-17. 


nometric tangent is positive; therefore at P 1 the slope y' > 0. At P», 
02 > 270°, and tan 0» is negative; hence y 1 < 0. At P 0 , 0s = 0, and 
y' — 0. Noticing that y{x) is increasing at Pi, decreasing at P», and 
stationary atP 0 , we find the following: 

Rule: At points at which a function is increasing, its derivative is posi- 
tive; at points at which a function is decreasing, its derivative is negative, 
b. Curvature 

The graph of Fig. 2T7 shows the map of a curve AB built on a high- 
way some years ago, when traffic was relatively slow. Modem cars 


SOLUTION OF ENGINEERING PROBLEMS 


76 


[Sec. 2-7 


entering the sharp curve at high speeds may easily overturn, and a sign 
must be put up, indicating the maximum safe speed. 

We remember from mechanics that the force tending to turn the car 
over (the so-called “centrifugal force”) is equal to 



(a) 


where IF is the weight of the car, v its speed, g the acceleration of gravity 

and R the radius of curvature of 
the curve. Counteracting the over- 
1 turning moment Fh of the centrif- 

h ugal force, where h is the distance 

j of the center of gravity of the car 

above the road (Fig. 2-18), is the 
stabilizing moment TFd of the weight 
of the car, where d is half the axle 
width. In order to have equilibrium, 

Wd > Fh 

or, by means of Eq. (a) 



Equation (b) shows that v is independent of the weight of the car and 
that, since the ratio d/li does not vary too much from car to car, a single 
safe speed may be computed. 

One of the essential elements in ascertaining the value of v is the radius 
of curvature R, obtainable directly from the equation of the curve, which 
in our example is, say, the parabola 


G' 




1 



1< 2d 4 

Fig. 2-18. 


y = I Or 5 (c) 

where x and y are measured in miles. 

In a curve of constant radius R, that is, in a circle, the arc s is measured 

by 

s = Re 


where 6 is in radians; hence the reciprocal C of the radius R, called the 
curvature, becomes 
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Figure 2-19 shows how to evaluate the curvature of a circle by measuring 
the arc s from a given origin and the angle 8 from the positive x axis. 

Si — Si = As = R(8i — 0i) = R A6 


from which 


l = A0 
R As 


(d) 


Wien a curve has a variable radius, we define its curvature at a 
point as the limit of Eq. ( d ) as As — * 0. 



In order to obtain C directly from the Cartesian equation of the curve, 
we notice (Fig. 2-20) that the infinitesimal triangle of sides dx, dy, and ds 
is a right triangle and that its hypotenuse ds, considered straight, has a 
length 

ds ~ \/ dx 2 + dy- = dx ~ VT+ (y') 2 dx (e) 


where the plus sign is taken in front of this square root because s increases 
with x. 

Since 8 is the angle between the tangent T to the curve and the x axis, 
tan 8 = y' and 8 = arctan y', from which 


j a dd , dd dy , 1 

do = -J- dx — -j— dx = . — r-r-FTo 

dx dy dx 1 + (y )~ 

By means of Eqs. (e) and (/), Eq. (2-7-2) becomes 

„ _ 1 _ dO _ y" 

R ds [1 + (y') 2 p 


y" dx 


(/) 


(2-7-3) 


It must be noticed that, since the denominator of Eq. (2-7-3) is always 
taken positive, the sign of the curvature is the same as the sign of the second 
derivative y". 
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The circle, whose radius R is given by Eq. (2-7-3) and whose center is 
on the inside normal to the curve at a point, is called the osculating circle 
at that point. Since all circles with centers on the normal to a curve 
and touching it are tangent to the curve, the equation of the osculating 
circle has the same ordinate, the same slope y', and, by Eq. (2-7-3), 
the same y" as the equation of the curve. The osculating circle has at 
least three points in common with the curve, all of them located at the 
point of tangency, and the contact between curve and circle is said to be 
of the second order. A short arc of a curve y is best approximated by an 
arc of its osculating circle, since the osculating circle is the nearest to 
the curve among all the tangent circles ( oscular c is the Latin for “to kiss”). 

We can now compute the radius of the parabolic curve (c) at the point 
of sharpest curvature x = 0 by means of Eq. (2-7-3). 


y = lOx- y' = 20x y'( 0) = 0 

q ~ JL = = 20 

R (1 + 0)* 

R = = 0.05 mile = 264 ft 


20 


With d = 3 ft and h = 2 ft the theoretical maximum safe speed becomes, 
by Eq. (6), 


v = \/32.2 X 264 X % = 113 ft per sec = 77 mph 

and, with a coefficient of safety of 2, the maximum speed should be set at 
about 40 mph. 


c. Geometrical Interpretation of the Curvature 


It was noticed in Sec. 2-7 b that the sign of the curvature is the same 
as the sign of the second derivative y". In the curve of Fig. 2-21a the 



slope y' is positive to the left of the point P, equals zero at P, and decreases 
to negative values to the right of P. Hence y' is a decreasing function, 
and its derivative y" by the rule of Sec. 2-7 a is negative at P. In Fig. 
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2-216, instead, y' is negative to the left of P, zero at P , and positive to 
the right of P; hence y' is an increasing function, and by the same rule its 
derivative y" is positive at P. But the curve of Fig. 2-21o has a con- 
cavity pointing toward the negative y axis, while the curve of Fig. 2-216 
has a concavity pointing toward the positive y axis; we find, therefore, the 
following: 

Rule: The positive or negative sign of the second derivative of a 
function y(x), that is, the sign of the curvature of the corresponding 
curve, indicates whether the concavity of the curve points towards the 
positive or the negative y axis. 

It must be noted that the sign of the curvature depends upon the orienta- 
tion of the axes and is not inherent to the curve. 



Fig. 2-22. 


In Fig. 2-22a the curvature is negative to the left and positive to 
the right of the point P t ; and since V” is continuous, it must be zero at Pj. 
For the same reason it is zero at the point P 2 of Fig. 2-226. Points like 
Pi and P 2 , at which the curvature is zero and the tangent crosses the 
curve, are called inflection points. Pi is an increasing inflection point. P 2 
is a decreasing inflection point. The points x = a of the two curves 

y — b + (x — o) 3 
* y = 6 + (a — x) 3 

are, respectively, increasing and decreasing inflection points, with a hori- 
zontal tangent. Since any point at which the slope is zero is called a 
stationary point, the points x — a are stationary points but are neither 
maximum nor minimum points for the curves. 


d . Maxima and Minima 

The stiffness of a rectangular beam is measured by the moment of 
inertia I of its cross section with respect to a centroidal axis. I is pro- 
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portional to the width x and to the cube of the depth y in rectangular 
sections. For the case of loads parallel to y the constant of proportional- 
ity is found to be 3d" 2 - What is the stiff est beam that can be cut from a 
circular tree D in. in diameter? 

Since, from Fig. 2-23, 

y = y/U 1 — x- 

the moment of inertia I becomes 



Fig. 2 23. Fig. 2-24. 

The graph of I versus x is plotted in Fig. 2-24 and shows that I becomes 
maximum at x = D/2, where the tangent to the graph is horizontal and 
hence 


To check this we set the derivative of /( x) equal to zero and solve the 
corresponding equation for x. 

Yio{{D- - x-)P- - 3 x-{D n - - x*)»] = y 12 (D- - x^D 1 - 4z 2 ) = 0 
This equation has four roots, 

x — +D x = — D 

x = +y 2 D x = -y 2 D 

The first root makes I — 0, and the negative roots do not have physical 
meaning; hence the only root with physical significance is 


x = y 2 D 
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The graph of Fig. 2-25 shows that a function y has zero slope at points 
of minimum value as well. We may therefore state the following 
fundamental rule: 

Rule: At points of maximum or mini - 
mum value the first derivative of a func- 
tion is equal to zero. 

At points of maximum value the 
concavity of the curve points down ; at 
points of minimum value the concavity 
points up. Hence, with the usual orien- 
tation of the x and y axes, we find the 
following auxiliary rule: 

Rule: At points of maximum value the second derivative of a function is 
negative; at points of minimum value the second derivative of a function is 
positive. 

As a check of the beam-stiffness problem, 





O 
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When at a point the second derivative of a function is zero, together 
with the first derivative, the behavior of the curve at that point depends 
on the sign of the higher derivatives, as indicated in the following dia- 
gram, which illustrates the various cases of stationary points {y' = 0) 
occurring most frequently in engineering computations. 


ly" > o 
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The maximum and minimum values of a function must not be con- 
fused with its largest and smallest values. At maximum and minimum 
points a function becomes, respectively, larger and smaller than at 
neighbouring points. The function shown in Fig. 2-26 is maximum at B 
and minimum at E but is larger at E than at B. 
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The rales for maxima and minima given above are not valid at points 
at which either the function or its derivatives are discontinuous. Thus 
points like F, G, or H will never be detected by setting if = 0, for f is not 
defined at these points; y is discontinuous at H, and y' is discontinuous 
at F and G, since the curve has two different slopes there. The rales will 
also fail at the end points of the interval of definition. In fact, the func- 
tion of Fig. 2-26 has its largest value at L and its smallest value at A, 
but its derivative is not equal to zero at either of these two points. It is 
well to remember, therefore, that the condition y' = 0 is neither neces- 



sary nor sufficient to locate the smallest and largest values of a function 
in a given interval. 


Problems 

1. Compute the distance between each of the following pair of points and the 
slope of the line connecting the first with the second: 

(a) (0, 1), (5, 7) (6) (-2, 3), (4, 2) 

(c) (7, 6), (6, 7) (d) (-3, -2), (-4, -1) 

(e) (-3, 8), (10, 4) (/) (2.4, -5.1), (7.2, 3.1) 

(?) (-3.1, -1.4), (-4.2, -1.2) ( h ) (0, 4.3), (0, 3.3) 

(i) (0, -1), (-1, 0) (j) (2.25, 8.64), (-2.34, 8.22) 

2. Write the equation of the following lines: 

(а) through (0, 2) with slope m = 0.5 

(б) through ( — 1, —4) with slope m = — 56 

(c) through (0, 0) with slope m = =o 

(d) through (—4, —3.2) with slope m = 0 
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3. Write the equation of the following lines; compute their slope, when not given, 
and their x and y intercepts: 

(a) through (2, 4), (6, 1) 

(b) through (-4, 1), (—7, —2) 

(c) through (0, —1), (2, —4) 

(d) through (0, 0), (0, 2) 

(c) through (3, 6) with slope m =0.75 
(f) through (2, 2) with slope m = 1 

4. Compute the slope and the x and y intercepts of the following lines: 

(a) 3s + 2y — 4 = 0 (b) 2s - 2y - 3 = 0 

(c) 4s + y = 0 (d) -6s + 7y + 14 = 0 

(c) 24.2s - 12.3 y + 9.7 = 0 (/) -13.25s + 34.12y - 64.25 = 0 

6. Compute the intersection of the following lines: 

(a) s + 2y - 2 = 0 3s + 2y + 4 = 0 

(b) -2s - 3y + 7 = 0 2s - 4y + 14 = 0 

(c) s + y = 0 s — y = 0 

(d) s - 4 = 0 y - 2 = 0 

6. Write the equation of the 2 lines through the given point, respectively parallel 
and perpendicular to the following lines: 

(a) (0, 1) 2s + 4y — 7 = 0 (6) (-2, -3) s - 4y + 3 = 0 

(c) (2.1, -4.7) 2.4s - 7.2 y - 6.4 = 0 

(d) (3.2, 7.9) -4.1s + 9.2y + 10.2 = 0 

(c) (0, 0) s = 24 (/) (1,0) y = 13.1 

(ff) (0, 1.14) -s + y = 0 (A) (1.1, -2.2) s + y = 0 

7. Compute to the nearest degree the angle between the pairs of lines of Prob. 5. 

8. Compute the distance between the given points and lines of Prob. 6. 

9. Prove that the segment joining the mid-points of two sides of a triangle is 
parallel to the third side and equal to half of it in length. [Take the vertices of the 
triangle to be (0, 0), (a, 0), (6,c).] 

10. Prove that the intersections of the diagonals of a trapezoid and the mid-points 
of the parallel sides lie on a straight line. 

11. A line through the point (3, 4) makes an angle of 135 deg with the x axis. 
Compute the area of the triangle it forms with the s,y axes. 

12. (a) Find the distance between the 2 parallel lines 

y + 3s — 7=0 y + 3s — 12 = 0 

(b) Derive a general expression for the distance between 2 parallel lines 

Ax + By + C = 0 
Ax -f By + D = 0 

13. If (4, 3) and ( —2, 7) are the vertices of an equilateral triangle, find the third 
vertex (2 answers). 

14. A square ABCD moves so that its vertices A and C always remain on the y and 
the x axis, respectively. Show that the vertices B and D also move on two fixed 
mutually perpendicular straight lines. 
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15. Find the area of the triangle whose vertices have the following coordinates: 
(2, 3) (-4, 7), (0, G). 

16. The rise and fall of a cam are plotted versus its angular displacement in Fig. 
2-27. What is the linear speed of the follower in inches per second if the cam is rotat- 
ing at 60 rpm? 


Inches 



17. An automobile starts at noon and travels at a uniform speed of 40 mph until 
2 r.M. It then develops engine trouble and remains at a gasoline station until 3 p.m., 
when it starts traveling again at a uniform speed of 50 mph. This speed is main- 
tained until a total distance of 100 miles is covered. A second automobile starts for 
the same destination at 2 p.m. at a speed of 20 mph, which is increased linearly at the 
rate of 40 mph every hour until it reaches the same destination. Which automobile 
gets there first and how much sooner? Solve graphically and analytically. 

18. Write the equations of the following circles: 

(a) center at (2, 1), radius r = 2 

(b) center at (—2.4, 1.2), radius r = 4.8 

(c) center at (0, 1), through (2, 4) 

(d) center at (1.1, 4.2), through (—4.1, —2.2) 

(e) through (1, 2), (0, 3), (-3, -1) 

(/) through (0, 0), (4.2, 2.4), (1.2, 5.4) 

19. Locate the center and compute the radius of the following circles: 

(a) i ! + j/ 2 + 4i — 2y = 0 

(b) 2x ! + 2if- - 3y - 1 =0 

(c) x- + y- + 2x + 3y — 2 = 0 

(d) 3.1* 2 + 3.1y 2 - 7.4i + 1.2 y - 1.6 = 0 

20. Find the locus of a point that moves so that the sum of the squares of its 
distances from the 4 sides of a square remains constant. 

21. Two lines L\ and L«, passing through 2 fixed points A and B, respectively, 
always intersect at right angles. Prove that the locus of their intersections is a circle 
of radius half the distance A to B. Take the 2 points A and B to be ( — r, 0) and (r, 0). 

22. Find the central angle subtended in the circle 

+ y 2 — 4x — 2y = 0 

by the chord x + y *= 0. 

23. Write the equations of the following ellipses: 

(a) major semiaxis 3, minor semiaxis 2, center at the origin 

(b) vertices (-4, 0), (4, 0), (0, -3), (0, 3) 
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(c) sum of the distances of any point on the ellipse from the foci = 10; major 
semiaxis equal 3 times minor semiaxis. Take the foci to be the points 
(-c, 0), (c, 0) 

24. Write the equations of the following hyperbolas: 

(а) foci (±2, 0), vertices (±1,0) 

(б) vertices at (±2, 0), difference of the distances from the foci 5 

(c) center at the origin, transverse semiaxis 3, conjugate semiaxis 4 

(d) hyperbolas conjugate of hyperbolas (a), (6), and (c) 

26. What are the equations of the asymptotes of the following hyperbolas? 

(a) 4x- - &y- - 9 = 0 (6) -2x- + 3.1y 2 -4=0 

(c) xi i = 24 (rf) 3 xy + 12 = 0 

26. Write the equations of the following quadratic parabolas: 

(а) tangent to the x axis at x = 2, passing through (1, 2) 

(б) tangent to the x axis at the origin, passing through (1, —2) 

(c) passing through (0, 1), (2, 3), (—2, 4) 

( d ) passing through (0, 0), (— 0.S, 2.1), (2.1, 3.5) 

27. Reduce the equation Ax- + By + Cx + D = 0 to the standard form of the 
quadratic parabola y = cx- by a suitable translation of the axes. 

28. An equilateral triangle with one vertex at the origin has the other two vertices 
on the parabola y = 4x : . What is the length of its sides? 

29. A parabola can be defined as the locus of a point whose distance from a fixed 
line is equal to its distance from a fixed point, called the focus. From this definition 
derive the standard form of the equation of the parabola. [Take the line to be 
y = — c and the point to be (0, c).] 

30. Parabolic mirrors are used as reflectors because a source of light placed at the 
focus (see Prob. 29) of the parabola will reflect parallel rays of light. Prove this 
statement. Hint: The angle of incidence equals the angle of reflection. 

31. Determine whether the following conic sections are circles, ellipses, hyperbolas, 
or parabolas: 


(a) 2x- + 2y- - 3xy + 10 = 0 

00 + V 5 + x + y = 0 

(c) x- +y- + 2xy - 3r + 12 - 


(6) x- + 2y- — 4x + y — 12 = 0 
( d ) -x- +y- - 12a ry + 24y + 3 = 0 
(.0 2x= — y'- — 3a; — 2y + 4 = 0 


32. Find the loci defined by the following parametric equations: 


(а) x = 2 sin a 

(б) x = 2 sin a 
(c) x — 3 cosh a 
id) x = 2f +3 

(e) x = 3 y7 
(/) x = 2c' 


y = 2 cos a 
y = 3 cos a 
y — 3 sinh a 
y = t‘- - 4 
y = sin 2f 
y = 3c -1 


S3. Write the equations of the following curves referred to a new set of axes paral- 
lel to x,y with origin at the point indicated: 
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(а) x- + y- - 2x + 2y - 2 - 0 (1, -1) 

(б) xy — 3x — 2y + 2 = 0 (2, 3) 

(c) x + i/ — 6 = 0 (4, 2) 

(d) 2x- - iy- + IGy + 4x - 23 = 0 (-1, 2) 

34. Write the equations of the following curves referred to n new set of axes 
rotated by the given angle with respect to the x,y axes, but with the same origin. 

(a) x- + y 1 — 4 = 0 8 = 8 

(b) 2x- + y'- + xy - 2 = 0 8 = 22.5° 

(c) xy — 0 = 45° 

(<f) x — y — 2 8 = 45° 

36. Write the equation of the ellipse whose major semiaxis equals 2 and lies along a 
line making a 30-deg angle with the x axis, whose minor semiaxis equals 1, and whose 
center is at (1, —3). Hint: Start with the equation (x"/a‘) + (y'/b-) = 1 , rotate the 
axes by 30 deg, and shift the origin to ( — 1, 3). 

36. Show that if the curve 

Ax- + Bxy -f- Cy- + Dx + Ey + F — 0 

is referred to a new set of axes rotated by an angle 8, such that tan 8 = B/(A — C), 
the term xy disappears. 

37. By rotation and translation, reduce 

x- + y 2 + xy — 3x — 2y — 7 = 0 

to the form (x/o) ! + (y/b)- = 1. 

38. Reduce the equation 

3 *= - 3y* - 4x + 4y - 9 = 0 


to the form x 5 /a J — y 2 /b- — 1 by a suitable shift of the origin. 

39. Reduce the equation 

4x 5 + 7 y- — 3x + 4y — 3 = 0 


to the form tx-/a-) A- (y^/b-) — 1 bya suitable shiftof the origin. 

40. Write the equation of the asymptotes of the hyperbola 


xy — 3y - 6 = 0 


41. What is the center of gravity of a sj'stem of particles of equal mass located at 
(0, 1), (4, 7), (6, 3), (—2, 4), ( — 7, —6). Solve graphically and analytically. Hint: 
Coordinates of the centroid of particles 


S77!;X,- 

2m,- 


V = 


~mjy; 

Xnu 


42. Express in polar coordinates the following equations: 


(a) 2x + y - 7 = 0 
(c) 2x* + 4y- - 9 = 0 

(ff) xy = c 


(b) x- + y- — x = 0 
(d) 2x 5 - 4y’ - 10 = 0 


m * -i t = i 

a 1 6 * 

(ft) y - a’-x'- = 0 
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43. Transform the double integral 

f 0 a J 0 a f( x iV) dx dy 

into an equivalent integral by means of polar coordinates. 

44. By transformation to polar coordinates, evaluate 


e-* s dx = ^ 


Hint: 


I — / c. UJ. — 0 

Jo 2 

f as r « 

I'- = J e~*' dx J e~»‘- dy 

r cq r oo 

= / / g-fe'+u-) rfx dy 


46. Write the equation of the tangent to the following curves at the given point : 

(a) y = x- + 2x — 4 x = 1 


> sin 2x 


X= 4 
x = 60° 

X = 1 


(b) y 

(c) y = 3 cos 3z 

(d) y = 4.2e°- 5 * 

46. Write the equation of the tangent to the following curves from the given point: 

(a) y = a? + 24 (0, 0) 

(b) y = f (0, 0) 

(c) y = sin 2x (0, 1) 

(d) x ! + y- = 4 (4, 0) (two answers) 

47. Determine the equation of the family of lines all of which are tangent to the 
circle x- + y- — 1. 

48. Find the equation of the conic that passes through the 5 points (1, 0), (3, 1), 
(7, \/3), (9, 2), (0, 0). Hint: The general equation of the conic is 

Ax : + Bxy + Cy- -f- Dx + Ey + F = 0 

49. Determine whether the following curves are increasing, decreasing, or station- 
ary at the given point: 


(а) y = 2. lx 3 - 1.2a: 5 + 4.7 

(б) y — 3.2 cos 2.4a: 

(c) y = 7c°' 6l = 

(d) y = 2.1e* — 4.2e— 


V =3\T^ 


(/) xy + 12 = 0 


(e) 


x? 

4 


x = 1.2 
x = 0.41 
x = 0.12 
* = 0.25 

X = 0, X = +1, X = —1 
x = 2 


60. Determine the value of the curvature of the curves of Prob. 49 at the given 
points. 

61. Determine the curvature at the end of the semiaxes of the ellipse 


(sX + d ) 1 - 1 


(see Prob. 53). 

62. Determine the curvature of the hyperbola 

?r-f?V = i 


©■-© 


at x = ±a 
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63. Prove that the curvature of a curve may be expressed by 

—x" 

° = [1 + (x') J ]* 

where x' — dxfdy and x" — d-x/dy'-. 

64. Find the curvature of the curve x = sec l, y = tan t at the point ( — 1, 0). 

Hint: Evaluate the derivatives of y with re- 
spect to x as a ratio of differentials. 

66. Determine the sign of the curvature of 
the point P of the curve y = y(x) of (Fig. 
2-2S, when the axes are oriented as shown. 

66. Examine the following curves for 
maximum, minimum, and inflection points. 




(а) y = x'- — Ax + 2 

(б) y = x l — 7x + 4 

(c) y = 3z 3 + lx- - 4x + 4 

(d) y = 2x* - x’- + 1 
(c) y = x 1 - 1 

Of) y = Or - 1)= 


67. Find the dimensions of the rectangle 
of maximum area that can be inscribed 

(а) in a circle of radius a 

(б) in a semicircle of radius a 

(c) in an ellipse -f (j^ = 1 

68. Find the dimensions of the rectangular 
gutter of maximum carrying capacity that 
can be cut out of a long, thin piece of sheet 
metal 10 in. wide. 

69. IVhv is a portion of a semicubical parabola used as the initial part of a railroad 
curve when the track deviates from a straight course? (A semicubical parabola is a 
curve of the type y = ex*-.) 

60. If in the van der Waals equation 



T ' 3 - 





T is the critical temperature T<, both the first and the second derivative of P with 
respect to V are zero. Show that in this case 


o = 3I1P, 
p _ S P C V' 

R -~3T7 

61. What are the angles of an isosceles triangle for which the sums of their sines 
are a maximum? 

62. What is the largest right-circular cylinder that can be inscribed in a sphere of 
radius o? Hint: Consider r = \/z- + y- as the independent variable. 
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63. A company is planning the construction of a new office building. The cost of 
the building varies as the square of its height, and each floor can be rented at S1000 a 
month. How many stories should the building have in order that the owner make a 
maximum profit after 10 years of occupancy? The cost of a 10-story building is 
S 100,000. 

64. A rectangular piece of galvanized iron, 2 by 4 ft, has a square cut out at each 
comer, such that the box formed by the sheet has a maximum volume. What are 
the sides of each square and the resulting volume? 

66. A bullet is fired vertically with an initial velocity of v 0 ft per sec. Neglecting 
air resistance, how high will the bullet go? 

66. A company is making saucepans with a circular cross section. What should 
be the ratio of height to diameter in order that the pans will have maximum capacity 
for a given amount of material used in their construction? 

67. What is the largest rectangular area that can be fenced off with 1000 ft of 
fence, if one side of the rectangle is bounded by a river? 

68. A fire ladder must pass over a garage 8 ft high and 27 ft wide to reach the side 
of a burning house. What is the minimum length of ladder than can be used? 



69. The price of transporting farm machinery varies directly as the square of the 
distance from the factory to the consumer. With the present location of the factory 
the number of machines sold varies inversely as the cube of the distance from the 
producer to the farm. If the unit cost of a machine is S250 and the cost of transport- 
ing one piece of equipment 100 miles is S30, at what distance from the factory is the 
company doing the best business? 

70. A trough with parabolic cross section y = 4x 2 is filled with water to a depth H. 
At what distance y from the bottom of the trough is the force per unit of depth exerted 
against the ends of the trough a maximum? 



Fig. 2-30. 
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71. The deflection w of n certain simply supported beam of length 40 ft is given by 
1000 ic = x> - 30z’ - 400i 

where x is the distance measured from the left support 4. At what distance from 
A does the maximum deflection occur? 





Fig. 2-31. 


72. A pressure vessel is to be made in the shape of a right-circular cylinder with a 
flat base and a hemispherical top. If its total volume is to be 2000 cu ft, what must 
the dimensions of the vessel be in order that a minimum amount of material will be 
used in its construction? 

73. A small jewelry box is to be made of expensive wood with a sterling-silver top. 
If silver costs five times as much as the wood used, what should be the dimensions of a 
rectangular box of 32 cu in. capacity for its cost to be a minimum? Assume the 
box has a square transverse cross section. 

74- What will be the ratio of height h to radius of the base r in a cylinder, of given 
capacity V, whose total surface is a minimum? 

76. A plate is subjected to normal and shear stresses as indicated in Fig. 2-32. 
Calculate the angle a of a section on which the stress <r will be a maximum. What is 
the corresponding value of r? 

Hint: 

a — cr- cos* a + <r v sin* or + 2r iy sin or COS a 
r = (<r„ — oi) sin a cos a + 7> y (cos* a — sin* a) 
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Fig. 2-32. 


Fig. 2-33. 



76. An architect wishes to design a window for a church in the shape of a rectangle 
of height h surmounted by a semicircle of radius r. What must be the ratio of rto 
h for the window to admit a maximum of light, for a given amount of molding sur- 
rounding the window? 

77. A field gun has a muzzle velocity of v ft per sec. Neglecting air resistance, at 
what angle of elevation 6 should the gun be fired to attain maximum range? 
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78. A mine tunnel is to be built from AloB (see Pig. 2-34) through an upper layer 
of shale and a lower layer of hard packed earth. If the cost of excavating 1 cu j'd 
of shale is 4 times the cost of excavating I cu yd of earth, through what point C should 
the tunnel pass to reduce the excavating cost to a minimum? (Solve the equation 
for x by trial and error.) 

20 yds. 

-4 

j 

40 yds. 

i 

_i 
B 


TT 


\ 


S hale 




Hard packed earth 


K- 


■ 200 yds 
Fig. 2-34. 


H 


79. A man is drowning at sea 50 ft from the shore. Another man runs to his help 
from a point 25 ft from the shore and 100 ft from the drowning man along the shore. 
The would-be rescuer can run at 10 mph and swim at 2 mph. What path should he 
follow to reach the drowning man in the shortest time? (Solve the equation for x 
by trial and error.) 



80. Two towns A and B are to get water from a river. A is 6 miles and B 18 
miles back from the right bank of the river, while A is 10 miles downstream with 
respect to B on a straight stretch of river. Where should the pumping station be 
located to use a minimum amount of pipe? 

81. The intensity of light varies inversely as the square of the distance from its 
source. Two lights are 1 mile apart, and one is twice as strong as the other. At what 
point of the line connecting the lights is illumination a minimum? 

82. A manufacturing company wishes to build a heat exchanger. If the cost of 
10-ft-long tubes is S10 per inch of diameter and the company needs 250 sq ft of area 
for the exchanger, what diameter tubes would it be most economical to use? 

83. At what velocity t> will an atomic particle have its maximum kinetic energy 
if its rest mass is Wo? The mass of the particle in motion is 



where c is the velocity of light. 
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84. The hourly cost of driving a steamer through water is proportional to the cube 
of its speed. Find the most economical speed at which to drive the steamer a given 
distance against a current of a knots. 

85. The velocity of light in a refracting medium is inversely proportional to the 
index of refraction of the medium. Prove that the path taken by a light ray from .-1 
to B is such that the ratio of the sines of the angles of incidence i and refraction r 
equals n;/ni. 



86. A concern wishes to build a series of identical npartmen f houses. They are 
furnished the following cost sheet: 


Number of Stories Cost 

1 1,000 

2 2,500 

3 4,500 

4 7,000 

5 10,000 


A plot of land for each house costs S10,000. The company has $100,000 available. 
How many lots should they buy, and how many floors should each apartment have? 

87. Inscribe in a sphere of radius R a right circular cone whose total surface is a 
maximum. 

88. A simply supported beam of length L and flexural rigidity El is loaded by a 
linearly varying load q — qr,(x/L) lb per ft. Remembering that the deflection function 
y satisfies the equation 


EIp t = 

dx* 


and the conditions y(0) = y{L) = 0, y"(0) = y"(L) = 0, determine the abscissa of 
maximum deflection. (The abscissa x is measured from one end of the beam.) 

89. The sum of length and girth of packages for parcel-post shipment is limited 
to 72 in. What are the largest packages that can be mailed 

(а) in the shape of a rectangular parallelepiped of square base 

(б) in the shape of a circular cylinder 

90. Two ships have their straight-line courses intersecting at an angle of 30 deg. 
If their distances from the point of intersection at a certain time are a and b, respec- 
tively, find the least distance between the ships if their constant velocities arc t'i and 
V;, respectively. 
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91. A generator with an internal impedance Z„ of R„ ohms (resistive) and X s ohms 
(reactive) feeds a load of impedance Zl, Rl (resistive) and Xl (reactive). What must 
the values of Rl and Xl be such that the 
generator delivers maximum power to the 
load? Hint: Power = I-R. Assume a 
schematic circuit as shown in Fig. 2-37. 

Z c — R t + iX„; Zl = Rl + fXz,. 

92. A vertical tank is 20 it in diameter 

and has a 4-in.-diameter circular hole in its 
bottom. It is found that, when water is 49 
ft. high in the tank, the tank discharges it 
at the rate of 1.00 cu ft per sec through the hole. What should be the diameter of 
the hole to discharge a 50-ft head in exactly 4 hr? Hint: Assume the rate of discharge 
to be proportional to the square root of the head of fluid above the opening and to the 
area of the small hole. > 

93. A point moves on a path whose parametric equations are 

x = t 3 — 1 y = 10 - t 3 



where t is time in seconds, 
minimum? Hint: 


At what point of the path is the velocity 7 of the point a 


V = V{dx/dty- + {dy/dty-. 


94. A point moves on a path whose parametric equations are 


x = 2P - 6 y = 3t- - 4 


where t denotes the time in seconds. At what points of the arc described between 
1 = 0 and l ~ 2 sec is the speed of the point smallest and largest, respectively? 

95. A portion of a bus bar has the shape of a semicircle of inner and outer radii o 
and A, respectively. If the bar’s width is D units and its resistivity p, compute the 
resistance R of the bus bar. Hint: 1/R = G = A/pL, where G is the conductance, A 
is the cross-sectional area; L is the length, and p is the resistivity. 

9G. A heavy-duty punch and shear machine requires 250 k\v at fuii load and 
operates at this load with 70 per cent efficiency. Its efficiency decreases linearly 
with overload and at 20 per cent overload is reduced to 50 per cent. If the machine 
produces 1000 items an hour at a profit of 10 cents apiece running full load, and if 
power costs 6 cents per kilowatt-hour, at what percentage overload should the machine 
be run in order to make a maximum profit? 

97. A rotary filter is 5 ft in diameter and 6 in. wide. The “cake” filters out at a 
rate inversely proportional to the thickness of cake already filtered. After running 
the filter for 1 hr, 1 in. of cake has been deposited. If the cake can be sold at a profit of 
1 cent per cubic inch and it costs S5 an hour to run the filter, -what is the optimum 
length of time to filter each batch? 

98. In order to promote the sale of new cars that sell at S1500, the manufacturing 
company offers its salesmen a bonus of S100 for the first, S110 for the second, $120 for 
the third, etc., car sold in excess of the first 50 cars sold per month. The regular 
commission is 10 per cent for each car. How many cars must each salesman sell a 
month in order that the company may make a maximum gross profit? 

99. A light is to be placed on a wall so as to illuminate a desk S ft from the wall. 
Assuming that the illumination varies inversely as the square of the distance and 
directly as the sine of the angle of inclination of the rays on the desk, how high above 
the desk should the light be placed? 



CHAPTER III 


THE NUMERICAL SOLUTION OF ALGEBRAIC AND 
TRANSCENDENTAL EQUATIONS 


34 The Linear Equation 

A bar of a bridge truss is subjected to a maximum tensile force of 
300,000 lb. If the allowable unit stress of the steel used in manufactur- 
ing the truss is 15,000 psi, what must be the cross section of the bar? 

This is probably the simplest design problem an engineer can be con- 
fronted 'with. Calling x the unknown cross-sectional area of the bar 
and equating the external force to the sum of the internal stresses, we 
find that x must satisfy the first-degree equation 

15,000x = 300,000 

from which 

x = 20 sq in. 


Similarly, the most general linear equation with real coefficients in one 

unknown, 

ax + b = 0 



has always one real root 


= _ b 
a 


(3 - 1 • 1 ) 


( 34 - 2 ) 


Calling y the left-hand member of 
Eq. (344), 

y — ax + b (34-3) 

and considering Eq. (34-3) as the 
equation of a straight line in Carte- 
sian coordinates, we see that the determination of the root (34-2) is 
geometrically equivalent to the location of the intersection of the line 
with the x axis (Fig. 34). 


3-2 The Quadratic Equation 

A rocket is launched vertically at an initial speed of 4150 ft per sec. 
In how many seconds will it reach an altitude of 50 miles? 

Neglecting air resistance and measuring time from the moment of 
the launching, at a time t the rocket will have moved upward 4150 Z ft 

04 
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owing to its initial speed and Hff* 2 ft downward owing to gravitational 
acceleration (g = 32.2 ft per sec per sec); its altitude s is therefore 

s = 4150* - 16.1* 2 


and an altitude of 50 miles, i.e., of 264,000 ft, will be reached at a time 
defined by the quadratic equation 

264,000 = 4150* - 16.1* 2 


or 

16.1* 2 - 4150* + 264,000 = 0 (a) 

It is well known from algebra that a quadratic equation 

ax 2 + bx + c = 0 (3-2-1) 


has two roots given by 

— b + \/b 2 — 4 ac b , ff 5 V _ c \ 

~ 2a " 2a + \\2o/ a { (3 . 2 . 2) 

_ —5 ~ ~\/5 2 — 4ac _ _ b __ 1/ bV ~~c \ 

3:2 ~ 2a — 2a. \ \2 a) a ' 

Applying Eq. (3-2-2) to Eq. (a), we find that an altitude of 50 miles will 
be reached when 


_ 4150 ± V4150 2 - 4 X 16.1 X 264,000 ( 143 sec 

{ 2 X 16.1 1 114 sec 

The question asked by the problem has two mathematical answers, both 
of which, in the present case, have 
physical significance. The rocket 
will reach an altitude of 50 miles at 

* = 114 sec while moving up and at 

* = 143 sec while coming down. In 
other cases only one root may have 
physical significance, and it is often 
up to the applied mathematician to 
find which root must be discarded 
because of the conditions of the problem. 

It will be noticed that Eqs. (3-2-2) give two real, separate roots for 
Eq. (a), because the quantity under the square root 

R = b 2 — 4ac (3-2-3) 

is in this case greater than zero. When R is equal to zero, the two roots 
are real but coincident; when R is less than zero, the two roots become 
conjugate complex numbers. This is illustrated in Fig. 3-2, where the 
graph of the function 


y 



y = ax 2 + bx -f c 


(3-2-4) 
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is plotted versus x. This quadratic parabola may cross the x axis at 
two separate points A,B ( R > 0), may be tangent to the axis (R = 0), 
or may be entirely above or entirely below the axis (R < 0). 

Dividing Eq. (3-2-1) by a 

x 7 + - x + — = 0 
a a 

and writing the quadratic equation in the factored form 

(x — x\)(x — x 2 ) = 0 

we find that 

^ = -(*, +x t ) 1 = x,x, (3-2-5) 

3-3 The Biquadratic Equation 

When an inextcnsible cable of length L ft is suspended from two points 
in a horizontal plane a ft apart and loaded uniformly along the horizontal, 
its sag / can be approximately determined by means of the equation 



(see Sec. 5-8). This equation is derived under the assumption that the 
weight of the cable is negligible in comparison with the load and that 
the sag is small in comparison with a, so that powers of//a higher than the 
fourth can be neglected. 1 If an inextcnsible cable of length L = 100 ft 
is suspended from two points 99 ft apart, what will its sag be? 

Calling x the ratio f/a, Eq. (a) becomes 

a %X* - - 1 - 0 

or 

G.40x ( - 2.<)7x t + 0.0101 = 0 (b) 

An equation of the fourth degree, lacking the third- and first-power terms, 
is called a biquadratic equation and is solved by letting x 2 = y and by 
solving the quadratic equation thus obtained, 

GAOy- - 2.Cuy + 0.0101 = 0 (c) 

By means of the two roots of Eq. (c), 

yi = 0.421 y t = 0.00374 
the four roots of Eq. (b) become 

xi = -f V 0.421 = 0.049 Zj = + V000374 = 0.0012 

x- = - V0.421 = -0.019 x t = - a/ 0 00374 = -0.0G12 

1 ?*■':, for instance, S. Timochenko, and D. H. Young, “Engineering Mechanic." — 
Statics,” p. 185. MeGran-Hill Book Company, Inc., 1037. 
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Of these four roots the second and fourth have no physical significance, 
for they correspond to “negative” sags; and the first must be discarded, 
for it leads to a sag / = 0.649a, which is not small in comparison with a. 
The only root having physical significance is therefore the third, and 
the corresponding sag is 

/ = 6.06 ft 


34 Higher-degree Equations 
a. TriaLand-error Solution 

A sea mine, made out of steel in the shape of a hollow cubic box, is to 
have dimensions 2 ft on the side. The thickness of its walls must be 
determined so that the box will just float. 

Calling a the side of the outer cube, W the specific weight of steel, 
and 7 the specific weight of water and equating the weight of the mine to 
the weight of the displaced water, we find the following equation for 
the thickness x: 

TF[a 3 — (a — 2x) 3 ] = y a 8 

Since y/W = 1/7.S5 and a = 2, this equation becomes the cubic equation 
in x, 

8z 3 - 24x- + 24a; - 1.02 = 0 (a) 

The formula for the solution of cubic equations, discovered by Tartaglia 
and published in more complete form by Cardano in 1545, is of practical 
use in theoretical derivations but is often abandoned in favor of other 
procedures, which are needed in any case for the solution of higher-degree 
equations. The formula for the solution of the quartic (fourth-degree) 
equation was found in the sixteenth century, but then for over 200 years 
the algebraists seemed unable to find formulas for the solution of the 
fifth or higher-degree equations, until in 1813 Ituffini and later Abel 
actualfy proved that it is impossible to solve rigorously equations of 
order higher than the fourth by means of a finite number of algebraic 
operations and roots. 

The procedures devised to solve these equations are based on methods 
of successive approximations and require a rough value of the roots to 
start from. This value, as well as more accurate values of the roots, can 
very often be found by trial and error and graphical interpolation. Thus 
for x — 0 the left-hand member of Eq. (a) becomes equal to —1.02, 
while for r = 1 it equals 6.98. Due to the continuity of polynomial 
functions, one of the three roots of Eq. (a) lies between x = 0 and x = 1 
and is much nearer to zero than to 1. 
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For x = 0.1 the left-hand member of Eq. (a) equals 1.148, and the 
graphical interpolation of Fig. 3-3 gives immediately a rough value of 
the root x = 0.047, for which the left-hand member of Eq. (a) equals 
+0.056. This process may be continued, if better accuracy is required, 



Fig. 3-3. Fia. 3-4. 

by trying, for example, x = 0.04, which gives a residual value of —0.098, 
and by using another interpolation (Fig. 3-4), which gives x = 0.044, a 
result correct to two significant figures. 

b. Separation Intervals 

A more systematic procedure for finding approximate values of all 
the real roots of an equation consists in studying the behavior of the 
function y, which equals its left-hand member. This will be demon- 
strated on the equation 

y ~ x 2 — 2x- — x + 2 = 0 '(b) 

by means of the properties of y and its derivatives up to the one linear 
in x, in this case, the second. 

y' = 3z s — 4x — 1 
y" = 6x — 4 

The graph of y" (Fig. 3-5a) is a straight line with a positive slope m = 6, 
crossing the x axis at x = % and hence always negative to the left of 
x — % an d always positive to the right of x = %. Since y" is the deriva- 
tive of y', the rule of Sec. 2-7 a about the first derivative of increasing 
and decreasing function:) indicates that y' decreases up to x = % and 
increases from there on; and, since y’(3i) = -% < 0, the graph of y’ 
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must cross the x axis twice. The solution of the quadratic y' — 0 gives 
these intersections: 

x = 1-55 x = -0.215 

The graph of y' is therefore positive to the left of x = —0.215 and to the 
right of x = 1.55 and negative between x = —0.215 and x = 1.55 (Fig. 
3-56). Hence, applying again the rule of Sec. 2.7 a, the graph of y is 
increasing up to x - —0.215. decreasing from x = —0.215 to x = 1.55, 



and increasing again from there on. Since the value of y is positive at 
x = —0.215 and negative at x = 1.55, the function y crosses the axis at 
three points (Fig. 3-5c), i.e., Eq. ( b ) has three real roots, one to the left 
of —0.215, one between —0.215 and 1.55, and one to the right of 1.55. 

An interval of the x axis, within which there falls one root of an 
equation and one root only, is called a separation interval for that root. 
A few trials show that, since y is negative at x = —2 and positive at 
x = 3, the following are separation intervals for the three roots of Eq. ( b ) : 

-2.00, -0.215; -0.215, 1.55; 1.55, 3.00 

The three roots of Eq. (b) are actually 

— — 1 Xo = 1 xz = 2 

Figure 3-6 shows the graphs of y, y', and y" for Eq. (a) of this section 
(page 97) and indicates that this equation has only one real root which 
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lies in the separation interval x = 0, x — 1. The point x - 1 is an 
inflection point for y since y" = 0 at x = 1. 


c. Computation of Real Roots by Successive Approximations: The Method 
of Chords 

As soon as a separation interval 2:0,21 has been found for a given root, 
we can close on the root by the procedure illustrated in Pig. 3-7, where 

yi is the value of the left-hand mem- 
ber of the equation at 2: = 2<. The 
chord connecting the points Po(2 0 , 2/0) 
and Pi(xi,yf) cuts the x axis at a 
point £2 nearer to the root than Xi, 
Similarly, the new chord P0P2 cuts' 
the x axis at 2:3, which is nearer to 
the root than 2:2, and the chord P0P3 
gives a still better approximation x t . 
This procedure can be repeated until 
we get as near to the root x as 
warranted by the accuracy of the problem, and the computations may be 
carried out analytically by means of the equation of the line through P0P1 
[Eq. (2-3-3)], 

2-2:0 _ y - 2/0 

2i — 2 0 ?/l — 1/0 



Fio. 3-7. 


setting in this equation y — 0 to obtain the abscissa x 2 of its intersection 
with the x axis, 


22 — 2o — 7 /o 


2i — 2p 

2/1 - 2/0 


In general, if 2„ is the nth approximation of the root and y n the corre- 
sponding value of y, the (n + l)th approximation is given by 


2n + l =20-2/0- (3-4- 1) 

Vn I/O 

and the procedure is stopped as soon as, within the required degree of 
accuracy, two consecutive approximations of the root give the same 
value for 2. 

Table 3-1 shows the successive steps in the computation of the real 
root of Eq. (a) of this section (page 97), starting from the separation 
interval 

2o = 0, 2/0 = -1.02 21 = 1, 2/i = 6.98 

It will be noticed that the successive approximations of 2 are all from 
above, i.e., from the side of the first approximation 21, as indicated by 
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n 

Zn 

y- 

Xn &0 

! 

Vn — yn 

Xn 

V ° Vn - 2/0 

i 

1 

6.98 

l 

8 

0.1275 

2 

0.1275 

1.667 

0.1275 

2.687 

0.0484 

3 

0.0484 

0.086 

0.0484 

1.106 

0.0446 

4 

0.0446 

0.004 

0.0446 

1.024 

0.0444 

5 

0.0444 

-0.001 

0.0444 

1.019 

0.0444 

6 

0.0444 






the positive values of y n . But, as in lines 4 and 5 of Table 3-1, it may 
happen that, because of unavoidable inaccuracies in the computations, 
two successive values of y n have opposite signs. The separation interval 
thus reached cannot be shortened by the method of computation used, 
and the best value of x is found by a 
rough interpolation between the two 
last values obtained. In our case 
this gives x = 0.04444, which is one 
unit off in the last figure. 

Comparison of the graph of Fig. 

3-7 with the graph of Fig. 3-8 shows 
that the end of the separation in- 
terval to be used as initial point Xo 
depends upon the curvature of y. 

When the curvature is positive (Fig. 

3-8), xq is the right end of the interval and the successive approximations 
are from below; when the curvature is negative (Fig. 3-7) .t 0 is the left 
end of the interval and the successive approximations are from above. 

The method of chords may also be used to locate the real roots of 
nonalgebraic equations (see Sec. 3-5-6). 



d. Synthetic Division 

Knowing one of the real roots, say x h of an equation, the other roots 
can be more easily computed once the equation is divided through by the 
factor (x — *i). This is best done by synthetic division. The following 
scheme shows the operations involved in the process of dividing Eq. (6) 
of this section (page 98) by the factor ( x — r) : 

1 - 2-1 2 

lr r(r - 2) r(r 2 - 2r - 1) 

"l ~ (r —~2) (r 2 - 2r - 1) |r 3 - 2r 2 - r + 2 


r 
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The numbers of the first row are the coefficients of the equation.' 
Carry down to the third row the first coefficient 1, multiply by r, write 
the result in the second row, and add to the second coefficient —2. The 
product of r — 2 and r is written in the second row under the third 
coefficient — 1 and added to it. The sum r- — 2r — 1 is again multi- 
plied by r and written under the last coefficient 2, to which it is added to 
give r s — 2r 2 — r + 2, that is, the value of Eq. (6) at x = r. 

For instance, at x = — 1 we obtain 

1 - 2-1 2 
-1 -1 3 -2 

1-3 2 1 0 

x = —1 is a root of Eq. ( b ), and the quadratic obtained by dividing Eq. 
(6) by the factor (x + 1) has the coefficients of the third row of the 
scheme, i.e., is equal to 

z 2 — 3z + 2 = 0 


as can be checked by long division. 

To find the other two roots of Eq. ( b ), we compute the roots of this 
quadratic equation, which are found to be 

z» = 1 xt = 2 


Similarly, dividing Eq. (a) of this section (page 97) by its root xi = 0.0444, 
we get 

8 - 24 + 24 -1.02 

0.0444 0.3552 -1.0498 1.0190 

8 -23.6448 22.9502 [-0.0010 

x = 0.0444 is an approximate root of the equation, as shown by the 
remainder, which is small but not identically zero, and the equation can 
be approximately factored as 


8z 3 - 24z 2 + 24z - 1.02 = (z - 0.0444) (8z 2 - 23.64z + 22.95) 
The other two roots of Eq. (a) are the roots of the quadratic equation 

8x 3 - 23.64z + 22.95 = 0 

i.e., 


z 2 = 1-48 + 0.828f ar 3 = 1.48 - 0.828£ 


1 The coefficients of the powers of x not appearing in the equation must be written 
as zeros. For instance, to divide + 2x — 3 by (x — 1) we write 

10 2-3 
1 113 

1 1 3 j 0 
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e. General Theorems 

The methods outlined and demonstrated on third-degree equations in 
the preceding articles can be applied to the computation of the real roots 
of equations of any degree. The steps involved are as follows: 

1. Locate separation intervals for each real root by trial and error or 
by curve behavior, solving in reverse order the equations of the successive 
derivatives of y. 

2. Compute by successive approximations the values of the real roots 
x h xi, . . . , x n to the degree of accuracy required bj r the problem. 

3. When the equation contains a single couple of conjugate complex 
roots, divide the equation by the binomials (x — xf), (x — xf), . . . , 
(x — x n ) and thus derive the quadratic equation, whose two roots are 
the complex roots of the original equation. Solution of this equation 
gives the two complex roots. Thus an equation of the nth degree can 
be completely solved even if it has two complex roots. 

When all the roots of a high-degree equation involving more than one 
couple of complex roots are desired, more powerful methods of solution 
must be resorted to. One such method is the squaring the roots, or 
Graeffe ’s method, whose explanation goes beyond the scope of this book. 1 

The following general theorems are often useful in connection with the 
determination of separation intervals and successive approximations of 
roots of equations with real coefficients: 

1. Every algebraic equation of the nth degree has n roots, of which 
some may be repeated. 

2. Every odd-degree equation has at least one real root, whose sign 
is opposite to the sign of its constant term. 

3. Complex roots always appear in couples of complex conjugate 
numbers. 

4. The number of positive roots of an equation is equal to the num- 
ber of changes of sign of its coefficients or less than this by an even integer; 
the number of negative roots of an equation is given bj r the same rule 
after replacement of x by —x in the equation ( Descartes’s rule of signs).- 

For example, Eq. (6) may have either two or no positive roots, since 

+ — 2x- — af-f '2 = 0 

presents two changes of sign. The corresponding equation with x 
changed into — x is 

—x z - 2x- + x + 2 = 0 

1 Excellent presentations of the method appear in R. E. Doherty, and E. G. Keller, 
"Mathematics of Modem Engineering,” pp. 98#., John Wiley & Sons, Inc., New York' 
1936, and J. B. Scarborough, "Numerical -Mathematical Analysis,” pp. 198#., Johns 
Hopkins Press, Baltimore, 1930. ’ . 

1 In this check, zero coefficients are skipped. 
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and has only one change of sign ; hence Eq. ( b ) may have either one or no 
negative roots. 

5. The following relations (. Newton’s relations ) are satisfied in the 
nth-degree equation, 

a„x" + a„_i.T n-1 + • • • + a ix + a 0 = 0 


with roots Xj, x 2 , 



n 



ij,t ■= 1 


XiXjXu = 


a n . — 3 
On 


(3-4-2) 


Xix 2 x 3 • • • x„ = 


(- 1 )" 


«0 

a„ 


n n 

In the preceding formulas ^ x,- is the sum of all the roots, ^ x,x,- is the 


t j - i 


sum of 


the products of the roots taken two by two, 


^ XiXjXh is the sum 




of the products of the roots taken three by three, etc. For instance, in 
the cubic equation o 3 x 3 + a 2 x- + a 2 x + ao = 0 with roots Xi, x 2 , and 
xs, we have 


Xi -f x 3 + x s 


XiX 2 + XiXj + x 2 x 3 


02 

«3 


£l 

as 


X]X 2 X 3 


OLq 

Oz 


3-5 Transcendental Equations and Newton’s Method 
a. Transcendental Equations 

The mechanization of the means of production has consistently 
reduced the number of workers needed to mine a given quantity of coal, 
while the amount of coal needed by industry has consistently increased 
during the last 60 years. In Fig. 3-9, curve gives the number of man- 
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hours needed to dig 1 ton of coal versus the time t, in years, between 1890 
and 1940, while curve y 2 gives the total amount of coal mined each year 
for the same period. Mechanization and industrial needs are therefore 
contrasting factors in the employ- 
ment of coal miners, and it is 
desired to find in what year the 
coal industry employed or will 
employ the largest number of 
miners, if the trend of the last 60 
years persists. 

The two curves of Fig. 3-9 
can be well approximated by the 
functions 


ki 



Vi = 


1 + e°‘ 


-bt 


where k h k 2 , a, b, and c are all positive constants (a > c > 1) and the 
origin of time t is taken at the year 1870. By means of yi and y 2 the 
number of man-hours employed in any given year becomes 


y - yi X ys ^ + e a-6<) 

where k = kik 2 . Since y is a continuous function, y' must be zero when 
y is maximum, 

, _ , (1 + e a ~ il )ct c ~ 1 — t c be a ~ u _ n 

y [< c (l + e ® -6 ')] 2 

and, since the denominator of y' cannot be infinite, its numerator must 
be equal to zero, 

f c_1 [c( 1 + e a ~ u ) - bte a ~ bt ] = 0 


This equation has an obvious root, t = 0, which can be immediately 
discarded because t = 0 falls outside the actual range of times considered 
in the problem, which starts at t = 20 (1890) . The other roots are then 
given by the expression in the bracket, which can be written as 


or, letting 


e a~ c e c-bt ( c — bt) -j- c — 0 


c — bt = ~z 


A 


e a-c 

C 


(a) 


as 

Az = e ( b ) 

Equation ( b ) is a nonalgebraic, or transcendental, equation in the unknown 
z. Formulas for the solution of transcendental equations are not avail- 
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able, and the best method for the evaluation of their roots is the location 
of separation intervals and the use of successive approximations. Separa- 
tion intervals are best located graphically in this case. 

If we call Wi and w 2 the left- and right-hand members, respectively, of 
Eq. (b), the solution of Eq. ( b ) is reduced to the location of the inter- 
sections of the straight line 

Wi = Az 

and the exponential curve 

w 2 = e? 

These intersections are real (Fig. 3-10) if and only if the slope A of 
the straight line is larger than the slope of the tangent to w 2 from the 



origin. To check this, calling z 0 ,w 0 the coordinates of the point of 
tangency and remembering that the slope of w 2 at z 0 is 



= e“ 


we write the equation of the tangent to w 2 through the origin, which by 
Eq. (2-7-1) is 


w = e 20 z 


Since at z — z 0 the curve w 2 = e-' and the tangent must have the same 
ordinate, 

e^za = e*” 

the abscissa z 0 of the point of tangency equals 1 and the slope of the tan- 
gent equals e. The condition for Eq. (a) to have real roots is therefore 

A > e 


In the present problem we have, from statistical data, 


hence 


a = 3.57 b = 0.093 c = 1.06 


A = 


p3. 57-1.06 


= 11.61 > e 


1.06 
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and Eq. ( b ) has two real roots. From the graph of Fig. 3-10, Zi = 0.10 
and Zs = 3.8 are rough values of these roots, by means of which the first 
of Eqs. (a) gives h = 12 years, h = 52 years. The graph of the function 
y shows that y is minimum at h = 13 and maximum at h = 52; hence 
the employment of coal miners was at a maximum in 

1870 + 52 = 1922 

The accuracy of our problem requires not more than two figures in 
the roots, since statistical tables give employment figures year by year. 
But a better approximation can be achieved, whenever needed, by suc- 
cessive approximations, as explained for the case of algebraic equations 
in Sec. 3-4 c. 

Table 3-2 shows the computation of the root Zi to three significant 
figures by the method of chords applied to the equation 

w = e* — 11.61a = 0 

with separation interval Zi = 0.10, Wi = — 0.0558; Zo = 0.09, w 0 = 0.0493. 

Table 3-2 


71 

z „ 

W n 

Zn 

W n — Wo 

... z « 

— Wo 

W n — W 0 

l 

0.10 

- 0.0558 

0.0100 

- 0.1051 

+ 0.0053 

2 

0.0947 

- 0.0002 

• 0.0047 

- 0.0495 

+ 0.000047 

3 

0.0947 

- 0.0002 

/ 

i 




b. Newton’s Method 

Another method of successive approximations, which can also be tised 
in connection with both algebraic and 
transcendental equations, is Newton’s 
method, or the method of tangents, 
illustrated in Fig. 3T1. If x 0 is a 
rough approximation of a root and y 0 
is the corresponding value of the left- 
hand member y of an equation, the 
intersection of the tangent to the curve 
y from P 0 with the x axis is a better 
approximation, Xi, of the root. Draw- 
ing the tangent to the curve y at 
P i(*i, j/i), we find the new intersection 
x 2 , which is nearer to the root than aq; 
and the process can be similarly repeated until two successive approxima- 
tions give, within the accuracy required by the problem, identical results. 
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The procedure can be carried out analytically by writing the equation of 
the tangent to a curve at a point Xo-l/o [Eq. (2-7*1)], 

V - Vo = yo(z — *o) 

and by setting a: = 0, to get the intersection 


Xi — Xo — 


Vo 

2/o 


In general, if x„ is the ?ith approximation of a root and y r , the correspond- 
ing value of the left-hand member of the equation, the (n + l)th approxi- 
mation is given by 


Xn-l 



(3-5-1) 


To apply Xewton’s method to the smaller root of 


we compute w', 


w — er — ll.Clz = 0 
w' = e 1 — 11.61 


and start the computations at Z\ = 0.10, w 1 = —0.0558. Table 3-3 
shows the results of the computation of the root to three significant 
figures. In most cases Xewton’s method is more rapidly convergent 
than the method of chords. 


Table 3-3 


n 


Wn 

/ 

W n 

— W n 

1 

0.10 [ 

—0.0558 

-10.5048 

-0.0053 

2 

0.0947 ; 

-0.0002 

-10.5107 

-0.00002 

3 

0.0947 

-0.0002 




Upon applying the same method to Eq. (a) of Sec. 3-4 a (page 97) 


y = 8x 3 - 2Ax- + 2ix - 1.02 
y' = 2Ax" - 48x + 24 

the solution is obtained as shown in Table 3-4, with x 0 — 0. 


Table 3-4 


n 

i 

I X n 

i 


t ! 

Vn 

-y» 

y« 

0 

1 

1 ° 


24 

0.0425 

1 

1 0.0425 

1 -0.04274 j 

22.00344 

0.001942 

2 

0.04444 

-0.000014 | 

21.91428 

0.000006 

3 1 

0.044440 


i 
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Newton’s method should be used with caution if the first approxima- 
tion is near a stationary point (if = 0) or an inflection point ( y" — 0), 
since the second approximation may be worse than the first in these 
cases (see Fig. 3-12). 



Either end of the separation interval can be used as a starting point 
for Newton’s method; but, as shown in Fig. 3-13, it is always advantageous 
to use as x 0 the end at which the sign of y is the same as the sign of y" (sign of 
the curvature). 



When the computation of y' n is cumbersome, a simplified Newton’s 
formula may be used, in which the first value of the slope y' 0 is used in all 
approximations, 

Zn+i = x n — ^ (3-5-2) 

Vo 

This procedure is slower in convergence, but the time spent in computing 
one or two additional approximations may be shorter than the t im e 
required for the evaluation of i/ n . Table 3-5 shows the application of 
Eq. (3-5-2) to Eq. (a.) of Sec. 3-4 a, with x 0 = 0, y' 0 = 24.00. 

Newton’s method may also be used in conjunction with the method of 
chords to obtain lower and upper bounds of the roots, since the two pro- 
cedures give always opposite bounds, as shown in Fig. 3-14. 
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Table 3-5 


0 

0.0425 

0.04428 

0.044431 

0.044444 

0.044446 


- 1.02 

-0.04274 

-0.003643 

-0.000333 

-0.000048 

-0.000004 


-y» 

*TT 


0.0425 

0.001780 

0.000151 

0.000013 

0.000002 



Fia. 3-14. 

Problems 

1. Solve the following equations for the unknown x: 


, , 4i - 2 
(a) — r = 1 


(c) 

(e) 


x — 1 
x — a 
a 

3x 


ax — b _ 4 a — bx 
b 5 

= 7 


(6) Ax — 3 = 7a 
... 5x 3x 1 2x 

W T ~ T = 6 “ ¥ 


CO 


— 4 x ! — x — 6 


- 2 


x - 3 


b(x — a) 

Solve for x the following equation: 

a r + 6a* -1 = 1 

At what speed will an atomic particle double its “rest” mass? Hint: 

m 0 

771 — 

VRiy 

where mo = rest mass 

Til = mass at velocity », 
c = speed of light 

4. A pipe line 6 in. in diameter delivers 300 barrels of oil per hour. At what 
linear speed is the oil flowing in the pipe? (1 barrel = 42 gal.) 

5. A d-c voltage of 100 volts is impressed on a resistive network consisting of 
2 resistors of 10 ohms and 40 ohms in parallel. What current is flowing in each resist- 
ance? What is the equivalent resistance of the circuit? 
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6. A certain amount of gas is compressed isothermnUy (PV = const) until its 
original volume of 2 cu ft is reduced to 0.7 cu ft. By what percentage has the pres- 
sure increased? 

7. A circular steel bar 2 ft long and 3 in. in diameter is elongated 0.01 in. by a 
uniform tension. What is the force in the bar if Young’s modulus E = 30 X 10 6 psi? 
Hint: Unit elongation = stress/??. 

8. If a man can do a job in 4.5 days, what percentage of the job can he do in 
x days? 

9. A right circular cone with a base 2 ft in diameter has a volume of 1000 cu in. 
What is the vertex angle of the cone? 

10. A boat can travel S knots in still water. It steamed 24 nautical miles against 
a strong wind and 40 miles with the wind abaft in the same length of time. TO) at was 
the speed of the wind? 

11. Find the roots of the following quadratic equations: 

(a) x 2 — 5x + 6 = 0 (6) x 2 + 2a; + 3 = 0 

(c) x- - ax -f b + 3 = 0 ( d ) 4.21a: 2 + 3.07a: - 2.14 = 0 

(c) x 2 + 26a: -f c = 0 (/) 2s 2 - 12a: + 18 = 0 

12. A quadratic equation has the sum of its roots equal to 7 and the product equal 
to 4. Write the equation, and compute the roots. 

13. A quadratic equation has the difference of its roots equal to 6: and the product 
equal to 25. Write the equation, and compute the roots. 

14. The difference between the inner and the outer volume of a hollow cubical box 
is 199 cu in. The outer edge is 1 in. longer than the inner one. Find the inner and 
outer dimensions of the cube. 

15. A body of mass 2 slugs falls under the action of gravity. How long will it 
take to fall 100 ft if its initial speed is 20 ft per sec down? (Neglect air resistance.) 

16. A cloth manufacturer finds that a rectangular piece shrinks 5 per cent in width 
and S per cent in length when processed. If its total loss in perimeter is 3 ft and its 
loss in area 10 sq ft, what were the original dimensions of the cloth? 

17. Train A runs 10 mph faster than train B and takes 3 hr less to cover 200 miles. 
Find the speed of each train. 

18. A new lathe can do a certain job in 1H hr less than an old one. By using both 
lathes, the job can be completed in % hr. How long would it take each lathe to do 
the job? 

19. A retail dealer bought a number of radios for 82500. Owing to storage and 
mishandling, 5 radios were ruined beyond repair. The dealer sold the remainder at a , 
profit of 820 each, thus making S2400 on the whole transaction. How many radios 
did he buy, and how much did he originally pay for each radio? 

20. By cutting the price per crate of oranges 20 cents, a grocer finds that he can 
sell 5 crates more than formerly. In both cases the total sale price is S110. What 
was the former price of the oranges per crate? 

21. Solve the following equation for x, and check by substitution: 

V4x + 8 - Vi + 2 = V3x - 2 

22. Find all the roots of the following equations: 

(a) 4x 4 - 1 = 0 ( b ) x* + 16 = 0 

(c) x< - 5x 2 + 6 = 0 (d) x 4 - 2x 2 - 3 = 0 

(c) 3.12x 4 - 2.24x 2 + 7.12 = 0 (/) 0.24x 4 - 3.62x 2 - 6.37 = 0 
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23. A cable of length 200 ft is suspended between two supports on a horizontal 
plane. What is the sag if the supports are 190 ft apart? 

24. Sketch the graph of the following curves, and determine separation intervals 
for their real roots: 

(a) x 3 - 4x + 10 = 0 (6) x 3 - 4x 3 + 7x - 3 = 0 

(c) x 3 + x - 3 = 0 (d) x 3 + 2x* - x + 7 = 0 

(e) x 3 + 2x - 1 = 0 (/) x 3 — 15x 5 — 0 

( g ) 4. lx 3 - 3.2x* - 7.3x + 11.4 = 0 (h) 2.5x* - 7.1x -1=0 

(i) x 3 + x + 1 + i = 0 O') x 4 - 3x + 2 = 0 

26. Evaluate to 2 significant figures, by trial and error, the smallest real root of 
Eqs. (a), (c), (e), (ff), and (j) in Prob. 24. 

26. Compute to 3 significant figures, by the method of chords, the value of the 
real roots of Eqs. (a) to (e) in Prob. 24, and evaluate the complex roots by solution of 
the corresponding quadratic equation. 

27. Compute to 3 significant figures, by Newton’s method, the value of the real 
roots of Eqs. (/) and ( g ) in Prob. 24, and evaluate the complex roots by solution of the 
corresponding quadratic equation. 

28. What are the sum and product of the roots in each equation of Prob. 24? 

29. How many positive and negative roots may the equations of Prob. 24 have? 

30. Write the cubic equation whose roots are in the ratio 1:2:3. 

31. Show that x 3 + ax + c = 0 can have but 1 real root if a > 0. Hint: Assume 
that the equation has 3 real roots, xi > ij > is, and reach a contradiction. 

32. The van der Waals equation 

(, RT\ a ab n 
1,3 ~ + ~p ) » s + J, v - p = 0 

giving the relation between the volume v, the pressure P, and the absolute temperature 
T for a nonideal gas, has 3 real roots v when the temperature is lower than the critical 
temperature T„ At the critical temperature T c and at the critical pressure P„ the 
equation has 3 coincident roots v c . Express the constants a, b, and R in terms of 
v c , P r , and T e . 

33. A pressure vessel, made up of a cylindrical shell closed by a flat top and a 
hemispherical bottom, lias a volume of 200 cu ft. If the height of the cylinder is 30 ft, 
what is the radius of the hemisphere to 3 significant figures? (Compute by the 
method of chords.) 

34. A thin spherical shell of external radius 12 ft has a volume that of a solid 
sphere of the same radius. Determine by Newton’s method the tliickness of the 
shell to 3 significant figures. 

36. The relationship between the pressure P and the volume V of a nonideal gas 
at an absolute temperature T is given by 

p _ RT _ dL 
V - b V 1 

whero R, a, and b are constants. At a temperature of 27°C a certain container of CO: 
is at a pressure of 4 atm. Compute to 2 significant figures the volume of the container 
in cubic centimeters per mole, assuming 
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a =■ 3.60 X 10« 


/'_S9LV 

\mole/ 


if = 82 


42.8 cc per mole 
cc-atm 


mole-°K 


36. The cosine of a certain angle a less than ir/2 is 3 times the cosine of an angle 
3a. What is value of the angle a to the nearest minute? 

37. Solve the following equation for x to 3 significant figures by Newton’s method: 

0.589 - x + In (2x) =0 

38. In fluid mechanics the friction factor / is related to the Reynolds number R by 

-V = 2 log io {R Vf) - 0.8 

Vf 

Determine the value of/ for R = 5.25 X 10 6 to 3 significant figures. 

39. Determine to 2 significant figures the value of the hydraulic radius Ii for which 
the Chezy factor C will be the same whether the Manning or the Nikuradze formulas 
are used. 


Manning: 

Nikuradze: 


C = 106.4RK 
C = 112.4 + 32.1 logic R 


40. Calculate the smallest positive roots of the following equations to 2 significant 
figures: 


(a) cos x — x — 0.726 
(c) c~ z — sin a: = 0 


(6) sin x — x- — 0.213 
(d) x + tan x — 3.61 


41. From the mid-point of one of the smaller sides of a rectangle 2 by 4 ft an arc of 
a circle is drawn such that it divides the rectangle into 
2 equal areas. Find the radius of the circle to 2 
significant figures by trial and error. 

42. A segment of a circle of radius 4 ft has an area of 
2 sq ft. What is the apothem? (Solve by trial and 
error to 2 significant figures.) 

43. The voltage in a condenser at a time t is given 
by 

V = E(1 — e~ t/BC ) 

Compute in terms of RC the time it will take the volt- 
age to reach 84 per cent of its final value. Fm. 3-15. 

44. The logarithmic-mean temperature difference T m is defined by 

m _ T; — Ti 
m In (T./TO 

If T„ = 2810°K and T« -= 6050°K, find 7\. 

46. If the am plificatio n factor of n cascaded stages of double-tuned transformers 
is equal to K ■\/2 1/ " — 1, find the number of stages foi maximum gain, remembering 
that the over-all amplification of n stages is the nth power of the amplification of 
one stage. Assume K = 4. 




CHAPTER IV 


THE NUMERICAL SOLUTION OF SIMULTANEOUS LINEAR 
ALGEBRAIC EQUATIONS 

44 Introductory Example 

Table 4-1 gives the number of hours of drill, punch, and lathe needed 
to manufacture 1000 items each of three kinds of products A, B, and C 
(including short delays and switch-over times). The manager of the 


Table 4-1 


A 

B 

C 


2 

2 

2 

Drill 

1 

3 

2 

Punch 

4 

2 

1 

Lathe 


manufacturing plant wants to know how many items of each kind can 
be manufactured in an 8-hr day by running the machines without 
interruptions. 

If we call x, y, and z the number of items A, B, and C, in thousands, 
manufactured in a day, in manufacturing them the drill will work, all 
together, 2x + 2y + 2c hr ; and since the drill is to run 8 hr, 

2x + 2y + 2z = 8 

Similarly, the punch works x + Zy + 2z hr and the lathe 4x + 2 y z' 
hr in an 8-hr day. Hence the three unknown quantities x, y, and z are 
found to be roots of the system of linear equations 

2x + 2y + 2z = S) 

x -f 3y 4- 2z - 8 | (a) 

4e + 2y -f z = § j 

Equations (a) furnish one of the numerous examples of linear systems 
that are encountered in practically all fields of applied mathematics. 
Their solution is of the utmost importance to the engineer, and it has 
received the attention of some of the greatest mathematicians. 

System (a) may be easily solved by "elimination” as follows: Sub- 
tract the second from the first equation, obtaining 

x — y = Q or y = z (b) 
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Substitute this value for y in the second and third equations. 

Ax + 2z = 8 J 
6z + z — 8 ) 

Multiply the second equation by 2, and subtract from it the first. 

12a; + 2z = 16 
4a: + 2 a = 8 
8a; =8 


(c) 


Therefore x = 1; from Eq. ( b ), y - 1; from the second of Eqs. (c), 
2 = 2. While one or more negative roots would have indicated the 
physical impossibility of a solution, the present problem is solvable since 
all the roots of Eqs. (a) are positive. 

More systematic procedures for the solution of simultaneous equa- 
tions will be demonstrated in the following sections. 


4*2 Determinants 

a. Second-order Determinants 

The elimination procedure used in the preceding section can be sys- 
tematized as follows: Consider the system of two equations in the 
unknowns x and y, 

® + hv = c. ) ( 4 - 2 - 1 ) 

(II) a 2 x + b 2 y — c 2 j 

in which the constants appear in the right-hand member of the equations. 
If we multiply Eq. (I) by b 2 , Eq. (II) by hi, and subtract Eq. (II) from 
Eq. (I), we obtain the new equation 

(aibo — Q 2 hi)x — cib 2 — c»b i 

containing the single unknown x. The unknown y has thus been elim- 
inated between Eqs. (I) and (II), and the value of x may be immediately 
computed. 

cib 2 — Cob i 

aibo — aobi 

Similarly, multiplying Eq. (I) by a 2 , Eq. (II) by a x , and subtracting 
Eq. (II) from Eq. (I), we eliminate x and the value of y becomes 


UiC 2 — a 2 Ci 

V = — ; w 

aibo — a 2 o i 

The values of the unknowns x and y are thus found to be given by two 
fractions with identical denominators, whose numerators and denomina- 
tors are differences of products of the type A X D — B X C. Such 
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difference of products is called a determinant of the second order and is 
conveniently represented by the symbol 

= AD - BC (4-2-2) 


A C 
B D 


The symbol of a determinant is equal to, but should not be confused 
with, the symbol of the absolute value of a number. 

By Eq. (4-2-2) the roots of Eqs. (4-2-1) can be written in terms of 
second-order determinants as 


Cl 

b , 


d \ 

Ci 

C2 

6 - 


a 2 

c 2 

a i 

b , 

y ~ 

ioi 

61 

|g 2 frs 


[a 2 6 2 | 


The solutions of Eqs. (4-2-1) can now be written directly by inspection, 
if we notice that 

1. The denominators of Eqs. (4-2-3) are the determinant D in which 
the coefficients of the unknowns, a^a; and b h b«, appear in the same loca- 
tions as in the system (4-2-1). This determinant is called the determi- 
nant of the coefficients of the system or the determinant of the system. 

2. The numerators of x and y in Eqs. (4-2-3) are obtained from the 
determinant of the coefficients D by substitution of the constants ci and c« 
for the coefficients a h a 2 and bi,b : of the unknowns x and y, respectively. 

For example, the roots of the system 

2x + y = 4 ' 

x — 2y = —3 

are written directly in determinantal form as 


4 1 

-3 -2 _ 4( — 2) - (-3)1 -5 

2 1 2( — 2) - 1(1) -5 

1 -2 


V = 



2(— 3) - 1(4) -10 
2( — 2) - 1(1) -5 


b. Higher-order Determinants 

A system of three equations (I), (II), and (III) in the three unknowns 
x, y, and z can be similarly solved by eliminating one unknown, say a - , 
first between Eqs. (I) and (II) and again between Eqs. (I) and (III), 
and thus obtaining a system of two equations in y and z only, which can 
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be solved by elimination, as was done in the preceding section (page 115). 
Once y and z are known, any of the three original equations will give x. 
If this procedure, applied literally, is extended to a system of n equations 
in n unknowns, it is found that the roots of the system are given by ratios, 
which can be conveniently written in determinantal form by means of 
the following rule: 

Rale: The system of n equations 


onXi 4~ a 12 X 5 + 
(l 2 lXl 4“ 025^2 4- 


4- Qi xXi 4- 
4- a ix Ti + 


a„iXi 4- a r .:X : 4* * * * 4- a r .,Xi + 


4” OinXn Ci 

+ a 2„X„ — C2 


(4-2-4) 


4“ O r.rXr. Cn 


has n roots . . . , x n given by 


(i - 1, 2, . . . , n) (4-2-5) 


The symbols in the numerator and denominator of Eqs. (4-2-5) 
are called determinants of order n and are written by inspection according 
to rules 1 and 2 of Sec. 4-2 a. The denominator is the determinant of 
the coefficients D. The numerator is obtained by substituting in D 
the constants c for the coefficients of the unknown Xi. (Notice that the 
constants c hare the sign noth which they appear in the right-hand 
member of the equations.) The numbers a,-,- (?,j = 1, 2 . ... } n) are 
called the elements of the determinant. The elements with the same first 
subscript i form the ith row of the determinant. The elements with the 
same second subscript j form the jth column of the determinant. Hence 
the element o,-,- is located at the intersection of the ith row with the jth 
column. 

From the literal solution of the system (4-2-4) it is found that the 
determinant of the coefficients D is equal to 


an 

• 

. . Cl . 

- • air, 

021 

(122 • 

. . C 2 . 

. . a 2n 

ffnl 

On” • 

> • Cn • 

• • ^nri 

ail 

G 12 . 

. . an . 

. . air. 

Qjl 

(1 2 2 • 

-.02,. 

. . 0 2 n 

frnl 

Oti" . 

• • Q-ni • 

• • flr.r. 


D‘= S(ai,- I a 2 ;, • • • a r .O(— 1)" (4-2-6) 

where the sum is extended to all the different products 1 of n elements 

1 The symbol ji! (n factorial) stands for the product 1 X 2 X S X ••• Xn and 
by definition 0! = 1. ' 
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obtained by taking one element from each row and from each column of 
the determinant. 1 The exponent m is the number of interchanges of 
adjacent elements needed to bring the sequence of second subscripts 
, t n to the normal order 1, 2, . . . , n. For instance, in a 
second-order determinant 


D = 


an 

&21 


a 12 

a«2 


one of the terms of the sum is aua«i, in which the second subscripts are 
already in the normal order 1, 2, and therefore m = 0; the only other 
term is a j2 aj i; and since the second subscripts 2, 1 must be interchanged 
once to bring them to the normal order, m = 1. Hence 


D = ( — l)°flll<t22 ( — l)'U2lUl2 = Oll®22 — 02ltta2 


which checks noth the definition (4-2-2). 


c. Laplacian Expansion 

Since Eq. (4-2-G) is at best a cumbersome method for the evaluation 
of a determinant of order higher than 2, other equivalent procedures, or 
“expansions,” have been devised, better suited to numerical or literal 
computations. 

If we strike from a determinant of order n the row and column meet- 
ing at the element a,/, we obtain a determinant of order n — 1 called the 
minor Mi,-. The signed minor (— 1 ) !+i Mij, which is -fil/,-,- when i -f j is 
even and —Mi, when i + j is odd, is called the cofactor of a,-,-. 

It may be helpful to notice that the sign of the cofactor (— l) w ilf<; is 
given by the following alternating scheme: 

+ - + -••■ 

- + - +••• 

+ - + -••• 


The value of a determinant can be expressed in terms of cofactors by 
the following sum: 

n 

2 OiA-iyvMii (*■ = 1, 2 ») (4-2-7) 

j-i 

Equation (4-2-7) is called the Laplacian expansion of a determinant by 
the elements of the ith row and can be stated in words as follows: The 

1 See, for instance, M. B6cher, “Introduction to Higher Algebra,” p. 24, The Mnc- 
millan Company, Xew York, 1935. 
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value of a determinant is equal to the sum of the products of the elements of 
any one given row by their respective cofactors. 

For instance, a determinant of the third order is given by any of the 
following sums: 


Ds — Onilfii — a lsAfis "l - 013M1S 
D3 — — UsiilFsi -f- GssAfs" — 023-^/23 
D 3 — CI 31 M 31 — 032-^32 “i“ O 33 AF 33 

Since the Mi,- appearing in the Laplacian expansion are determinants of 
order n — 1, the}" can be evaluated by means of Eq. (4-2-7) in terms of 
determinants of order n — 2; thus by successive steps the calculation is 
reduced to second-order determinants, computable by Eq. (4-2-2), which 
is a particular case of Eq. (4-2-7). 

Example of fourth-order determinant expanded by the elements of the first 
row: 


D = 


2 1 1 

-1 2 1 

1 1 1 

•221 


1 

2 

2 

1 



2 1 2 


-112 

+2 

1 1 2 

2 1 1 

- 1 

1 1 2 

2 1 1 



-122 


-1 2 1 

+ 1 

1 1 2 

2 2 1 

- 1 

1 1 1 
221 



= 2 [ 2 (— 1 ) - 1 (— 3 ) + 2 (— 1 )] - 1 [- 1 (- 1 ) - 1 (— 3 ) + 2 ( — 1 )] 

+ 1 [— 1 (— 3 ) - 2 (— 3 ) + 2 ( 0 )] - 1 [— 1 (— 1 ) - 2 ( — 1 ) + 1 ( 0 )] 

= 2(— 1) - 1(2) + 1(9) - 1(3) = 2 


By means of Eqs. (4-2-5) and the Laplacian expansion (4-2-7) the roots 
of the system (a) of Sec. 4-1 can now be computed directly. 


8 2 2 
8 3 2 
8 2 1 

. S(-l) - 2(-S) + 2(-S) -8 

2 2 2 

2(-l) - 2(— 7) + 2(— 10) - -8 

13 2 


4 2 1 



1 
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2 S 2 


1 S 2 

[ 

4 S 1 

2( — S) - S(— 7) -f 2(— 24) -S 

2 2 2 

-s -s 

1 3 2 

[4 2 1 


12 2 S' 

1 3 S 


4 2 S 

2(8) - 2(-24) -f S(-10) -16 

2 3 2 

-S -8 

1 3 2 


4 2 1 



= 1 


= 2 


d. Properties of Determinants 

The previous examples show that the computation of a determinant 
becomes very cumbersome, even by the Laplaeian expansion, as soon as 
its order is higher than 3. The following properties, which will be 
demonstrated for determinants of the second order but are valid for any 
order, may simplify the expansion of a determinant: 

1. The value of a determinant is not changed if its rows are written 
as columns and its columns as rows. 



1 2 
3 4 


-2 


The interchange of rows with columns allows the Laplaeian expansion of a 
determinant by the elements of a given column 


O = V O' = 1, 2, . . . , n) (4-2-7n) 

!~1 

2. A factor common to all the elements of a given row (or column) 
can be divided out and placed as a factor of the new determinant. 



Conversely, to multiply a determinant by a factor, each element of any 
one row or column must be multiplied by the factor. 

3. A determinant is changed in sign by interchanging any two rows or 
columns (not necessarily adjacent). 


2 4 

3 1 


4 2i 
1 3| 




10 
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4. A determinant is equal to zero if any two of its rows or columns 
have proportional elements. 


1 2 
2 4 


= 4-4 = 0 


5. A determinant is not changed in value, if we add to the elements of 
any row (or column) the elements of another row (or column) multiplied 
by a factor. For example, given 


adding to the second row the elements of the first row multiplied by ( — 2), 
we get 


This property is often used to reduce to zero as many elements of the 
determinant as conveniently possible. For instance, in the determinant 
in the numerator of the root x of Sec. 4-2 c we may factor an 8 from the 
first column and subtract the second row from the first, after which the 
expansion is reduced to a single term 


8 2 2 


1 2 2 


0-1 0 


1 2 
1 1 

8 3 2 
8 2 1 

= 8 

1 3 2 

1 2 'l 

= 8 

1 3 2 
1 2 1 

= 8(1) 


8 ( 1 )(— 1 ) = -8 


Unfortunately the .determinants encountered in engineering computa- 
tions very often have elements with many significant figures, which make 
it impractical to use properties 1 to 5, 


e. Pivotal Condensation 

A more practical way of evaluating determinants was devised by 
Gauss and is known as pivotal condensation. Consider a determinant of 
the third order, 



ai 

b i 

Cl 

D 3 = 

fla 


Cs 


O 3 

b s 

Cs 


in which a i ^ 0. If we multiply the second and third rows of D by 
ai, the value of I) 3 is multiplied by a\ according to rule 2 of Sec. 4-2 d, 


a\D z 


ai b\ Ci 
dlO.* dibs CtjC 2 
ai<z 3 aib 3 aic 3 
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while, according to rule 5, the value of this new determinant is unchanged 
if we subtract from the second and third rows the first row multiplied by 
a 3 and a 3 , respectively, 

a.\ b\ Ci 

a{Ds = 0 (a ib 2 — afbi) (a s c 2 — a 2 Ci) 

0 (ai b 3 — a 3 bi) (aiCj — a 3 Ci) 

Expanding by the elements of the first column and writing the elements 
of the new determinant as determinants of the second order, we finally 
obtain 

ai hi ai c a 
a 3 b s as Cs 

d, = ■=- 

Qi , 

ai o i ai Ci 

a 3 bt a 3 c 3 

The computation of D 3 is thus reduced to the computation of a deter- 
minant of the second order. 

A determinant of order n can be similarly “condensed” to a deter- 
minant of order ( n — 1) and step by step reduced to a second-order 
determinant. The element a n used in the condensation is called the 
pivot. When pivotal condensation is applied to an nth-order deter- 
minant, we obtain 


an 

a 12 

a u 

ai3 

an 

a In 

Q*1 

a 3 s 

Cl 21 

ass 

0.21 

fl2n 

an 

Ct 12 

flu 

ais 

an 

ain 

a 31 

a 3 s 

lfl»l 

ass 

fl31 

a 3 n 

an 

ais 

an 

an 

an 

ai„ 

Onl 

a„s 

Onl 

On 3 

On 1 

Onn 


which is an (n — l)th-order determinant. If an element a,-,-, other than 
an, is used as pivot, the determinant on the right of Eq. (4-2-8) is multi- 
plied by a factor (— l) I+ > but condensation is performed in, the same 
manner. 

Examples of pivotal condensation on fourth-order determinants (the 
pivots are encircled) : 


© 111 ! 


I 2 2 1 l| 
(-20 ± 60) _ 
20 


1 

2»-2 


© 3 5 

1 1 3 

2 0 0 


1 1 
2 - 5 3 - 1 
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Pivotal condensation is by far the most practical method for the 
numerical evaluation of determinants. The element a n is an obviously 
convenient pivot, and sometimes another element of the determinant is 
placed in the a u position by interchanging rows and columns before it 
is used as a pivot. 

Figure 4-1 is a diagram for the condensation of fourth-order deter- 
minants using an as a pivot. Each element of the condensed deter- 
minant is marked by means of a full circle at the intersection of the lines 
connecting the elements of the original determinant (white circles) to 
be multiplied. Full lines indicate positive products, dotted lines negative 
products. The pivot is marked with two concentric circles. 

Figure 4-2 is the same diagram with a 32 as pivot. 

4-3 Gauss’s Scheme 

The solution by determinants of a sj'stem of n equations in n un- 
knowns requires the evaluation of ( n + 1) determinants of the nth order. 
The number of operations necessary for the computation of the (n + 1) 
determinants by pivotal condensation can be greatly reduced by using 
a scheme, devised by Gauss, that has been shown to require, in fact, the 
minimum number of operations among all the known methods of solu- 
tion of linear equations. The scheme is perfectly general, and its use 
becomes advisable as soon as the number of equations is greater than 
three. It is ideally' suited to slide-rule computations and prevents the 
occurrence of errors due to mistaken signs in the computation of 
determinants. 

Gauss’s scheme is demonstrated in Table 4-2 for the following system 1 
of four equations in four unknowns, presented in tabular form: 



*1 

Xz 

Xi 

Xi 

C 

(I) 

2 

2 

4 

-2 

10 

(II) 

i 

3 

2 

1 

17 

(III) 

3 

1 

3 

1 

18 

(IV1 

1 

3 

4 

2 

27 


The equations are labeled by means of Roman numerals; Eq. (I) reads, 
for example, 

2xj + 2x : -f 4 x 3 — 2x t = 10 

It should be noted that the constants appear on the right-hand side of' 
the equations. 

1 The senior author is indebted to Dr. V. P. Jensen for this numerical example 
solvable entirely by intopers. 
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In Table 4-2 the first column contains the number of the successive 
rows of the scheme; the second column the ratios r, to be explained later; 
the next five columns the coefficients of the unknowns and the constants; 
the eighth column the so-called “sum-checks,” i.e., the sum of all the 


Table 4-2. — Gauss’s Scheme 


Number 

r 


Xs 

X* 

1 

*4 

C 1 

8 

Explana- 

tions 

(1) 


0 

2 

4 

-2 

ID 

16 

(D 

2 

fi = h 

© 

3 

2 

1 

17 

24 

(II) 

3 


Nj 

b 

-2 

■ 

-5 

-8 

-r* X (1) 

(4) 


m 

0 

0 

i 

2 

12 

16 

(2) + (3) 

5 

n = H 

® 

b 

3 

B 

18 

26 

(HI) 

6 


X -3 

\ 

-3 

-6 

3 

-15 

-24 

-r, X (1) 

7 

r l = 


@ 

S3 

S3 

S3 

S3 

(5) + (6) 

8 


S 

V x2 

\ 

0 

2 

12 

16 

~r'i X (4) 

(9) 


■ 

V 

m 

6 

15 

18 

(7) + (8) 

10 

u = M 

© 

1 3 

4 

2 

27 

37 

(IV) 

11 


S3 

B 

—2 

B 

-5 

1 ~ 8 

-u X (1) 

12 


S3 

© 

S3 

m 

B 

m 

(10) + (11) 

13 



m 

0 

-2 

-12 

-16 

-U X (4) 

14 

r" = 2/ -3 


S3 

© 

B 

S3 

sa 

(12) + (13) 

15 




m 

4 

10 

12 

-U X (9) 

(16) 




8 

0 

20 

25 


17 

Const, a 

10 

12 

15 

SSJ 


18 

£<Q{t 

8 

-8 

-24 

20 

*< = 2 % — 4 

19 

; -xja.-j 

-12 

0 

-9 

*i = ( 

— 9)/ C — 3) = 3 

20 


-4 

4 

|*i = t 

i =2 

21 

(» = 1, 4, 9, 16) 

2 

% *= 1 
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coefficients and the constant appearing in a given row; the last column 
the explanation of the operations. 

In row (1) appears Eq. (I); row (2) contains Eq. (II). The constant 
r» is obtained by dividing the coefficient of xi in row (2) by the coefficient 
of x\ in row (1). Row (3) contains Eq. (I) multiplied by -r 2 . 

The sum-check (column S ) of row (1) multiplied by — r 2 must equal 
the sum-check of row (3). Whenever the number of equations is larger 
than three and the coefficients are given noth many significant figures, 
the sum-check must be performed at every row of the scheme. 

Row (4) is the sum of rows (2) and (3). It will be noticed that at 
this point the unknown Xi has been eliminated between Eqs. (I) and (II). 

Row (5) contains Eq. (III). The ratio r 3 is obtained by dividing the 
coefficient of xi in row (5) by the coefficient of xi in row (1). Row (G) 
contains row (1) multiplied by — r 3 , while row (7) is the sum of rows (5) 
and (6). Thus x 3 has been eliminated again between Eqs. (I) and (III). 

Jumping, for the time being, to rows (10), (11), and (12), we notice 
that they contain a sequence of operations identical with those of rows 
(2), (3), and (4), leading to the elimination of xi between Eqs. (I) and 
(IV). 

\ Rows (4), (7), and (12) contain now three equations in the three 
unknowns x 3 , x 3 , and x 4 . They have actually been obtained by pivotal 
condensation, with a n = GO as a pivot, while the sum-checks guarantee 
that no obvious errors have been made in the elimination process. 

The unknown x» is now eliminated between Eqs. (4) and (7) and again 
between Eqs. (4) and (12), the coefficient of x 3 in Eq. (4), that is, 0, 
being used as a pivot. The corresponding ratios r are called r 3 and r\. 
Equations (9) and (14) containing the unknowns x 3 and x 4 only are thus 
obtained. The unknown x 3 is now eliminated between Eqs. (9) and (14), 
the coefficient of x 3 in Eq. (9), that is, |— 3| , being used as a pivot. 
Equation (16) thus obtained contains only 2:4. 


Table 4-3 



*1 

Xj 

Xi 

Xi 

c 

(1) 

2 

2 

4 

-2 

10 

(4) 


2 

0 

2 

12 

(9) 



-3 

G 

15 

(10) 


•• 


5 

20 


Equations (1), (4), (9), and (16) (Table 4-3), containing, respectively, 
4, 3, 2, and 1 unknown, form what is called a triangular system. The 
triangular equations appear in the rows of Gauss’s scheme labeled n- 
{ n = 1, 2, 3, 4) and are used to obtain the unknowns, working backward^ 
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from the last to the first. 


from which 
Equation (9) reads 


Thus Eq. (16) reads 
5x4 = 20 

Xt = 4 

— 3x3 -f- 6x4 = 15 


GO 


or 

from which 


— 3x 3 = 15 — 6x4 = 15 — 24 — —9 
x 3 = 3 


Equation (4) reads 


2x» -f* OX3 -f- 2x4 — 12 


(c) 


or 


2x» = 12 — 2x4 — 0x 3 = 4 


from which 

And finally Eq. (1) reads 


x 2 = 2 


2xi -f - 2x 2 -J- 4x3 — 2x4 — 10 


or 

from which 


2xi = 10 + 2x4 — 4x 3 — 2x 2 = 2 


Xi = 1 


(d) 


(e) 


This part of the computation is presented in tabular form in rows 
(17) to (21) of Gauss’s scheme (Table 4-2). Row (17) contains the 
constants from the triangular equations (1), (4), (9), and (16); row (18) 
the products of — x 4 times the coefficients of X4 in Eqs. (1), (4), and (9); 
row (19) the product of — x 3 times the coefficients of x 3 in Eqs. (1) and 
(4); row (20) the product of — x» times the coefficients of x 2 in Eq. (1). 
The sums of the figures thus written in the col umns x 4 , X3, x 2 , and xi 
are the right-hand members of Eqs. ( b ), (c), (d), and (e) above and 
give the values of the unknowns when divided by the coefficients of x 4 in 
Eq. (16), of x 3 in Eq. (9), of x 2 in Eq. (4), and of Xi in Eq. (1), respectively, 
as shown at the lower part of the scheme. 

Once the values of the unknowns are obtained, it is advisable to 
substitute them in all but the first equation to make sure that all the 
equations are satisfied. 

The extension of the scheme to n equations is fairly obvious when 
one understands the meaning of the operations performed in Gauss’s 
scheme. Some of the figures appearing in the scheme need not actually 
be written or computed: they have been crossed diagonally by means of 
dotted lines. .The saving of time thus obtained is considerable, but the 
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beginner should not adopt this short cut until he is entirely familiar 
with the method. 

To simplify the use of the scheme, the pivotal coefficients have 
been enclosed in a square, and the numerators of the ratios r have been 
encircled; their denominators are the pivots. The pivots are also the 
denominators of the fractions giving the unknowns. 

It is of the greatest importance to know beforehand how man}' figures 
must be carried in the operations of Gauss’s scheme to obtain a given 
number of correct figures in the unknowns, since a large number of 
figures may be lost in the process of cross multiplication and subtraction. 
The answer to this question is given by the following approximate error 
formulas, 1 in which e m is the maximum error in the roots, e p the most 
probable error in the roots, e c the error in the coefficients, and n the 
number of equations of the system: 

c m = n 6 e c (4-3-1) 

e p = n*e c (4-3-2) 

For instance, if the coefficients and constants of a system of six 
equations are given with three decimal figures and the operations are 
carried out with three decimal figures, the error e c is less than 0.001 and 
by Eq. (4-3-1) the maximum error in the roots may be as high as 

em < G 6 X 0.001 = 46.7 
while the most probable error is 

e p = G 1 X 0.001 = 1.3 

Conversely, if a most probable error of 0.1 is permissible in the roots, the 
error in the coefficients must be such that 

G* X c t < 0.1 

from which 

Cc < ^- = 0.00008 
6 4 

and at least five decimal figures must be carried through the computa- 
tions. These examples show that the solution of simultaneous equa- 
tions is unfortunately very susceptible to errors. 

Gauss’s scheme can be greatly simplified when the system of equations 
is symmetrical , 2 i.e., when a„- = a,-,. 

1 These formulas have been kindly communicated to the senior author by Prof. 
F. J. Murray of Columbia University. 

5 Sec M. H. Doolittle, U.S. Coast and Geodetic Survey Rcpl. for 1878, pp. 115-120. 
An ingenious and practical method of solution of simultaneous linear equations, based 
upon the algebra of a new type of matrices and leading to a triangular system, 
was given by T. Banachiewicz in 1938 [see Bull, intern, acad. polon, sci., Series A, 
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44 Error Equations 

Because of unavoidable errors in the computations, it is very seldom 
that the roots of a system of n equations can be computed precisely; 
but when approximate values 2 ? of the roots have been obtained, it is 
comparative! y easy to improve their accuracy by so-called “error equa- 
tions,” as will be shown for the following system: 



-I 

2*2 ! 

Zz 

c 

(I) 

1 

1 

1 

4.0000 

(II) 

0 

1 

1 

5.3333 

(III) 

1 

2 j 

1 

5.3333 


The first seven columns of Table 4-4 show the computations of the 
approximate values xj, x2, x§ of the roots Xi, x 2 , and x 3 of system (a) 
by Gauss’s scheme. If these values x2, and x$ are substituted in the 
left-hand members of Eqs. (a), some approximate values c?, c2, c® of 
the constants will be obtained instead of the correct values ci = 4, 
c; = 5.3333, and c 3 = 5.3333. 

+ a-8 4- xi = cj \ 

2 x 1 + x2 -f x£ = c2 l ( b ) 

iS + 2x2 -f x® = c? J 

Let us now call 8x< the corrections, wliich added to the x® give the correct 
value of the roots X,-, 

Xi = x$ -f- Sxi xo = x2 + Sx 2 x 3 = x£ -f 8x 3 (4-4-1) 

and substitute these values for the Xi in the left-hand members of Eqs. (a). 

(*S + 8*0 + (x2 + 8x0 + (x§ + 8x s ) = ci ) 

2(.r5 + 8x0 + (x® + 5 x 2 ) + (*§ + 8x3) = c 2 1 (c) 

(x® + 8x0 + 2(x2 + 8x0 + (x° + 8x 3 ) = c 3 J 

Subtracting Eqs. (b) from Eqs. (c) and letting 

ci = ci — cl = ci — ( x$ + x2 -f xg) I 

e 2 = c 2 — c2 = c 2 — (2xJ + x2 -f- xjO 1 (4-4-2) 

Cz — c 3 — eg = c 3 — (x? + 2x2 -f x0 j 

193S. p. 393; also S. Arend, "Voles nouvelles dans le calcul scientifique," Orel el ierre, 
(Brussels), 1941 j. Banachiewicz’s method is well suited for slide-rule and machine 
computations. 

The same method was independently discovered and tabulated for machine 
computations by P. D. Crout in 1941 (see Trans. AIEE, Vol. 60). Crout’s tabular 
form of solution is recommended whenever the systems to be solved have a large 
number of unknowns. 
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Table 4-4 


yum- 

ber 

r 

Xl 

Xt 

Xi ] 

G 

S 

10’ X e , 

(1) 


m 

1 

• 

1 

4.00 

7.00 

0 

2 

r* - H 

© 

1 

1 

5.33 

9.33 

3.3 

3 


-2 

-2 

-2 

-8.00 

-14.00 

0 

(4) 


0 

EH 

-1 

-2.67 

-4.07 

3.3 

5 

i 

® 

2 

1 

5.33 

9.33 

3.3 

6 

r, = M 

-1 

-1 

-1 

-4.00 

-7.00 

0 

7 


0 


0 

1.33 

2.33 

3.3 

s 

r [ = 1/-1 


-1 

-1 

-2.07 

-4.07 

3.3 

(9) 



0 

EH 

-1.34 

-2.34 

6.G 

. - 

10 


4.00 

-2.67 

-1.34 

0 

3.3 

6.6 

11 


-1.34 

1.34 

-1.34/-1 

=1.34 

6.6 

-6.6 

0.0066/ — 1 
!= -0.0000 
| = ir, 

12 


-1.33 

-1.33 

1 

— 1 .33/ — 1' 
= 1.33 
= x \ 

-3.3 

—3.3 

—0.0033/— 1 
=0.0033 

— iXz 

13 

1 

1 

+1.33 


1.33/1 
= 1.33 
-*! 

+3.3 


0.0033/1 
=0.0033 
= 5xi 


we find that the unknown corrections 5x< satisfy the following system of 
error equations, 

5x\ -j- 5x2 4 5x3 — €i 1 

2 02:1 4 5x : 4- ox 3 = e» i (4-4-3) 

ox 1 4 - 25x2 4 - 02:3 = 03 I 

where the quantities e,-. defined by Eqs. (4-4-2), are called the errors due 
to the roots x\. The corrections oxi are thus found to satisfy a system of 
equations whose coefficients are identical with those of the original sys- 
tem and whose constants are the errors. The e,- are, in general, smaller 
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than the constants c,-, since the x° { are approximate values of the roots, 
and the Sxi are therefore smaller than the a;,-; the solution of the error 
equations 'null thus add one or more significant figures to the roots, even 
when performed by means of a slide rule. 

The error equations cannot, in general, be solved rigorously, and the 
values of the corrections SXi will therefore be approximate; but the error- 
equations procedure can be applied to the error equations themselves to 
obtain the corrections of the corrections, and the process can be carried 
on to any degree of accuracy in the roots. In this manner the error- 
equations process becomes one of successive approximations. 

If the initial values are obtained by Gauss’s scheme, the evaluation 
of the corrections 5 x,- requires the computation of a single additional col- 
umn, since only the constants of the new system are different from the 
constants of the original system. 

In Table 4-4 the errors corresponding to the initial values = 1.33, 
xl = 1.33, and x° 3 = 1.34 are ei = 0, e 2 = 3.3 X 10~ 3 , and e 3 = 3.3 X 10~ 3 ; 
column 10 3 X e,- contains these constants and is operated upon as column 
C was operated upon in the solution of the original system. No sum- 
check column is used since only a few figures need be computed. The cor- 
rections are found to be 5xi = 0.0033, Sx 2 = 0.0033, and Sx 3 = —0.0066, 
and the second approximation of the roots becomes 

x'x = 1.33 + 0.0033 = 1.3333 
x\ = 1.33 + 0.0033 = 1.3333 
x' 3 = 1.34 - 0.0066 = 1.3334 

These values are correct within one unit in the fourth decimal figure 
(better than 1 part in 10,000). 

It must be noticed that, since the errors are often differences between 
figures having many common digits, they must be computed long hand 
or on a calculating machine in order to obtain enough significant figures. 

4*6 Successive Substitutions 

When many of the unknowns do not appear in all the equations of a 
system, the method of successive substitutions may be usefully employed. 

For example, in the system 

an + a; 2 

xi + 3x 2 -f- x 3 

X 2 -f- 3^3 -j- Xi 

an + x A 

we may derive an from the first equation and x 4 from the last, 

Xi = 2 — x 2 Xi = 2 — x 3 (5) 
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and substitute these values in the second and third equations to obtain a 
system of two equations in xz and xt, 

2x » + X 3 = 3 1 

X, + 2 x 3 = 3 ) {c) 

From the second of Eqs. (c), 

X: = 3 — 2z 3 (</) 


and, substituting in the first, 


from which 
Hence, from Eq. ( d ), 
and, from Eq. (6), 


2(3 - 2zs) + z 3 = 3 
x 3 = 1 

Xi = 3 - 2 = 1 


z t = 2-1 = 1 x< = 2 - 1 = 1 


The method of substitutions should be used on only the simplest 
systems since it easily leads to an accumulation of errors. To eliminate 
this danger, substitutions should be started, whenever possible, from 
both ends of the system, as shown in the above example. 


4-6 Iterative Methods 
a. The Gauss-Seidel Method 

In the solution of simultaneous equations, determinants have to be 
abandoned as soon as the order of the system is higher than a or 0. 
Gauss’s or Crout’s schemes (see Sec. 4-3) may be used to solve up to 30 
or 40 equations with the help of a calculating machine, but the amount 
of labor involved becomes prohibitive in the case of larger systems. 
Mechanical and electrical devices have also been invented to solve up to 
10 equations, while some of the more complicated electronic computers 
can be used to solve as many as 100 equations. But it is, in general, 
impossible to solve systems with a very large number of equations by 
the inexpensive methods of the preceding sections. 

An important exception to this rule is represented by those systems 
in which the coefficient of a different unknown in each equation is much 
larger than the coefficients of the other unknowns. These systems are 
called diagonal, because the large coefficients are or may be located 
along the main diagonal of the system, and are encountered in many 
physical problems. The solution of a system of equations consists 
actually in making the coefficients of all but one unknown zero in each 



Sec. 4 - 6 ] 


SIMULTANEOUS EQUATIONS 


133 


equation; hence diagonal systems are, so to speak, well on their way 
toward a complete solution and can be solved by simple successive 
approximation or iterative methods (from the Latin iierare, “to repeat”). 
Consider the following diagonal system, 



Xi 

Xz ! 

1 

®S 

C 

(I) 

8 

i 

1 

10 

(II) 

1 

10 

1 

12 i 

(III) 

1 

1 

8 

10 


and solve each equation for the unknown with the largest coefficient: 

Xi = 1.25 - 0.125x 2 - 0.125x3 ] 

x 2 = 1.20 - O.lOOxi - 0.100x3 | (6' 

x 3 = 1.25 - 0.125xi - 0.125 x 2 J 

The system (a), written in the form (5), is said to be ready for iteration. 

Gauss’s iteration process consists in substituting in the right-hand 
members of Eqs. (5) any initial values whatsoever for Xi, x 2> and x 3 ; in 
getting from the left-hand members the next approximations x[, x' 2 , and 
x,; in substituting these in the right-hand members to obtain the 
second approximations x", x", and x"; and in repeating this sequence of 
operations until, within the accuracy required by the problem, two 
successive approximations are identical. It can be proved that, under 
certain conditions, the numbers thus obtained are the roots of the 
system. For example, starting with x? = x§ = x§ = 0, we get from 
Eqs. (6) 

xi = 1.25 x' 2 = 1.20 x' 3 = 1.25 

which, substituted in the right-hand members, give the second approxi- 
mations 

x'l = 0.944 x'i = 0.950 x'f = 0.944. 

Table 4-5 shows the results of the first five approximations. The fifth 


Table 4-5 



1 

2 

3 

4 

5 


1.25 

• 0.944 


0.997 

■W 

Xi 

1.20 

0.950 

1.011 




1.25 

0.944 

1.013 

0.997 

mmm 


approximation gives the correct value of the roots x 2 = x 2 = x 3 = 1 
within 1 part in 1000. 
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The rapidity of convergence of this method can be greatly increased 
by making use of the last computed value of the unknowns at every step, 
as suggested by Seidel. Thus, starting with z2 = Zj = 0, we get, from 
the first of Eqs. (6), x\ = 1.25. We then substitute in the right-hand 
member of the second equation xf 3 = 1.25 for x\ and zg = 0 for x 3 and 
get z£ = 1.075. Substituting in the third equation x\ = 1.25 and 
z'« = 1.075, we get x' 3 = 0.959. Table 4-0 gives the successive approxi- 
mations of the Gavss-Seidel method and shows how much more rapid the 
convergence of this method is. 


Table 4-6 



1 

2 

3 

Xi 

1.250 


0.909 

X-i 


B 

1.000 

Xz 

0 950 ! 

i 

1.000 

1.000 


The advantages of the iterative methods are obvious. 

1. There is no complicated scheme of operations to be remembered. 

2. Errors at any step in the calculations may slow down the conver- 
gence but will not influence the final result, since an error is equivalent to a 
new start with a different initial value. 

When rough approximations of the roots are known, as is often the 
case in engineering problems, these can be used as initial values to save 
a few steps in the computations. Otherwise, the initial values are taken 
equal to zero. 

Iterative methods cannot be applied to all systems. A sufficient 
condition for a system to be solvable by iteration is that in each equation 
the sum of the absolute values of all the coefficients except the largest 
be less than the absolute value of this largest coefficient. In a system 
ready for iteration this condition is equivalent to the following: The sum 
of the absolute values of the coefficients in the right-hand member of 
each equation must be less than 1. The smaller the sum, the more rapid 
the convergence. 

In system (5) the convergence condition is satisfied abundantly since 
in the first equation 0.125 + 0.125 « 1, in the second 0.1 + 0.1 «1, 
and in the third 0.125 + 0.125 1 and hence convergence is very rapid. 

The system 

2zi - z 5 - 2zj = —1 
Zj 4- 2xs -f- zj = 4 
Xi + 3z ; — z 3 = 3 

whose roots are zj = z : = z, = 1, instead, is not convergent, as shown by 
the successive "approximations” of Table 4-7. 
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Table 4-7 


' 

1 

1 

2 

3 


-0.50 

3.88 

5.S8 


2.25 

1.57 

2.73 

X, 

3.25 

5.59 

11.07 

i 


When convergence is sufficiently rapid, systems of up to 100 equations 
can be solved by iteration without 'too much labor. 

6. Converging Increments 

When the convergence of the Gauss-Seidel method is not very rapid, 
another iterative scheme, called the method of converging increments, may 
be used to advantage, although it does not have the convenient property 
of being uninfluenced by errors in the computations. 

The method of converging increments consists in .the following steps: 
(1) computation by the Gauss-Seidel iterative method of the first approxi- 
mation of the roots; (2) computation of the corresponding errors; (3) 
computation by the Gauss-Seidel iterative method of the jirsf approxima- 
tion of the corrections by means of error equations; (4) computation of 
the errors of the error equations; (5) computation of the corrections to 
the corrections by the Gauss-Seidel iterative method; (6) continuation of 
this process until the last corrections become negligible; (7) summation of 
the first approximation and of all the successive corrections for each 
unknown. 

The successive corrections of the fth unknown, called increments, 
are indicated by <5-, <5-, S'/', etc., and the complete procedure is carried 
out by means of a simple scheme, which is demonstrated for system (6) 
of Sec. 4-6 a, in Table 4-8, to four significant figures in the roots. The 
first three columns of Table 4-8 contain the three equations (6) written 
vertically in tabular form. The coefficients of the same unknown in the 
three equations appear in the same row, with the signs belonging to 
them in system (b). The constants appear in the fourth row. The 
process is started by carrying down the constant c x = 1.25 and encircling 
it. This gives the value of x[ = 1.25. This value is multiplied by the 
coefficients of row ®i, and the products are written in columns (II) 
and (III). The constant c 2 = 1.200 and the figure under it, —0.125, are 
added to give x 2 = 1.075, which is encircled. x 2 is multiplied by the 
coefficients of row x 2 , and the products appear in row x' 2 . x' 3 = 0.960, 
sum of c 3 = 1.25 and of the two figures -0.156 and -0.134 appearing 
under it, is also encircled and multiplied by coefficients of row x 3 . The 

first approximation of the unknowns by the Gauss-Seidel method is thus 
obtained. 
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Table - 1-8 


(I) 

OI) 

on) 

( IV ) 

1 

- 0.100 

- 0.125 

Xl 

- 0.125 

1 

- 0.125 

Is 

- 0.125 

- 0.100 

1 

*» 

1.25 

1.200 

1.250 

c 

■ESI Sfl 

- 0.125 

- 0.156 

t 

*1 

- 0.134 


- 0.134 

f 

x t 

- 0.120 

- 0.096 

.. ,.i 

(oToeo) 

*'» 

mmm 

0.025 

0.032 

*i 

0.009 


0.009 


- 0.005 

- 0.004 

0.041 

*; 

(" d - 004 ) 

0.000 

1 


0.001 


0.001 


0 

0 

CD 

*7 

x , = 1.001 

x , = 1.000 

x, = 1.001 

Xi 


The first increment ~ —0.254 is the sum of the two figures under 
the encircled figures x[ = 1.25. <5( is encircled and multiplied by the 

coefficients of row x\. S 2 = —0.071 is the sum of the two figures under 
xf = 1.075 and is encircled and multiplied by the coefficients of row x». 

= 0.041 is the sum of the two figures under x' 3 = 0.960 and is encircled 
and multiplied by the coefficients of row x 3 . The successive increments 
are obtained by repeating the procedure used to obtain the 5;, and the 
calculations are stopped in the present case at 5", since the increments 
would be negligible. The root x ( is the sum of all the encircled 
figures in the ith column. 

Table 4-9 shows the solution of the slowly converging system 

10xi — 5x2 — 4^3 = 1 
— 3xi + 10x 2 — 5x 3 = 2 
— 2xj — 7x : + 10x 3 = 1 



































Sec. 4 - 6 ] 


SIMULTANEOUS EQUATIONS 


137 


which, when ready for iteration, becomes 

Xi = 0.1 -f- 0 . 0 x 2 -f- 0.4x3 
X 2 = 0.2 + 0.3*! + 0.5x 3 
X 3 — 0.1 -J- 0.2xi -}- 0.7x» 

It will be noticed that the increments decrease so slowly that after six 
steps they still affect the second decimal figure of the roots. In this case 
the roots may be obtained as follows: 

In column r appear the ratios of the increment of each root at a given 
step to the increment of the same root at the preceding step, while column 
f contains the average of these ratios for the three unknowns. It will be 
noticed that after a few steps these average ratios become very close 
and then remain practically constant from step to step. In Table 4-9 this 
constant value is 0.7322. If the average ratio f remains practically 
constant after the mtli step, we can write approximately 

§ 0 + 1 ) — ffi(m) 

g(m+2) = j;g(m+ 1) — fZ g(m) 

g(m+3) = j:g(m+2) = j:3g(m) 


The sum of all the increments from the ?nth increment on wall then be 
approximately equal to 

S(m) 

+ r + f 2 +---+f’> +■••) = (4-6-1) 

1 — r 

since the sum of a geometric series of ratio f is equal to 1/(1 — f). 

To obtain the value of the unknowns in the case of a slowly converging 
system, the ratios f are computed after a few steps and, as soon as they 
become practically constant, say at the mth step, the sum of all the 
increments from the ??ith on are computed by means of Eq. (4-6-1). 
The value of the ith unknown is then given by 

Stm) 

an = af t +$+«:'+•••+ $— » + YZTf (4-6-2) 

Equation (4-6-2) is called the extrapolation formula of the converging 
increments method. In Table 4-9, column Xi gives the successive values 
of the unknowns; column r the ratios for each unknown; column f the 
average of these ratios; column 1/ (1 — f) the sum of the series; column x,-,« 
the value of the unknowns computed by the series su mm ation of Eq. 
(4-6-2). Comparison of columns x< and x iie shows the advantage of the 
series summation. 1 

1 A knowledge of matrix theory is needed to prove that the ratios r must approach 

a constant value. 
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Table 4-9 


Steps 

(I) 

(II) 

(HI) 

Z| 

1.0 

0.3 

0.2 

Xi 

0,5 

1.0 

0.7 

Xi 

0.4 

0.5 

1.0 

c 

0.1 

0.2 

0.1 


(S) 

0.03 

0.02 j 

(0) 

0.1150 

CO, 23) 

0.161 


0.1124 

0.1405 

K§§g| 


Emu 

0.0682 

0.0455 

1 

(1) 

0.1044 

(0.2087) 

0.1461 


0.0766 

0.0958 

(0.1916) 


1 

1 00 
lol 

0.0543 

0.0362 

(2) 

0.0750 

tea 

0.1051 


0.0565 

0.0706 

(0,1413) 


(0,1315) 

0.0394 

0.0263 

(3) 

0.0550 


0.0770 


0.0413 

0.0516 


1 

(6 '.09 63) 

0.0289 

0.0193 

(4) 

0.0402 

KiKii:ftWa 

0.0564 



0.5084 

0.5888 

0.6139 

0.6399 

0.6988 

0.7172 

0.7362 

0.7793 



0.7960 

0.7192 

0.7375 

0.7265 

0.7328 

0.7311 

0.7323 

0.7318 



0.7323 3.7355 



1.0075 

1.0499 

0.9980 

0.9948 

0.9961 

0.9996 

0.9997 
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4-7 Homogeneous Equations 

A system of equations is called homogeneous when all the constants 
of the system are equal to zero. A homogeneous system has always a 
set of roots all equal to zero, since the ith root is given by 


Xi = 


Di 

D 


(4-7-1) 


and Di, the determinant obtained from the determinant of the coefficients 
D by substitution of the constants Ci — 0 for the coefficients of Xi, is 
zero by rule 2 of Art. 4-2 d. These roots form the zero-solution, or trivial 
solution, of the system. 

It is obvious from Eq. (4-7-1) that, if a homogeneous system is to 
have a nonzero-solution, the determinant D must be equal to zero, since 
in this case the roots x { take the indeterminate form 0/0. For instance, 
the system 

3xi + 4x« — x 3 = 0 ) 

4.-C1 + 8z 2 — 2x 3 = 0 > (a) 

5xi + 432 — x 3 = 0 J 


may have nonzero-solutions, since its determinant 



having two proportional columns, is equal to zero by rule 4 of Sec. 4-2 d. 
In this case the system can be solved for the ratios of all the roots to one 
of them, say x 3 . Transposing x 3 to the right-hand member of the equa- 
tions and considering it as a constant, we may solve the first two equations 

331 + 43 2 = x 3 
4xi -f- 8 z 2 = 2x s 

for Xi and x 2 in terms of x 3 , 


Xl = 0 3 2 = -j 

4 

and it is easy to check that these two values satisfy identically the third 
equation, whatever thp value attributed to x 3 . 

5.3i -f 4 x 2 - 3 3 = 5 • 0 + 4 • }ix 3 - 3 3 = 0 

The ratios of x% and x 3 to 33 are thus found to be 

xi _ 0 32 _ 1 

x 3 3 3 ~ 4 

and it may also be said that the system has an infinite number of solu- 
tions, which are found by giving arbitrary values to a*. 
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When all the (n — l)th-order determinants obtained from the nth- 
order determinant D by striking one ro%v and one column are also equal to 
zero, (n — 2) roots can be written in terms of the other two roots and will 
satisfy all the n equations of the system. In general, if all the (n — m -f 1) 
th-order determinants obtainable from D are equal to zero but at least one 
(n — ?«) th-order determinant is not zero, (n — m) roots can be written 
in terms of the other m roots and will satisfy all the n equations of the 
system. 

4-8 Consistency of Equations 

The general formula for the evaluation of the roots of a system by 
determinants, 



also shows that, if the Z>; are different from zero but D equals zero, 
the roots are not defined. In other words, the condition for a system of 
nonhomogeneous equations to be solvable uniquely is that D ^ 0. 

Since systems of equations representing physical phenomena are 
usually consistent, an inconsistent system will indicate either that the 
physical problem has not been properly formulated in mathematical 
terms or that numerical errors have been made in the computations. 


Problems 


X. Solve by elimination the following systems of equations for x and y: 



3x + ay - 5 
2x — by = 6 


(c) 




3x — Ay = 5 
— 6x + Sy = 


-10 


(b) 


I?-??-- 

If 



4x 5 + 7y- 
3x 7 + by 7 


= 23 
= 17 


f 1.17* +2.42;/ = 6.01 
( 3.12x - 2.75y = -2.38 


2. Solve Prob. 1 by determinants. 

3. Solve by determinants the following systems, using the Laplacian expansion 
to evaluate the determinants: 


(«) 

(c) 


{ x + y — z - 0 
4x + 3j/ — z = 7 
6x — by — z = —7 

4x — 5y — Cz = 33 
x - y + z = 3 
. Ox + z = 34 


{ 2x + by + 3z = 7 
3x + 2 y — 4z = — 1 
5x + 9i/ - 7 z = -8 
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4. By using the properties of determinants, reduce 

2- 2 4 

-2 -4 -1 

3- 3 2 

to the form 

\A 0 0 

tO B 0 
]0 0 C 

6. Prove that 


1 + a 2 + b 2 2ab 

2ab 1 + b- — a 2 

2b -2a 


-2b 

2a 


- (1 + a 2 + b-) s 


6. Prove the following identity: 


Q b 


X 

y 


ax + bu 

ay + bv 

c d 


It 

V 


cx + du 

cy + dv 


7. Cheek that 


a + x c + v 
b + y d + v 


a c 
b d 


+ 



»ri v di 


8. If (ai,bi), (aj.bj), (a 3 ,b 3 ) are the coordinates of the vertices of a triangle, show 
that its area A may be expressed by 

ai b i 1 
Oi bi 1 

a 3 b 3 1 



9. Establish from fundamental considerations the following identity: 


‘ 

a i 

bi 

Cl 


ai + xbi 

6i 

Cl 

a 2 

bi 

C2 


a 2 + xbi 

bi 

C-2 

a 3 

b 3 

c 3 


« 3 + xbi 

bi 

c 3 


10. Derive the following formula for the derivative of a determinant, in which 
( i — 1, 2, 3) are functions of a;: 


fi Si hi 


/i 9 i bi 


/i g i bi 


fi Si b. 

h Si hi 


*2 

+ 

/= S 2 A. 

+ 

/ 2 S 2 b 2 

fi Si hi 


fi Si hi 


/ 3 S 3 b 3 


/s S3 b 3 


Primes denote differentiation with respect to x. 
11. Establish the identity 


4 1 1 

1 A 1 

1 1 A 

1 1 1 


1 

1 

1 

A 


= (4 - 1) 3 (A + 3) 


12. Evaluate the following determinants by pivotal condensation, using as pivot 
m each example (1) a n , (2) an, and (3) <z 32 : 
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to) 

-1-4 3 7 

2 17 0 

1-3-1 1 

(6) 


1.31 

0.15 

3.14 

7.40 

-2.10 

6.30 

5.10 

6.42 

1.00 


2.1 

3.1 

-4.2 

4.1 

-1.2 

1.4 

1.7 

-1.6 

7.2 

-6.9 

7.0 

6.8 

8.1 

2.2 

1.1 

0.5 


13. Evaluate by determinants, using pivotal condensation, the roots of the follow- 
ing system : 



Xz 

Xi 

Xk 

C 

1 

2 

2 

1 

0 

2 

-4 

6 

-4 

-4 


1 

1 

0 

0 

1 

0 

0 

1 

0 


14. Solve by Gauss’s scheme to 2 significant figures the following systems: 


Xi 

Xi 

Xz 

Xa 

c 

Xi 

Xi 

Xt 

Xa 

c 

1 5 

7 0 

3 0 

0 

5.5 

2.7 

-3.1 

4.2 

-6.1 

0.5 

2 4 

3 0 

-1 4 

-1 7 

3 4 


7 2 

-6.3 

4.5 

2.3 

6 3 

0 

-4 0 

2 1 

14 5 

-6 4 

3.2 

7.3 

14.0 

0 

4.0 

3 0 

-2.0 

-3.0 

5.0 

4.3 

— 3.G 

-2.8 

-3.5 


Xi 

Xi 

x. 

Xa 

Xi 

c 

2 6 

3 1 

0 65 

12 6 

3 9 

9.43 

-0 4 

1 2 

3 4 

-7.2 

0.9 

23.03 

3 1 

2 2 

-1 6 

0.6 

1.2 

-0.229 

-1 2 

3 2 

-2 4 

0 9 

0 7 

-10 89 

0 7 

-0 6 

2 3 

0 8 

—0.5 

+3.37 


16. Obtain one more significant figure in the roots of Prob. 14c by means of error 
equations 

16. Solve the following system for x,y,z, and t in terms of a, sin or, cos a, sin 3a, 
and cos 3a: 

x cos a + y cos 3a + z sin a + t sin 3a = 0 

z +31 = 0 

2x sin a + Gy sin 3a — 2 z cos a — 6( cos 3a = 0 

6x + 6y = —a 

17. Solve by successive substitutions the following systems, starting from both 
ends in systems (a) and ( b ): 
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(a) 



3x : = -2 

2x: + 4x s = 8 

+ 6s 3 = 10 




*i — 4x* + x 3 — —4 

xi 4- x, =4 

2xi + 2x s 4- Xi = 10 

Xs — Xl = — 1 


(c) 


\ Xl 


X; + Xz =5 

Xl 4- Xi =7 

Xl + *5 = 9 

+ *2 + Xl + Xi + Xs = 15 


18. Solve by the Gauss-Seidel iteration method the following systems: 

( 6 ®i — 2x. — x, = 9 ( 12.4xi — xi — 2x 3 = 27.8 

(o) | Xi + 7x. + X 3 = 10 ( b ) | 2.1ii 4- 17.5x» — 3.1x 3 = — 10.2 

[ xi — x» + 8x 5 =9 ( 1.2xi — 0 . 5 x 2 4~ ll.lxj = —8.2 

f lOxi + x 2 + x s 4- xi = 14 

xi — 10 x» — X 3 — xi = —11 

-xi + x. + lOx, + xi = 11 

xi + xi — x 3 + 10 xi = 11 


19. Solve Prob. IS by the method of converging increments, nsing extrapolation 
for system (a). 

20. Compute the roots of the following system to 3 significant figures by converg- 
ing increments, using extrapolation: 


5xi — x 2 4* Xi = 5.75 
Xi 4- 4x = -K Xi = 9.45 
Xi + 3x = + 6 x 3 = 15.00 


21. Check for consistency the following systems: 

I — 4 xi + 3 x 2 + 2x s = 6 [ Xi + x» + 3xs = 5 

2.5xi — 7 x 2 + 5x 3 = —4 (5) j 2x x — x* + 3x s = 6 

2 xi — 7 .5x2 — 3xs =7 [ — xi + 3x» 4- x 3 = 5 

22. What values must X have in order that the following system may have nonzero 
roots? 

(3 — X)xi -f 2x : = 0 
xi + (1 — X)x» = 0 

23. Find the ratios of x and y to z such that x, y, and z be roots of the following 
system: 

x + y -f 4s = 0 
2x — y — s = 0 
3x 4- 2y + 9z = 0 

24. Give the values of x and y as functions of z,t that satisfy the following system: 

x 4- y + s 4- 1=0 
x 4- 3y 4- 2z 4 - 2t =0 
5x 4- 3y 4- 4z 4- 4f =0 
7x 4- 9y 4- 8z 4- 8i == 0 
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25. Determine x such that the following determinant has a minimum value, and 
compute this minimum value: 

x 2x 3j 

—4 x —x 

X 1 — xj 

26. In a surveying problem a quadrilateral is obtained such that the sum of the 
2 smaller angles is 54 deg and the difference of the 2 larger angles is 14 deg. Tlie 
largest angle is 4 times one of the smaller. What are the 4 angles? 



Fig. 4-3. 


27. The equilibrium equations of a 4-terminal network (see Fig. 4-3) are 

Ei = Znl i 4" 

Et = Ziily + Zzili 


7xi /5a 7j l 



(o) 

_ ,20v + 



Ssi 20 a 

(b) 

7/2 7a 7a 7a 



3a Ja 3a 3a 

(c) 


Fig. 4’4. 
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where E\ and E- are the terminal voltages, I\ and I s the currents, and z n , z 1= , and z 2 . 
are impedances depending upon the network parameters. If £2 = Rh, determine 
the transfer impedance Z 12 of the network in terms of E 1, E?, zn, Z12, and z; 2 . 

Hint: The transfer impedance is defined as Ez/h, 

28. Find the loop currents in the networks shown in Fig. 4-4. 

29. Determine the equation of the conic passing through the 5 points (0, 1), 
(1, —%), (—4, 57), (2, -jfi), and (—1, 0). Hint: The general equation of the conic is 


4a; 2 4- Bxy + Cy z + Dx + Ey + F = 0 
M a M c 



(. 0 ) 

Fic.. 4-5. 


30. Find the moments at the supports of the continuous beams of Fig. 4.5b, c , 
c, /, and g by the theorem of 3 moments, 
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MaLi + 2M b (Li + L*) + McL, + — 1 + ~~ = 0 

where w i and w t are the loads per unit of length on the spans of length Li and L t , 
respectively (Fig. 4.5a). 

Note; All beams have constant flexural rigidity El, where E is the modulus of 
elasticity in pounds per square inch and 7 the transverse moment of inertia in in.* 

Hint: The moment at a built-in end is found by prolonging the beam symmetri- 
cally on the other side of the built-in end so that the prolonged beam has zero slope at 
the support. For example, the single-span beam of Fig. 4-5/ has the same deflections 
as the 2-span beam of Fig. 4-og. 

31. The following table gives the temperature T of sea water in degrees Centigrade 
at various depths d in feet, as recorded by experimental investigators: 


i 

1 

2 

1 

3 

n 

5 

l C 

7 

di 

0 

10 

20 

■ 

40 

50 

CO 

T< 

30 

25 

23 

■9 

13 

9 

G 


Determine by least squares the best straight-line fit to this table. Hint: Letting 
the equation of the straight line be T - Ad + B, the constants A and B arc such as 
to minimize the sum of the square of the “residuals," 


+ B - T,Y- 


Hence A and B satisfy the 2 equations 














CHAPTER Y 

ELEMENTARY FUNCTIONS AND POWER SERIES 


6-1 Elementary Functions 

Algebraic, trigonometric, inverse trigonometric, logarithmic, expo- 
nential, hyperbolic, and inverse hyperbolic functions are called ele- 
mentary functions because they are often encountered in elementary 
problems and have been extensively’ tabulated. Their fundamental 
properties will be briefly reviewed in this chapter. 


6-2 Algebraic Functions 

a. A beam of length L, moment of inertia J, and modulus of elasticity 
E, loaded uniformly with a load of 


q lb per ft, is elastically connected to 
two columns and cannot be con- 
sidered as either simply supported 
or built in at the ends. The actual 
deflections of the beam will certainly 
be smaller than the deflections of the 
simply supported beam and larger 
than those of the built-in beam. 

Being unable to define the actual sup- 
port conditions, we shall consider these two extreme cases. 

The simply supported and built-in beam deflections 
respectively, by 1 

qL< 


<7 


' Def/ectron curve 




(a) 


(b) 


Fig. 5-1. 


are given, 


V' = 


yt = 


2±EI 

qLj 

2AEI 


(z 4 - 2z 3 + z) 
(z 4 - 2z 3 + z 2 ) 


where 


z 


X 

L 


and x is the distance, from the left end of the beam, of the section whose 
deflection is y (Fig. 5-1). 


1 See, for instance, S. Timoshenko, ‘‘Strength of Materials/' Chaps. V and VI, Van 

Nostrand Company, Inc., New York, 1930. 
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y, and yb are two examples of the algebraic functions called real 
■polynomials, i.c., of linear combinations with real constants of integral 
powers of the variable. Polynomials are single-valued, continuous func- 
tions with any number of continuous derivatives. The successive deriva- 
tives of y,, for instance, have known physical significance; the first 
derivative 



JL 1 
24 El 


(4z 3 - G=- + 1) 


is proportional to the rotation d of the sections of the beam; the second 

dhj, _ qL 4 , „ _ . 
dz- 2 El 


is proportional to the bending moment; the third 


dhj, 
dz 3 


SLl 

2EI 


(2z - 1) 


is proportional to the shear; the fourth 

d% _ qlM 

dz 4 El 

is proportional to the load. 

The simplest way of evaluating polynomials is by synthetic division, 
as explained in Sec. 3-4 d. For instance, the value of y, at the middle of 
the simply supported beam (r = 0.5) is found as follows: 

1 - 2.00 0.00 1.000 0.0000 

0.5 0.50 —0.75 —0.375 0.3125 

I -1.50 -0.75 0.625 jO.3125 

y.( 0-5) = 0.3125 

while the deflection at the middle of the built-in beam is given by 

1 - 2.0 1.00 0.000 0.0000 

0.5 0.5 —0.75 0.125 0.0625 

1 -1.5 0.25 0~125 j O.0625 

to (0-5) = 0.0625 ^ 

A polynomial containing only even powers of the variable x remains 
unchanged if x is changed into — x. 

2( — x) 4 -f 4(—x) : -f 2 = 2i< -f Ax’ -f 2 
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By analogy with even polynomials any function for which 

/( — x) = f(x ) (5-2-1) 

is called even. 

Similarly, a polynomial containing only odd powers of x is changed in 
sign if x is changed into —x, 

2(—z) h + 3(-x) s -h <-z) = -(2x 3 + 3s 3 + x) 


and any function for which 


/(-*) = -/(*) (5-2-2) 

is called odd. 

In order to evaluate the relative difference between y, and yt we may 
consider their ratio 



z 4 — 2 z 3 + z 
z 4 - 2z 3 + z 2 


r(z) is a rational function called an algebraic fraction and may be evaluated 
by long division as follows : 


1 

-2 

0 

1 

0 

1-2100 

1 

-2 

1 

0 

0 

1 

0 

0 

-1 

1 

0 



from which 

r(z ) = l + -* 8 + 2 = i + + 1 

w z 4 - 2z 3 + z 2 z 3 - 2z 2 + z 

_ 1 , 1 = -z 2 + z + 1 

z(l — z) z(l — z) 

r(z) is minimum at z = 0.5, where r(0.5) = 5, and approaches infinity 
as z approaches 0 and as z approaches 1. The values of the variable at 
which a function becomes infinite are called the poles of the function. 
The poles of an algebraic fraction are those roots of the equation, obtained 
by setting its denominator equal to zero, which are not roots of its 
numerator. The poles of r(z) are the roots of z(l — z) = 0, that is, 
z = 0 and z = 1, because z = 0 and z = 1 are not roots of 


z 2 z "1 — 0 

b. An operation -that must often be performed in engineering compu- 
tations is the splitting of an algebraic fraction into partial fractions, i.e., 
into fractions, whose denominators are binomials. For instance, the 
fraction l/z(z — 1) may be split into two partial fractions 

1 a , b _ a b 

z(z — 1) z z — 1 z — 0 z — 1 

where a and b are constants. 
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To evaluate a, multiplj r both sides of this equation by z, and set 
z = 0. 


1 1 , bz 

— J,.„ ” “ + rrij„„ - 


from which 


a = — 1 


Similarly, multiplying both sides of the equation by z — 1 and setting 
2 = 1, we obtain 


il = \ (z - 1) + b] 

Zjs-l 2 Js = l 


from which 


Hence 


z(z — 1) z z — 1 


In general, when the denominator of the fraction A(z)/B(z), in which the 
degree of A is less than the degree of B, 1 has n separate real roots z ( , 
the fraction can be written as 


m = y c f 

B{z) Z/ 2 — z» 


( 5 - 2 - 3 ) 


where the constants C< are given by 


„ _ (z - Zj)A (z) ~j 

B{z) 


( 5 - 2 - 4 ) 


The same formulas can be used when the denominator B(z) has 
separate couples of complex conjugate roots, but in this case the con- 
stants Ci are complex. In order to avoid complex constants it is 
customary to combine in a single fraction, with linear numerator and quad- 
ratic denominator, the two partial fractions corresponding to a couple of 
conjugate complex roots. Thus the fraction 


(z - l)(z 2 + z + 1) 

may be split into the two fractions 

1 _ a , bz - f- c fn 

(z - l)(z°- + z -f 1) z-lz 2 -fz+l ^ 

1 When the degree of A is greater than the degree of B, A is first divided by B. 


V 
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where a b, and c are real constants. The value of a is given, as before, 

bJ i 1 -i 

z- + z + lji=i 3 

To obtain the values of b and c, multiply b3 r z- + z + 1 both sides of 
Eq. (a), 

_i— = — (z 2 + 2 + 1) + bz + c 
Z — 1 21—1 

and set z 2 + z + 1 = 0, that is, 

z 2 = -z - 1 (b ) 

Thus' 

1 V = bz + c 

Z i 

and, multipljdng both sides by (z — 1), 

1 = bz 2 + (c — b)z — c 
or, again making use of (6), 

1 = 6(— z — 1 ) + (c — b)z — c = (c — 2b) z — (b + c) 

For this equation to hold for all values of z, the coefficients of the various 
powers of z must be separately equal, and hence 

c — 26 = 0 b + c = — 1 

from which 

b = -H c = -% 

and 

1 1 ( 1 z + 2 


_ 1 ( 1 _ z + 2 \ 

3 \z — 1 z 2 + z + 1/ 


(z - l)(z 2 + z+ 1) 3 \z — 1 z 2 + z + 

When some of the n roots of the denominator B(z) are repeated, the 
number of partial fractions is still n, because to each root repeated k 
times there correspond k partial fractions, as shown in the following 
example: 

1 _ A , B , C 

(z - l)(z - 2) 2 z - 1 ^ z - 2 ^ (z - 2) 2 {C) 

The root z = 2, which is repeated twice, gives rise to two partial fractions 
with denominators z — 2 and (z — 2) 2 . When the root z,- is repeated k 
times, the corresponding partial fractions have denominators equal to 
z - Zi, (z - z,) 2 , . . . , (z — Zi)’ : . The constant A is obtained as before, 
by multipl 3 -ing both sides of Eq. (c) by z - 1, 

1 = i+/~ + ^r“l 


(z - 2) 2 


z - 2 


(2 - 2) 2 
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and setting z = 1, 


A = 


1 


1 


(1 - 2) 2 

Similarly, to obtain C, multiply both sides of Eq. (c) by (z — 2) 2 , 


1 


1 


= A 


(z - 2) 2 


- 1 


B(z -2 ) + C 




and set z = 2, 


C = 


I 


= 1 


2 - 1 

To obtain B, differentiate both sides of Eq. ( d ) with respect to z, 
-1 _ , (z - 1) • 2 ■ (z - 2) - (z - 2) 2 


(z - l) 2 
and set z = 2, 

-1 


(z - IE 


+ B 


(2 - 1 ) : 


= A -0 + B 


Therefore 

and 


1 


B = -1 
1 


+ 


(z - 1 ) (z -2 y- z - 1 z - 2 1 (z - 2) 2 


When a root is repeated k times, (k — l) successive differentiations will 
be needed to obtain all the constants. 

5-3 Trigonometric Functions 

The three fundamental trigonometric, or circular, functions (sine, 

cosine, and tangent) are met in a great 
number of engineering problems. They 
are single-valued; the sine and the tan- 
gent are odd functions, and the cosine 
is an even function. 

Figure 5-2 shows the segments whose 
lengths measure the sine, cosine, and 
tangent on a circle of radius equal to 
unity ( unit circle). It is easy to obtain 
by the unit circle the relationships be- 
tween the values of the trigonometric 
functions for angles in the second, 
third, and fourth quadrant and the 
values of the same functions for 
angles in the first quadrant (Table 5-1). 
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Tabes 5-1 

sin (a + 1) ° cos a cos = ~ sm “ tan 2) = _ taiwi 

sin (a + r) = — sin a cos (a + ts) = — cos a tan (a + it) -= tan a 

sin (a + y) = ~ cos “ cos (“ + y) = sin “ tan (“ + t) = ~ toHt 

The tangent has poles (becomes infinite) at the odd multiples of 
71-/2, approaching plus infinity when the multiples of v/2 are approached 
from below and minus infinity when the multiples of ir/2 are approached 
from above. 

In the calculus the variable of the trigonometric functions is always 
measured in radians, for the reason explained in Sec. T7 53. 

Table 5-2 gives the trigonometric identities most commonly used in 
the derivations of engineering problems. 


(a) 

( b ) 

(c) 

(d) 

(«) 

(/) 

(?) 


(A) 


(0 


U) 

(fc) 

(0 

(m) 

(n) 

(0) 

ip) 

(?) 


Table 5-2 
sin 2 a + cos 2 a = 1 

sin (a + 8) = sin a cos 8 + cos a sin 8 
cos (a + 8) = cos a cos (3 + sin a sin 8 


, , tan a + tan B 

tan (a ± 1 3) = - . - — w 

1 + tan a tan £ 

sin 2a = 2 sin a cos a 
cos 2a = cos 2 a — sin 2 a 


tan 2a = 


2 tan a 
1 — tan 2 a 


. 1 
sin g a 

1 

COS g a 
tang a 


V I — cos a 
2 

^ /l + COSa 

V I — cos a 
1 + COS a 


sin a ± sin /3 = 2 sin J^(a ± 8) cos J£(a ±8) 
cos a + cos 8 = 2 cos (a + /§) cos % (a — 8) 

cos a — cos 8 = —2 sin J-£(a + (3) sin l^(a — 0) 

, , , . sin (a + p) 

tan a + tan 8 = 2 — 

cos a cos 8 


sin a sin 8 = cos (a — p) — Yi cos (a -f p) 
cos a cos 8 = K cos (a + 8) + cos (a — 8) 
sin a cos 8 = H sin (a + 8) + ^ sin (a — 8) 


54 Inverse Trigonometric Functions 

The bottom and top of the screen of a motion-picture theater are 
located a and 5 ft, respectively, above the horizontal floor of the house. 
How far from the screen should one sit to see the screen at the largest 
possible angle? 

From Fig. 5-3 the angle 6, at which the screen is seen by a spectator 
x ft from the screen, is given by 


0 = as — ai 
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where the angles a; and a\, at which the spectator sees the bottom and the 

- — j top of the screen, are defined by their 
i tangents 

^-^*7 1 , o , b 

— • ° tan ai = - tan a» = - 

? ■ x x 

^< s 7«2 Li In the following computations it is 

°h - -* " n convenient to consider the angles a! 

FlG - s-3 - and a; as functions of the variable x 

by means of the inverse trigonometric function arctangent 

= arctan — ai = arctan — 
x x 

and to write the angle 6 as 

6 — arctan - — arctan - 
x x 

To find the value of x for which 6 becomes maximum, we set equal to 
aero the derivative of 0 with respect to x. 


= ~ (arctan - J — ~ (arctan - ) = 0 
ax \ x) ax\ x) 


The derivative of the inverse function z = arctan y is obtained by the 
rule of Sec. 1-7 c3. 


Hence 


y = tan z z = arctan y 

dy 1 dz 

-T 2 - = — 7 , — j- = cos- z = 

dz cos- z dy 


1 1 
1 + tan 1 z 1 + y 2 


1 + (6/a:) 2 ( x 2 ) 1 + ( a/a;) 2 ( a; 2 ) 


a; 2 + 6 : * r a: 2 + a- 
_ (a - 6) (a: 2 - ab) _ _ 
(: x 2 + 6"-) (a: 2 + a 2 ) 

x 2 — ah = 0 


x = y/ab 

For instance, with a = 12 ft and 6 = 24 ft, 
x = 12 V2 = 16.97 ft 


a* = 51°45' 
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tan <*i = ai ~ 

0 m5I = 16°30' 

That this value of 6 is actualfy a maximum may be seen, without investi- 
gation of the sign of d 2 B/dx-, by noticing that 6 is always positive and 
approaches zero both as x approaches zero and as x approaches infinity. 



(c) 

Fio. 5-4. 


The inverse functions of the sine and cosine are called arcsine and 
arccosine. The inverse trigonometric functions are sometimes written 
by means of the symbols 

sin -1 x cos -1 re tan -1 x 

and are not single-valued, since to a given value of the sine, cosine, or 
tangent there corresponds an infinity of values of the arc. The graphs of 
the arcsine, arccosine, and arctangent appear in Fig. 5-4a, b, and c. 
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The inverse trigonometric functions become single-valued if the interval 
of definition of arcsin x and arctan x is limited between — tt/ 2 and ~/2 and 
the interval of definition of arccos x is limited between 0 and The 
corresponding values of the inverse functions arc called their principal 
values and are indicated by a heavy line in Fig. 5-4. 

6-6 The Logarithmic Function 

A magazine offers two types of subscription rates: a life subscription 
for $50 and a yearly subscription for $5. If bank deposits bring 2 per 
cent interest, after how many years does the first form of subscription 
become more convenient than the second? 

The sum of $50 in a bank account becomes 

50(1 + 0.02) = $51 

at the end of the first year. At the end of the second year this sum 
becomes 

51(1 + 0.02) = 50(1 + 0.02)= = S52.02 
and, after x years, 

$50(1 + 0.02) 1 

On the other hand, at $5 a year, the subscription will cost $5x in x years. 
Hence the first form of subscription becomes more convenient than the 
second as soon as 

ox > 50(1 -f 0.02) 1 

This is a transcendental equation for x, which, by' taking logarithms 
on both sides, becomes 

log 5 + log x > log 50 -f- x log 1.02 
or 

logio x > logio 10 + x logio 1.02 = 1 4- 0.008Gx 

To solve this equation, plot the graphs of the logarithmic function 

yi = logio x and of the straight 
line = 1 4 0.008Gx, and find the 
abscissa of their intersection (Fig. 
5-5). The two graphs meet roughly 
at x = 13; hence, as soon as x > 13 
years, it pays to use the life-sub- 
scription rate. 

The logarithmic function used in 
this problem was taken with base 
10; but, in problems involving the 
calculus, logarithmic functions are 
ways taken with base c = 2.718 . . . (natural logarithms) for the 




Sec. 5-6] 


FUNCTIONS AND SERIES 


157 


reason explained in Sec. 1-7 62. Since e and 10 are positive numbers 
and powers of positive numbers are always positive, logarithms of 
negative numbers do not exist. 1 The y = log x curve lies entirely to 
the right of the y axis, crosses the x axis at x = 1 , since log& = 0 whatever 
the base 6, and approaches asymptotically the y axis as x approaches 
zero, since log ( , 0 = — « whatever 6. 

6-6 Exponential Functions 

A moneylender loans money at the interest rate of 100 per cent per 
year. Starting with $1, he gets 1 + 1=2 dollars at the end of the first 
year. If he loans again, with both capital and interest at the same rate, 
he gets 2 + 2 = (1 + l) 2 = 4 dollars at the end of the second year. 
At the end of x years he has (1 + \) x dollars. 



He then devises a better scheme: loans are given at the rate of 50 
per cent for six months, and capital and interest are immediately rein- 
vested in the same manner. The lender now gets l + % = 1-5 dollars 
after 6 months, (1 + )4)(1 + 34 ) = (1 + 34 ) 2 = 2.25 dollars after a 
year, and (1 + )4) 2r dollars after x years, which is considerably more 
than he obtained before. By loaning at the rate of 25 per cent for 3 
months, he will get, after x years, (1 + 34) 41 dollars, which is still more, 
while by loaning at 34 6 3 per cent per day he gets after x years the still 
larger sum of (1 + 346s) 3651 dollars. Would he get indefinitely more by 
compounding interest for indefinitely shorter periods of time? This is not 
the case because 



is a finite number. The most the lender can make after x years is e x 
dollars. The graph of the function y 1 = e x is given in Fig. 5-6, together 
with the graph of the reciprocal function y 2 = e~ x \ e x and e~ x are the basic 
exponential functions. 

Many living quantities, like populations or cells, grow according to 
the following simple law: The rate of growth is proportional, at any time, 

1 See, however, Sec. 5-12. 
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to the quantity present at the time. If we call y the quantity and k the 
constant of proportionality between the rate and y, this law is stated 
mathematically by the equation 

5 ? = 

Dividing by y and multiplying by dl both sides of Eq. (o), and integrating, 
we obtain 

f — = log* y - kl + c 

J V 

where c is a constant of integration; raising c to the power log, y, 

e'°^ = y = = Ce 1 ' 

where C = c c is another arbitrary constant. If, at t = 0, y = y 0 , the 
constant C equals yo and 

y = yo^‘ 

The functions y, which grow according to the above-mentioned law, 
are exponential functions, and the law is sometimes called the “com- 
pound-interest law of nature.” 

If y = e=, * = log, y. The exponential function is thus found to 
be the inverse logarithmic function with base c. The inverse of x = logt y 
is the more general exponential function y = b*. Its derivative can be 
computed by noticing that 


b- = 


and that therefore 

dfr 

dx 

= log, 6 • e^ioc 6 = log, b ■ b* 

( 5 - 6 - 1 ) 

When b — c, 


% 

II 

• 11-8 

( 5 - 6 - 2 ) 


The function y = f is the only function equal to all its successive deriv- 
atives. 


6-7 Hyperbolic Functions 

We wish to find the equation y(x) of the curve assumed by a cable of 
constant weight w per unit length, hanging from two points A,B in a 
horizontal plane (Fig. 5-7). 

Refer the cable to a system of horizontal and vertical axes x,y with 
origin 0 under the lowest point of the cable (Fig. 5-7 a), and call T the 
tension in the cable at a section x, H the horizontal and V the vertical 
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components of T, and 6 the angle between the tangent to the cable and 
the x axis. 

Figure 5-7 b shows the forces acting on an isolated element ds of the 
cable. Since ds is in equilibrium, the resultant of these forces in the 
horizontal direction is equal to zero and hence the horizontal component 


V+dV T+dT 



H of T is constant. On the other hand, the equilibrium of the vertical 
forces gives 


— V + V + dV — w ds — 0 


or 


dV = wds 

But since V ~ H tan 6 and ds = dx / cos 6 

dV = ^d6 = H ~ ^ - = H 

dd dd cos 2 6 

and, substituting in the equilibrium equation, 

dd w dx 


w ds 


w dx 
cos 6 


cos 6 H 

Noticing that 8 = 0 at x = 0 and integrating between 0 and x for x and 
between 0 and 8 for 0, we obtain 


L 


dd w 
■ 2 ~ Tf x 

o cos 6 H 


The integral on the left side of this equation is tabulated, for example, in 
Peirce’s “A Short Table of Integrals,” No. 288, 


L 


de 


„ = log tan 
o cos 8 a 


+ i®)L 
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and hence 

log tan 0 ~ + - oj = jj 
or 

tan 04* + y 2 0) = e^' H (a) 

Since the cable curve is symmetrical with respect to the y axis, the 
value of 9 at —x must be equal to — 9. In other words, Eq. (a) is satis- 
fied if x is changed into —x and 9 into — 9, 

tan Q4* - 14 0) = (b) 


Subtracting Eq. (b) from Eq. (a) and remembering the expression for 
tan (a ± /3) (Table 5-2), we find that 

f vi/a _ gr-ui m _ j-an + 140) — tan i}/^ — 14 °) 

1 + tan y.9 I - tan y 2 9 _ 4 tan y9 „ 

1 - tan y 2 9 ] + tan y 2 9 1 - tan 2 y 2 9 an 

or 

tan 9 - y(e uz/ " - c - vx,n ) (c) 


Remembering that tan 9 = dy/clx and integrating between 0 and x both 
sides of Eq. (c), wc obtain 

J* % dx = y{x) - 2/(0) = i £ [c'”'" + e-' , ""}Z 

= (y I/n + e-”*'") - - 

2 w w 


If we finally take the origin 0 at a distance II /w from the lowest point of 
the cable, i.e., make 2/(0) = II/w, we obtain the equation of the cable in 
the form 


II glCT/H _|_ £— t CT/Il 



(d) 


The curve assumed by the cable is called a catenary and Eqs. (c) and 
(d) show that the catenary and its slope are particular combinations of 
exponential functions. These two combinations occur so often in engi- 
neering problems that they have been tabulated and given particular 
names; the function 

V = M(c x — e~ z ) = sinh x (5-7-1 ) 

is called the hyperbolic sine of x; the function 


y = I4(e x + c~ x ) = cosh x 


(5-7-2) 
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is called the hyperbolic cosine of x. The function 


e r — e~ z 


tanh x 


ratio of sinh x to cosh x, is called the hyperbolic tangent of x. 
of these three functions appear in Fig. 5-S. 


(5-7-3) 
The graphs 



The hyperbolic functions present some remarkable analogies with 
the corresponding circular functions: 

1. From their definitions. 


p® 

sinli 0 = = 0 


p 0 —I— p o 

cosh 0 = ~ = 1 


just as sin 0 = 0 and cos 0 = 1. 

2. Differentiating Eqs. (5-7-1) and (5-7-2), 

£ (sinli x) = — -' 9 C ■ = cosh x 


Tx (cosh z) = 


sinh x 


(5-7-4) 

(5-7-5) 


These relations are analogous to those between sin x and cos x, apart 
from a sign factor. 

3. If we set 

x = cos a- y = sin a (e) 

and determine the locus of points defined by Eq. (e), by elimination of a 
between these two equations, we find that this locus is the circle 


r 2 + y- = 1 
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(For this reason the trigonometric functions are also called circular.) 
Similarly, if we set 

x = cosh a y = sinh a (/) 

and eliminate a by squaring and subtracting, we find 

x- — y- — cosh 2 a — sinh 5 a = 4- c -a ) 2 — — c~ a )- 

= H( e " a + 2c a c- a + c--“) - K(c- a ~ 2c a e~ a + e~ ! “) = 1 

i.e., the locus of points defined by Eq. (/) is a rectangular hyperbola. 
For this reason, sinh x and cosh x are called hyperbolic functions. 

The hyperbolic functions are single-valued, nonperiodic (for x real), 
and continuous, sinh x and tanh x are odd functions; cosh x is even. 
Identities similar to those existing for the trigonometric functions hold 
for the hyperbolic functions. The most important are 

cosh 2 x — sinh 2 x = 1 (5-7-6) 

sinh (x ± y) = sinh x cosh y ± cosh x sinh y (5-7-7) 

cosh (x ± y) = cosh x cosh y ± sinh x sinh y (5-7-8) 

The inverse hyperbolic functions are indicated by the symbols 

argsinh x = sinh -1 x 
argcosh x = cosh -1 x 
argtanh x — tanh -1 x 

argsinh x and argtanh x are single-valued; argcosh x is double-valued. 
6-8 Binomial Expansion 

a. A. cable of length L ft is attached to two points in a horizontal 
plane a ft apart and loaded uniformly with a load of w lb per horizontal 
foot (Fig. 5-9). By assumption, the weight of the cable is negligible in 
comparison with the load, and the sag / is small in comparison with a. 
We wish to find the equation of the curve assumed by the cable. 



Fta. 6-9. Fig. 5-10. 


Refer the cable to a set of axes with origin at its lowest point [the 
x axis horizontal and positive to the right, the y axis vertical and positive 
upward (Fig. 5-10)J, and call H the tension in the cable at its lowest 
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point, T the tension and 9 the angle, between the tangent to the cable 
and the x axis, at a section x. 

Considering the equilibrium of the horizontal and vertical forces 
applied to a portion of the cable between 0 and x, we find that 

—H + T cos 9 = 0 
—wx -f- T sin 6 = 0 

and, talcing the ratio of these two equations, that 

tan 9 = ^ (a) 

We now notice that the portion of cable between 0 and a; is in equilibrium 
under the action of three forces, H, T, and wx. Hence these three forces 
must be concurrent; and since wx crosses H at x/2, T must also cross the 
x axis at this point. It follows from Fig. 5-10 that 


and by Eq. (a) that 


tan 9 = 


x/2 


W 2 

y = m x 


In order to eliminate the unknown force II, notice that, when x — a/2, 

y =/, 

, _ wa* 

J ~ 8 H 

from which 


and 


w 8f 
H a 2 



00 


When f and a are known, Eq. (6) gives the curve assumed by the cable, 
which is a quadratic parabola. 

In the present problem, / is unknown, while the length L and the span 
a of the cable are given and / must be expressed in terms of L and a before 
Eq. ( b ) can be used. To find this relationship, we compute the length 
of the curve (6) between x — —a/2 and x = a/2. 

An infinitesimal element ds of the curve has a length 


ds = Vdx 2 + % 2 = Vd.r 2 [ 1 + (y') 2 ] dx 
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and the total length L is given hy the integral 

since the cable curve is symmetrical about the y axis. An easy way of 
evaluating this integral is to expand the integrand by the binomial 
theorem. 

b. It is well known from algebra that, when n is a positive integer, 
the 7ith power of the binomial a ± b can be computed by means of the 
following formula ( Newton’s binomial theorem ) : 

(a ± bY = a" + ? a n ~'b + ~ - a n ~-b- 

± - -- 7.2 an ~ w + ' • • (5*8*1) 


The various terms of Eq. (5-8T) are certain products of constants times 
decreasing powers of a and increasing powers of b, such that the sum of 
the exponents of a and b is always n. When n is a positive integer, the 
expansion contains (71 + 1) terms and the constants are given by Pascal’s 
triangle (known at least 700 years before Pascal rediscovered it), 


n 

0 1 
1 1 
2 1 

3 1 

4 1 

5 1 


1 

2 1 

3 3 1 

4 6 4 

5 10 10 


1 

5 1 


in which every row begins and ends with unity and the successive coeffi- 
cients are the sum of the two adjacent coefficients of the preceding row. 
The general expression for the binomial coefficient C m ,„ of the term a n ~ m b n 
in the expansion of (a + b) n is 

72 ! 

Cm '” = "(n -~m)bn \ (n ’ m inte 8 crs ) ( 5 ' 8 ' 2 ) 
where the symbol 71 ! (n factorial) stands for 

n\ — 1 • 2 • 3 • • • (n — 1) • n 
and, by definition, 0! = 1. 

Equation (5-8T) can be proved to hold, not only for positive integral 
exponents, but for any real exponent n, provided that b < a. When n is 
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not a positive integer, Eq. (5-8-1) contains an infinite number of terms and 
becomes what is called an infinite series. 

c. To expand by the binomial theorem the integrand of Eq. (c), 
for simplicity of notation let 


§f 

a- 


k; 


(fixY = y 


and apply Eq. (5-8-1) with a = 1, b = y, and n = 


f+m- 


(l + y)* 


= 1 » + M 1 -My + M l-Xy'- 




1-2-3 

= 1 + fiikxy- - y & (kxy + Meikxfi - 
Integrating this series term by term, 


/•a/2 

Jo 


\/l + (kx)- dx 


1 


1 


x' 


~ _L ± 7.2 ~ ± 7.4 _ 7-6 Z. 

+ 2 3 8 5 + 16 7 

1 yk 2 a 3 1 k*a s 1 k 6 a 7 

- n a + c o 8 32 • 5 ' 16 128 • 7 


a/2 

JO 


and by Eq. (c) the length L of the cable curve becomes 


L = 


a 



When the ratio f/a is small in comparison with unity, its higher powers 
can be neglected and the length L can be approximated by 


L = 



as was done in Sec. 3-3. Solving this equation for the sag in terms of a 
and L, the cable equation (6) can be written in each case. For instance, 
with a = 99 ft and L = 100 ft, / = 6.06 ft (see Sec. 3-3) and 


y = 0.00247a; :: 

d. Integration is one of the many fields in which the binomial expan- 
sion can be usefully applied; approximate numerical computations 
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is another. For instance, applying Eq. (5-8-1) to the function 

y = (TT? )’ 

where x is less than 1 , we find 


■ 7 — 7 — = (1 + a ;) -1 = 1 — x + x 5 — X 3 + ■ ' * 
1 fi 

and, for small values of x, 


Thus 1/1.02 = 0.98 with an error of 0.04 per cent. 
Changing x into — x in Eq. (5-8-3), 


1 


l—a: 

and, for small values of x, 


= 1 + 1 + i 5 + 2: 1 + 


1 — x 


= l+x 


(5-8-3) 


(5-8-4) 


Thus 1/0.99 = 1.01 with an error of 0.01 per cent. 

Similarly, to compute the square root of a number A 7 , of which m 
is an approximate root, let 

A 7 = m- + x (x < m-) 


and apply Eq. (5-8-1) with a = m 1 , b = x, and n = J-f. 

= ■%,/ m- + x = (m 2 -f- x) 56 
= (m=)H + }4{m'-)-»x - y 8 (m')^x- +••• 

= m + 2m ~ (2 imp + ’ ' ' 

For instance, 

VS - x/TTT - V2MH - 2 + + • • • 

= 2 -f 0.250 - 0.0156 = 2.234 


with an error of less than 0.1 per cent (\/5 = 2.236). 

Similarly, to compute the cube root of a number of which m is an 
approximate cube root, let 


A 7 = m 1 + x 


(x < m 1 ) 
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and apply Eq. (5-8-1) with a = m s , b = x, and n = 


, y/N = y/m z + x = (m 3 + s) H 

= (m 3 )« + | (m s )^x + C ™ 3 ) -54 ® 2 + ■ * • 

. x x ~ _L 

= m + 3^ ~ 9^ + ‘ ‘ ' 


For instance, 


y/l = y/8 — 1 = y/2 3 - 1 


= 2 + 


-1 


(- 1) 2 


+ 


3-2= 9 • 2 6 

= 2 - 0.0833 - 0.00347 = 1.913 


which is correct to the last figure. 


6-9 Maclaurin’s and Taylor’s Series 

a. The fact that simple functions, like 1/(1 + x), y/l + x 2 , etc., 
may be expanded into power series by means of the binomial theorem 
leads one to investigate whether other functions, like sin x or e*, could 
also be so expanded. To give an answer to this question we shall con- 
sider a specific function, say sin x, and assume that: (1) this function can 
be expanded into an infinite series of increasing powers of x with constant 
coefficients, i.e., that coefficients ao, Ci, a», • . . , a„, . . . may be found 
such that the equation 

/(x) = sin x = Go + a# + a 2 x 2 + a 3 x 3 + • • • + a n x n + • • • (a) 

be true for all values of x, at least within a given interval; (2) the series 
obtained from Eq. (a) by successive differentiation, term by term, is 
equal to the successive derivatives of sin x. 

Since the left-hand member of Eq. (a) is equal to its right-hand mem- 
ber for all values of x, it must be equal in particular for x = 0 and hence 

/( 0) = sin 0 = 0 = co 

from which 

co = /( 0) = 0 

Similarly, differentiating both sides of Eq. (a), 

/'(*) = COS x = Cl + 2a»x + 3a s x= + 4a 4 x 3 + 5asX 4 -{- • • • (b) ■ 

and, setting x = 0, 

/'( 0) = cos 0 = 1 = ci 

from which 

«!=/'( 0) = 1= Jj 
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Differentiating Eq. (&), 

f"(x) = —sin x = 2 a? + 2 • Zazx -f- 3 • 4 cux- + 4 • 5a&x 3 + 
and, setting x = 0, 


from which 


'(0) = — sin 0 = 0 = 2 a» 

/"(0) /"(0) n 

02 - ~2 2 r - 0 


Differentiating Eq. (c), 

/'"(x) = — cos x = 2 - 3as + 2 • 3 • 4<24X + 3*4* 5asx 2 -f- 
and, setting x = 0, 


from which 


/'"( 0) = - cos 0 = -1 = 2 • 3a, 

„ _ rxo) _ rm i 


This procedure can be applied indefinitely and leads to the so-called 
Maclaurin’s expansion of f(z), 

f'(0)x f"(0)x- /"'( 0)x 3 

/(*) = /(0) + -j|- + — 2f" + — 3i + 




When/(x) = sin x, Eq. (5-9-1) gives 


x 3 X s x 1 x a 

sin x = x — g-j + gj — y-, + gi ■“ 


(5-9-1) 


(5-9-2) 


Since sin x is an odd function, its expansion contains only odd powers of x. 
Applying Eq. (5-9-1) to/(x) = cos x, we obtain, similarly, 


, X 2 , X 4 X 6 . X s 

cos X - 1 — j + — , — , + — , 


(5-9-3) 


Since cos x is even, its expansion contains only even powers of x. 

In expanding y = e z , we notice that the successive derivatives of y 
are all equal to e x and that e° = 1 ; hence, by Eq. (5-9-1), 


'T - '7'" T’ T* 

*'-l+* + 5i + 8l + ll + fl + ’ ‘ ’ 

and, changing x into — x on both sides of Eq. (5-9-4), 

, . X 2 X 3 , X 4 X 1 , X 6 

e - 1 ^ + 2! 3! • 41 55 + 0! 


(5-9-4) 


(5-9-5) 
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All the preceding expansions are well suited for the evaluation of the 
corresponding functions in the neighbourhood of zero, since for small 
values of x the successive terms of the series decrease rapidly. For 
example, by means of Eq. (5-9-4), 


, 0.01 , 0.001 , 0.0001 . 
e 0 - 1 = ! + 0.H 2 I g 24 ^ ‘ * ' 

= 1 + 0.1 + 0.005 + 0.000167 + 0.000004 + 


= 1.105171 


which is correct to six decimal places. 

If, on the other hand, the value of the function is required for large 
values of x, the number of terms to be taken into account to obtain a 
given degree of accuracy may easily become so large as to make the 
computation prohibitive. In this case, instead of expanding the func- 
tion in terms of increasing powers of x, the function may be expanded in 
terms of increasing powers of (x — a), where a is a suitable number. For 
this purpose we set 

f(x) = co + Ci(.t — o) + c 2 (x — a ) 2 -j- c 3 (x — a ) 3 

+ Ci(x — a ) 4 + • • • -f- c n (x — a) n + • • • (e) 

where the a(i = 0, 1, 2, 3, ... ) are unknown constants. Letting 
x ~ a in Eq. (e), we find immediately 

/(a) = c 0 

while, differentiating successive^ both sides of Eq. (e) with respect to x 
and letting x = a in each derivative, we obtain 


f'(a) = ci 
/"(a) = 2 c 2 


or 


or 


ei .m 

Cl 

c, - H«) 
2 - 


/ (n) (a) = n\c n or 


Cn — 


r n) (a) 

n\ 


by means of which the expansion of f(x) becomes 
m - /(«) + ® (* - a) + ® (* - a) 2 


+ «(,-a)3 + 


- + 


/ (n) (a) 


n\ 


{x - a) n + 


(5-9-6) 


This expansion is. called the power-series expansion of f(x) about x = a 
or Taylor’s expansion of f(x) about x = a. It will be noticed that Mac- 
laurin s expansion is a particular case of Taylor’s expansion with a = 0. 
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For example, applying Eq. (5-9-6) to y - log, x with a = 1, we obtain 

f{x) = log, x /( 1) = log, 1=0 

f(x) = i /'( 1) = j = 1 

fix) = /"( 1) = -1 


fix) = | /'"(l) = 2 

__9.2 

/”(*) = ~~x*~ /iT(1) = " 6 


log, x = (x — 1) — 


(x - l) 5 , (x - l) 3 (x - l) 4 


+ 


+ 


(5-9-7) 


It may be well to notice that log x cannot be expanded into a Mac- 
laurin’s series because the first term of the expansion, /( 0), would be 
infinite. By means of the first four terms of Eq. (5-9-7) we may compute 


log, 1.1 = 0.1 - ^ + 


0.001 

3 


0.0001 

4 


= 0.1 - 0.005 + 0.000333 - 0.000025 = 0.095308 


which is correct within one unit in the sixth decimal digit. 

b. In the numerical evaluation of a function by means of Taylor’s 
or Maclaurin’s series, only a finite number of terms can be taken into 
account, and an error is thus introduced into the computations. 

When the first- n terms of a Taylor’s series are taken into account, i.e., 
when the last term considered is 


/<”-» (a) 
(n - 1)! 


(x — a)” -1 


it can be proved 1 that the sum of all the remaining terms of the series is 
equal to 


Rn 


f M (x) 

n! 


(x — a)” 


(5-9-8) 


where x is a particular value of x belween a and x. R n is called the re- 
mainder of the series after the nth term and has the same form as the 
( n + l)th term of the series, but here the nth derivative must be taken 
at x rather than at a. 


‘See for example H. M. Bacon, “Differential and Integral Calculus,” p. 304. 
McGraw-Hill Book Company, Inc., Xcw York, 1942. 
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For instance, the remainder of the Maclaurin’s series of y = e* is 

' R » = 

n\ 

since f (n) (x) = e x and a = 0 in a Maclaurin’s expansion. If it were 
possible to determine by elementary methods the value x of x appearing 
in the remainder formula, the precise 


fCn) (x )- e * 



value of R n could be found and the 
sum of the series obtained. Unfor- 
tunately, in most cases x cannot be 
determined^ by elementary means, 
and the remainder formula can be 
used only to find an upper bound, or 
limit, to the error made in consider- 
ing the first n terms of the expansion. 

This is done by finding the largest 
value that / <n) (x) can have in the 

interval (a,x) and by substituting this largest value for f M (x) in the 
remainder formula. For instance, in the Maclaurin’s expansion of 
e x , f (n) (x) = e x is an increasing function of x ; and since 0 < x < x, 
f ,n) (x) is certainly no smaller than f M (x) (Fig. 5-11). The remainder is 
therefore not larger than 

R, < *. „ £5L* 

n! n\ 


x x 

Fig. 5-11. 


Thus the error made in stopping the Maclaurin’s expansion of e x at 
x = 0.1 after five terms is less than or equal to 


Rn < 


e x x s 

Iff 


lx = 0.1 


1.105171 

120 


0.00001 = 0.92 X 10- 7 


The approximate value of e x , obtained by considering the first five terms 
of the expansion, can be used in computing this error since the remainder 
gives only tbe order of magnitude of the error. 

Similarly, the error made in stopping the Maclaurin’s expansion of 
sin x after the term x z /Z ! (the fourth term of the expansion) is given by 


Ri 


4! * 


sin x 
4! 


x i 


Since sin x is an oscillatory function, it may be cumbersome to find at 
what point, between 0 and x, sin x becomes maximum; but since sin x is 
always less than 1 in absolute value, sin x is no larger than 1 and a simple 
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bound for the remainder becomes 


Rn 



If we notice that the fifth term (x 4 /4!) does not appear in the expansion 
of sin x, we may compute the remainder after the fifth term, 


ns 5 , x 


cos x 
~5T' 


< _ 
“ 5! 


and use this smaller bound for the error after the term x 3 /3 ! 

To compute the remainder after the fifth term of Taylor’s expansion 
of log t x [Eq. (5-9-7)], substitute 


in Eq. (5-9-8). 


d s 


/ (6) (z) = ^ l°g< x 


Rs = 


2 ■ 3 • 4 (x — l) s 
x s 5! 


2-3-4 

x 6 

(X - P* 
5x 6 


The largest value of / (6, (x) in the interval (1, x) is found at its left end 
x = 1, since / <E) (x) is a decreasing function of x; hence an upper bound for 
the remainder is given by 


#5 < 


(s ~ l ) 5 
5 


At x = 1.1 this gives 


R b 


< 


(1.1 ~ l) g 


2 X 10- 6 


An upper bound for the error after the ??th term in the power-series 
expansion of other elementary functions can usually be found without 
difficulty by these procedures. 

6-10 Convergence of Series 

a. In the preceding sections, use has been made of infinite series 
without inquiring about the meaning of the expression “sum of an 
infinite number of terms.” If we bear in mind that, even when a very 
large number of terms of an infinite series is taken into account, an 
infinite number of terms is dropped, the necessity of defining the sum of a 
series will appear obvious. 

The sum of the first n terms of a numerical series, 

do + Ql + «2 + • ' • + On + • • • (5-10-1) 

is called its partial sum 

Sr. = Qo + Ol + <2- + • • • + On — 1 


(5-10-2) 
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By definition, the sum S of an infinite series is the limit of S n as n 
approaches infinity. 

S = lim Sn (5-10-3) 

n— * co 

When the n um ber S exists and is finite, the series is said to be con- 
vergent; when S is infinity, the series is said to be divergent; when S does 
not exist, the series is called oscillating or divergent. 

For instance, the convergence of the geometric series of ratior, 

1 + r + r* + • • • + r”" 1 + r n + • • ■ (5-10-4) 


can be investigated by writing 


Sn = 1 + r + r* + ■ • • + r n_1 


multiplying S n by r, 

rS n — r + r 2 + r s + • • • + r"' 1 + r n 
and subtracting this last equation from <S„, 

&n(l — r) = 1 — r" 


Thus 




1 — r n 


1 — r 


and, taking the limit as n approaches infinity, 


lim S n 


1/(1 — ?•) when |r[ < 1 
+ °° when |r| > 1 


When r = 1, the series is divergent, since it is the sum of an infinite 
number of l’s; when r = — 1 , the series is oscillating, since the partial 
sums are all equal to 1 for n odd and to zero for n even. Hence the 
geometric series is convergent only for |r| < 1. 

It may erroneously be thought that, if the terms of a series become 
indefinitely smaller, the series will necessarily converge.' The simple 
example of the harmonic series 


+ ! + (5-10-5) 

whose terms become indefinitely smaller, will show that this condition is 
not sufficient to guarantee the convergence of the series. 

If in the harmonic series we substitute 


K + M = 2 xK = K for M + M 
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we obtain a new series, which is certainly smaller than the harmonic 
senes 

l + M + K + M + K + K ■ • • 

But this series is divergent, because it is the sum of an infinite number 
of equal finite terms; hence the harmonic series, which is larger, is cer- 
tainly divergent. The first billion terms of the harmonic series add up 
to about 21, but all the terms add up to infinity. 

In what follows, infinite series like that of Eq. (5-10T) will be sym- 
bolized by the Greek letter 2 (capital sigma). 

ee 

^ a-n — a.0 + ai + a; + * • * + a n + ■ ■ • 

n «=0 

b. The definition oi sum given by Eqs. (5T0-2) and (5T0-3) gives a 
method for checking the convergence of series, but this method is seldom 
easily applicable. Hence other and simpler tests have been devised to 
investigate the convergence of a series, of which a few will be stated with- 
out proof. 

«o 

1. The Comparison Test. “A series ^ a„ is convergent if its terms 

n = 0 

a„ are, at least from a given term on, respectively smaller than or equal to 

00 

the terms b„ of a converging series ^ b n ." 

For instance, the series 


n«0 


l-f — + + 

T 2 2 3 3 4 1 


f 1 

Lj n n 


(a) 


has, from the second term on, terms respectively smaller than the terms 
of the geometric series of ratio Y, 

1 + l + b + ¥ + h + ' ' ' = 

71 “0 

This geometric series is convergent because r < 1 (see Sec. 5T0 a); 

hence Eq. (a) is convergent. 

» 

“A series 2 a„ is divergent if its terms a„ are, at least from a given 

n *»0 

term on, respectively larger than or equal to the terms c n of a diverging 


series 


2 ” 


n — 0 
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For instance, the series 

1 + V^ + ^t + ^t + " 


n = 1 


is divergent because its terms are larger than the corresponding terms of 
the harmonic series, which is known to be divergent. 

The geometric series of ratio r < 1 and the k series 


1+ — + — + — + 
2* T 3* ^ 4* 


ao 

= VI 

/ ( n k 

n = 1 


(5-10-6) 


which converges for k > 1 and diverges for k < 1, are often used in the 
comparison test. The test does not apply when the terms of the series 
are larger than the terms of a converging series or smaller than the terms 
of a diverging series. 


2. The Ratio Test. “A series ^ a„ is convergent or divergent depend- 

71 — 0 

ing upon whether the limit 

|«n+ll 


L = lim 

n —* eo 


(5-10-7) 


is less than or more than 1. When L = 1, the test fails.” 
For example, the series 


1 + 2,345 

2 2 2 2 3 ~ 2 4 ~ 


is convergent, since 


60 

_ Y' n 
Lf 2"- 1 


L = lim 




= lim 


(n + l)/2" 


n/2 n ~ 


The 


= lim 

rc— > eo 


= lim 

n— ► « 

In + 1 


n -f- 1 2”- 1 


2 n n 


2 n 




= 2< 2 


series 


2! , 3! 


- + - + -+ ... = Vzl ! 

k^ k^ k 3 ^ l_,k" 


is divergent, since 


n — 1 


L = lim 

n— * « 


On+l 

r= nm 

(n + l)!fc” 

— lim 

n + 1 

(In 

lim 

n—* « 

* n+1 n! 

n— ► so 

k 


= co > 1 
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This test fails when applied to the series 


since 


1 

1-2 




+ • • • 


ao 


X 

n «* 1 


l 

n{n + 1) 


L = lim 

n — ► « 

= lim 

n— ♦ » 



.. 

— lim 

n(n + 

1) 

— lim 

n 

a n 

n— » oo 

(n + 1)(« 

+ 2) 

— lim 

n — ► oe 

n + 2 


11 + (2/«)! 


but this series is convergent since, by the comparison test, its terms are 
smaller than the terms of the k series (5T0-G) with k — 2. 

3. Alternating-series Test. “An alternating series 


a o — fli + — as + 



where all the a„ are positive, is convergent if at least from a certain n on 


On + 1 a n and 
For example, the series 


2 3 4 5 


is convergent, because 


1 

n + 1 



ii 


and 


lim a n = 0.” 

n— » w 



lim - = 0 

n— ♦ » 77 


(b) 


The error made by stopping the summation of an alternating series after 
n terms can be proved to be smaller than the (n + l)th term. 

4. Power-series Test. The ratio test can be used to determine the 
range of convergence of a power series, i.e., the range of values of x for 
which the power series will converge. 

A power series ^ a„x n , in which x is given a particular value, 

n •=* 0 

becomes a series of numbers, to which the ratio test can be applied. The 
limit (5T0-7) becomes, in this case, 


L = lim 

a„ + iX n+1 

= lim 

ar, +' ^ 
— — X 

= lim 


n— ♦ * 

a„x n 

n— * «3 

a„ 

n— -* so 

An 
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|fln+l| _ 


(5-10-8) 


the ratio-test condition for convergence becomes 


L = r|a;| <1 or |a;| < - 


Hence the power series will be convergent for those values of x which 
satisfy the condition 

- - < x < - (5-10*9) 

r t 


For instance, the series 


1 . JL. 4. x ‘ 4. x 4. x 4. 
' t '3-l’ r 3 2 -2' r 3 3 -3' r 3 4 -4" r 


« 1 + 


00 

X x n 
3 n n 


has a limit r equal to 


r = lim = lim 

71— > co Q-n 71— ♦ oo 


3 n n _ 1 n 

3 " +l (n + 1) ” 3 n + 1 


1 1 _ 1 
~ 3 1 + (1/n) “ 3 


and is therefore convergent for 


-3 < x < 3 


The series expansion of e T 


'T * 3 

** = 1 + * + J\ + 3! + 


oo 

V — 

L,n\ 


has a ratio r equal to 

r ~ lim = lim 

71 — > oo Cl 71 71 — » w 

Hence it is convergent for 


(71 + 1)! 7 ! + 1 


IT" - 00 <a; < “ = s 1 

i.e., for all values of x. 

The series expansions of <r* sin x, cos z, sinh x, and cosh x are also 
convergent for all values of x. 
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641 Summation of Series 

Whenever a series is convergent, it would be convenient to write its 
sum in finite terms, particularly when the convergence of the series is 
slow. Unfortunately this is not always possible, for a power series often 
represents a new type of nonelementary function. Thus, the series 


/o(x) = 1 - + 


24 

2 4 (2!) 2 


, (- 1 )*** , 
" r 2 u (k\)~ ^ 


which can be proved to be convergent for |x| < « , represents a nonele- 
mentary function called the Bessel function of order zero of the first kind, 
the properties of which are well known but which cannot be represented 
by means of elementary functions in finite terms. 1 

The reader is finally reminded that, while infinite series, in general, 
cannot be dealt with as if they were sums of a finite number of terms, 
converging power series can be added, subtracted, multiplied, divided, 
differentiated, and integrated term by term like polimomials. 


642 Elementary Functions of a Complex Variable 

The so-called “elementary” functions (algebraic, trigonometric, 
logarithmic, exponential, and hyperbolic) have been considered thus far 
as functions of a variable x that could take only real values. But just 
as the concept of number has been extended to include imaginary and 
complex numbers, it is found convenient in some fields of applied mathe- 
matics (for example, electrical engineering, elasticity, and aerodynamics) 
to extend the concept of function to include functions of a complex 
variable z — x + iy. 

The value of a complex polynomial, like 

P(z) = 3z : + 2z + 1 

is found by substituting for z its value x 4* iy and performing the opera- 
tions indicated. 


P(x + iy) = 3(x 4- iy)- + 2(x + iy) + 1 

= (3x 2 + 2x — 3 y" + 1) + i(Gxy + 2 y) 

P(z) is thus found to be a complex number with real part 3x : + 2x — 3 y- 
4- 1 and imaginary part 6 xy 4- 2 y. 

But the same simple interpretation is not available if we wish to 
find the meaning of the complex exponential e* = e' +1,i . In this case, 
consider first, for simplicity’s sake, the imaginary exponential e iz , which 

1 Most of the known series have been tabulated in “Summation of Scries” by 
L. B. \Y. Jolley (Chapman & Hall, Ltd., London, 1925), which engineers will find it 
useful to consult. 
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as vet has no meaning, and define its value as the value of the right-hand 
member of the series expansion of er [Eq. (5-9-4)], in which x is replaced 
by ix. 

(ix) 4 (ix ) 5 


= 1 -f- 


(ix)- (ix) 3 , 

* O t » 


2 ! 


3! 


4! 


+ ■ 


5! 


+ 


(a) 


Since by definition 

i- = — 1, i 3 = iH = — t, i 4 = iH- = 1, i 5 = i*i — i, ■ ■ ■ 

assembling in two separate brackets all the real and all the imaginary 
terms of Eq. (a), we obtain 



which, upon remembering the power-series expansions of cos x and sin x 
[Eqs. (5-9-2) and (5-9-3)], reduces to 

e“ = cos x + i sin x (5-12-1) 

(Eider’s formula). e iz is thus found to be a complex number with real 
part cos x and imaginary part sin x. 

Changing x into —x, Eq. (5-12-1) becomes 


e~“ = cos x — i sin x (5-12-2) 

since cos x is an even and sin x an odd function of x. 

The complex exponential function e T+vi can now be defined by applying 
formally the rule for the summation of exponents. 

er = — e x e vi — e r (cos y + i sin y) (5-12-3) 

e z is thus found to be a complex number of real part cos y and im aginary 
part <? sin y. 

The other elementary functions can also be defined in the complex 
field by means of their expansions, but their definition can be obtained 
easily by means of Euler’s formulas. Adding Eqs. (5-12-1) and (5-12-2) 
and dividing by 2, we find that 


x A(e iz + e~ iz ) = cos x ({,) 

or, since A(e ix + e~^ z ) is the expression for the hyperbolic cosine in which 
x is replaced by ix, again by definition, 


cosh ix = cos x (5-12-4) 

Subtracting Eq. (5-12-2) from Eq. (5-12-1) and dividing by' 2, we find that 

M(e ir — e^ 1 ) = i sin x ( c ) 
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or, remembering the definition of sinh x, 

sinh ix = i sin x (5-12-5) 

* 

which defines the imaginary hyperbolic sine. 

Changing x into ix on both sides of Eqs. (5-12-4) and (5-12-5), we 
obtain the definitions of the cosine and sine functions in the imaginary 
field. 

cos ix = cosh i(ix) = cosh (— x) = cosh x 5-12-6) 

sin ix = sinh i(ix) = -. sinh (— x) = — sinh x 

i i i 

= i sinh x (5-12-7) 

The cosine and sine of a complex variable can now be easily defined 
by means of the trigonometric formulas for the sum of two angles, 

cos (x + iy) = cos x cos iy — sin x sin iy 

= cos x cosh y — i sin x sinh y (5-12-8) 
sin ( x + iy) = sin x cos iy + cos x sin iy 

= sin x cosh y + i cos x sinh y (5-12-9) 

and, similarly, the hyperbolic cosine and hyperbolic sine of a complex 
variable become 

cosh (x + iy) — cosh x cosh iy + sinh x sinh iy 

= cosh x cos y + i sinh x sin y (5-12-10) 
sinh (x + iy) = sinh x cosh iy + cosh x sinh iy 

= sinh x cos y -f i cosh x sin y (5-12-11) 

A remarkable formula can be derived from Eq. (5-12-1) bv making 
x = /;2v (/; = 0, ±1, ±2, ±3, . . . ) 

= cos k2 - r + i sin /:2- 
or 

e* :H = 1 (5-12-12) 

A naive reader, remembering that c° = 1 and comparing this defini- 
tion with Eq. (5-12-12), may erroneously believe that /:2s-t = 0, whatever 

This is not so for the simple reason that c° = 1 is a definition valid in 
the field of real numbers, while Eq. (5-12-12) holds in the field of imagi- 
naries. It goes without saying that, for /.- - 0, Eq. (5-12-12) is identical 
with e° = 1. 

The reader may enjoy reviewing at this point how his knowledge of 
mathematics grew by stages during his education. He first met in 
arithmetic the natural numbers k with unit one; was later introduced to 
geometry and found the number ratio of the circumference to the 
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diameter of the circle; met the imaginary unit i in algebra; and learned 
the concept of limit and computed the irrational e in calculus. Equation 
(5-12-12) shows a simple relation between all these concepts and proves, 
if this needs proof, that the field of mathematics is beautifully integrated. 

By means of Eq. (5-12-1) a complex number can be written in its 
exponential form. In Sec. 1-2 the complex number s = x + iy was 
written in trigonometric form as 

z = r(cos 8 + i sin 8) ( d ) 

where 

r = x- + y- cos 8 — — sin 8 = — (e) 

T T 

But, since, by Eq. (5-12-1), cos 9 + i sin 6 = e 1 ' 9 , z may also be written as 

2 = re ie (5-12-13) 

It must be noticed here that the second and third of Eqs. (e) do not 
define a single value for the angle 8 since cos ( 8 + l'2~) = cos 8 and 
sin ( 8 + 2Aw) = sin 6, provided that k be an integer. Hence a more 
general expression for the exponential form of z is 

s = rc« e+ki * (5-12-14) 

By means of this last equation we can now define the logarithmic 
function of a complex variable. Applying formally the rule for the 
logarithm of the product of two numbers, we find that 

log, 2 = log, r + i{8 -f A'2 tt) (5-12-15) 

Equation (5-12-15) shows that the logarithm of a complex number is 
another complex number with real part log, r and imaginaiy part 8 -f- A2jr. 
Since k can be any integer, the log, z is a multivalued function. In other 
words, there are infinite values of the logarithm of a complex number. 

Taking k = 0 and limiting 8 between — - and +- {principal branch of 
the logarithmic function), we obtain the single-valued complex logarithm. 

log, 2 = log, r -f id (-7T < 8 < w) (5-12-16) 

The elementary functions of a complex variable, as thus defined, 
reduce to the corresponding functions of a real variable whenever z = x. 
They have interesting properties and are usefully employed in many 
fields of engineering. 

Problems 

1. Evaluate the following polynomials at the given values of x by synthetic 
substitution: 
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(a) 3x 3 + 2x + 4 
(I b ) 4x 3 - 2.x 1 + x - 1 

(c) Ox* + 2x 3 - 5 

(d) 2.1x 3 - 6.4x 3 - 3.2x + 4.7 
(c) 3.7x* + 2.4x 3 - 1.5x - 4.2 
if) 32x 5 - IGx* + 12x 3 - ox + 1 


x = 2, — 2 
x = -4, 2.5 
x = 3, -1 
x = 0.10, -0.75 
x = 1.4, 0 
x = 2, -1 


2. Expand into partial fractions the following algebraic fractions: 


(a) 

s - 2 

(6) 

(» + l)(s - l)(s - 3) 

(c) 

s 3 + s 

2s- - 1 

(d) 

(«) 

s'- + 1 

(S) 

s 3 + s + 2 

(a) 

1 

(.h) 

(* + 2) (s 3 +2s + 1) 

(£) 

3 

U) 

(s 3 + l)(s 3 - 2s - 1) 


s'- - 1 

«(* - 2)(s + 4) 
s + 1 

(2s ! + l)(s - 1) 
* 3 + 1 
s 3 + 3s 

2(s + 2) 
s 3 (s + l)(s - 1) 
15s 3 + 6s + 33 
(» - l) 5 (s + 2) 3 


3. Show on a unit circle the segments whose lengths measure the secant, cosecant, 
and cotangent, respectively. 

4. Establish geometrically the following identities (see Fig. 5-12): 


(а) sin 3 a + cos 3 a — 1 

(б) sin (a + /3) = sin a cos 0 4- cos or sin p 
(c) sin 2 a = 2 sin a cos a 


B 



6. Prove that 


(a) cos 5x = 16 cos 5 x — 20 cos 3 x + 5 cos x 

( b ) sin 4x = 8 cos 3 x sin x — 4 cos x sin x 

(c) sin x + sin y — 2 sin X cos X - 0 - 


(d) tan x — tan y 


sin (x — y) 
cos x cos y 
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6. Evaluate the following 

(a) cos 2.7 
(c) tan 14.2 
(e) cot (-2.1) 


(b) sin (—4.2) 
(i d ) sec 0.17 
(f) esc 7.12 


7. Write the following functions in terms of 0 only: 


(a) sin Or + 0) 

(c) tan (y - 
(e) cos (90° - 0) 
is) sec (-0 - y) 
(t) sin + ej 


(b) cos (0 - ISO 0 ) 
(d) cot (~ + 

(/) ten (| - 0) 

Qi) sin (0 - 450°) 

(i) cos (90° + 0) 


8. Compute the derivatives of the following functions at the given value of x\ 


( 0 ) sin x 1 

x = 0.5 

( b ) cos Vs 

II 

tOIM 

(c) ten xft 

X = 1 

( d ) sec 2x 

x = H 

(e) cot (x- — 2) 

x = 2 

(/) esc Vx + 1 



9. State whether the following functions are even, odd, or neither: 


(a) cos Vs 
(c) sin x 3 
(e) sin x cos * 
( g ) tan x' 


(6) cot a: 5 
(d) esc (3x — 1) 
(/) cos 5 x — sin 5 x 
(h) cot (sin x) 


10. Verify on a unit circle that 



n odd 

n even 

sin nr 

0 

0 

cos nr 

-1 • 

+1 

. nr 
sm T 

(_l)(n+U/2 

0 

. nr 

m T 

0 

1 

M 
' — ' 

£ 


11. Prove that, in a triangle of sides o, 6, and c, 


o 5 = 6 5 + c 5 — 2 be cos a 


where a is the angle opposite a (law of cosines ). 
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12. Prove that, in a triangle of sides a, b, and e, 

a b c_ 

sin a sin fi sin y 


where a, fi, y are the angles opposite a, b, and c, respectively (law of sines). 

13. If a, b, and c are the 3 sides of a triangle and s = V>(a + b 4- c) show that 

(o) the area A of the triangle is given by 

A = \/s(s — a)(s — 6)(s — c) 
a „ /(« - b)(s - c) 

(6) sin ^ = V Vc 

where a is the angle opposite a. 

14. Evaluate the following functions (principal values) and their derivatives at 
the given values of z: 


(a) arcsin x 2 

X 

= 0.9 

(6) arccos Vz 

X 

TT 

4 

(c) arctan x 3 

X 

= 2 

(d) arccot (z — 1) 

X 

= 1 

(e) arcsec %z ! 

X 

= 1.5 

if) arctan (z 4 + 2z ! ) 

X 

= 1.5 


16. State whether the principal values of the functions arcsin x, arccos x, arctan x 
and arcsec x are even, odd, or neither. 

16. Using logarithms, calculate the following to 4 significant figures: 


(a) -^0046 
, , 0.0193(84.16) 
W a/ 0938 
(e) (5.4)-’ 


(6) (5.762) s 

,,, (8.634)’ a/U482 

{d) 93354 

(/) 


17. Simplify the following expressions: 

(a) c ln - 
(c) t* <’-•/-*> 

(c) c ln I+k ‘ ” 

(g) c ln <r/ “ ) 


(6) c'- ,n 1 
(d) c-'-** 

(f) 

(h) 


18. Given: e = 2.718, e 0,t = 1.105, and e°- 01 = 1.010, evaluate the following to 3 
significant figures: 


(a) c’-“ 

(c) c* 

(c) cosh 2.15 
( g ) coth ( — 1.21) 


(6) <r 1 - 22 
(d) sinh 1.1 
(/) tanh 2.92 
(h) sinh (—2.12) 


19. For what values of a; is the difference cosh x — sinh x 

(а) less than 0.01 

(б) less than 0.1 per cent of cosh x 
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20. Prove that 

A cos (90° - x) + B cos (90° + x) = (A - B) sin ® 

21. Prove that 


(а) cosh 2 x — sinh 2 x = 1 

(б) sinh (x — y) = sinh a; cosh j/ — cosh x sinh y 

(c) coth 2 x = csch 2 x -f- 1 

(d) sech 2 x — 1 — tanh 2 x 

22. Prove that 

(а) sinh -1 x = In (x + x” + 1) 

(б) cosh -1 x = In (a; + \/ x 1 — 1) 

23. Show that the following relations exist between the circular and hyperbolic 
functions: 


(a) i sinh x = sin ix 
(c) i tanh x = tan ix 
(c) cosh ix = cos x 


( b ) cosh a; = cos ix 
(d) sinh ix — i sin x 
(/) tanh ix = i tan x 


24. Establish the addition formula 


26. Prove that 


arctan 0 — arctan if = arctan 



sin 2 6 sec 2 0 + cos 2 0 esc 2 6 sec 2 <t> + tan 2 <p + 2 = sec 2 0 + esc 2 0 sec 2 <p 
26. Prove that 


cos 2 0 cos 2 <p + sin 2 <p cos 2 0 + sin 2 0 = 1 


27. Prove that 


V I — sin 0 
1 + sin 0 


- sec 0 — tan 6 


28. An F.M. wave has the following form, 

i = 7(1 + m sin u„t) sin wit 

where m is the degree of modulation and w a and w b are angular frequencies. Express i 
as the sum of simple sine and cosine terms. 

29. Two voltages are given by 

ei = 40 sin ( cot + ipi) 
e s = 50 sin (wt + <p 2 ) 

Express their sum in the form 

e = A sin {at <p) 

30. Show that, for £2 real and x > 1, 


where S2 — V(T — 1 )/{T + 1), is always greater than zero. 
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31. Reduce the integral 


to the integral 


by the transformation 



(S < 6: ) 


The integral gives the time t versus the angular dedection P of a pendulum released 
from a defection Pj. 

32. Show that, if 

inu a — In* c = 2 ln S! a Lm c 

then a — b \/3. 

33. The open-circuit -voltage of a loop antersn3 is given by 

T r = E cos P s cos yi | e iwt-M dz a. J ^ dr J 

- E “ '■ { /.“ * + /-> «*"* * } 

where § = 2r fk, and c, h are dimensions of the loop. 

If X (wave length) » ajh, show that 

V = —i?EA (cos yo • cos P ; -f- sin P:)r'-' 1 

where A — 4oh = area of the loop. 

34. Figure 5-13 shows the bending-moment diagram for a beam on two simple sup- 
ports. Draw the shear and the load diagrams. 



\ 
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35. Show that, if 


then 


cos x + cos y + cos z = sin x + sin y + sin z = 0 


sin 2 x + sin 2 y + sin 2 z = cos 2 x + cos 2 y + cos 2 z = % 


Hint: Use exponential forms of sine and cosine. 

36. Prove the validity of the construction of Pascal’s triangle, i.e., show that 

Cm.n 4“ Cm+l.n Cm+ 1, n+1 

where 

P 111 

Cm ' n " (n - m)\m\ 

37. Solve the following system for x,y,z, and t in terms of a, esc a, and cot a only: 


6x + 6y = —a 

x cos a + y cos 3a + z sin a -)- t sin 3a = 0 

z + 31 = 0 

2x sin a + 6y sin 3a — 2 z cos a — 6 £ cos 3a = 0 


38. Establish the identity 


/rf-cV d 3 y / dy\- d 3 x , d-y d 2 x 
\dy) dx 3 \dxj dy 3 dx- dy 3 


= 0 


Hint: dy/dx = l/(dx/dy). 

39. If y - cos x + x sin x, show that 


dx n 


ir + + (n — 1) sin (n 



40. The elevation of a water tower is a from a point A and 0 from a point B a 
distance d from A away from the tower. Prove that the height of the tower is given 
by 


cot p — cot a 


41. Show that the radius of a circle circumscribed about a triangle of sides a,b, and 
c is given by 


R = — ^ abc - 

4 vs(s — a)(s — i>)(s — c) 

where s = H(a + 6 + c). 

42. Two motorboats start at the same time from the same dock. One travels in 
the direction 75° east of south at 40 mph. In what direction must the other travel at 
50 mph in order to be due north of the first? 

43. Two beach lights are due east of a dock at distances of 200 yd and 2000 yd. 
An observer on a boat due south of the dock finds at one point that the difference in 
the directions of the lights is 45 deg. After proceeding toward the dock a certain 
distance, he again finds the difference in direction of the lights to be 45 deg. What is 
the distance traveled between the 2 points of observation? 
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44. A strip of 1000 tq yd is sold from a triangular field, whose sides arc 120, 00, 
and 100 yd. The strip is of uniform width h and has one of its sides parallel to the 
longest side of the field. Find the width of the strip. (See Fig. 5-1-1.) 


✓\ 



46. A triangular field has 2 sides 2 miles and 1.75 miles long, while the angle 
included between them is 42 e 50'. Compute the third side of the field and the other 
2 angles. 

46. A triangular field has 2 sides 475 ft and 252 ft long. The angle opposite the 
longer side is 22°10'. Compute the area of the field. 

47. The population of a city grows at the rate of 3.5 per cent per year. iVhat will 
the population be 20 years hence if the present population is 100,000? 

48. The present population of Xew York City is 0,000,000. Its birth rate is 3 
per cent per year; its death rate, 2 per cent per year. How many people will be bom 
in Xew York in the next 50 years if the rates remain unchanged? 

49. The electric lights of a city go out at the rate of 0.5 per cent per month. 
Because of shortage of bulbs only 10,003 can be replaced each month. If the initial 
number of lights is 10,000,000, in how many months will the supply be sufficient to 
replace the bulbs going out each month? 

60. Expand by the binomial theorem and exhibit the first 3 terms of the expansion 
of the following functions; 

(a) (1 + (6) (x'- - p 5 )- 4 - 

(c) (a - 6i)« (d) (1 - 

(e) (1 - x)" (/) (a ! + x 1 )-* 

61. Evaluate the following to 3 significant figures by means of the binomial 
expansion : 

(a) ylTXi (6) A^SO 

M Jg m (1.12). 

(c) (0.93)-' (/) x/262 

62. Evaluate the following integrals by expanding the integrand by the binomial 
theorem up to the third term of the expansion: 
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to) J 

ri *\/l — ds 

0 

(&) 

r o.5 dx 

/o VI - Z" 

to) j 

1 \/ 1 + x dx 

0 

(d) 

jT 1 ’ 5 -\/8 + xdx 

(c) J 

° (4 — x)~i- dx 

( / } j 

n dx 
’l \/ 4 + x- 


53. Expand the following functions into Maclaurin’s series. Exhibit the first 
4 (nonzero) terms of the expansion. 


(a) sinli a; 

(c) e 11 

(e) tan x 

(ff) In (1 + x) 


(6) cosh x 
(d) e-*-- 
(/) arcsin x 


(h) x/l — x 2 


64. Evaluate the upper bound of the error after the third (nonzero) term of the 
expansions of Prob. 53a, b, c, and g. 

66. Expand by Taylor’s series the following functions about the indicated points 
up to the third nonzero term: 


(а) sin 2 z 0 — ^ 

(б) e x x 0 = 1 

(c) cos 3z z 0 = 15° 

(d) In x • Zo = 2 

(e) cosh x Zo = 3 

(/) tan x Zo = ^ 


66. Evaluate the upper bound of the error in the expansions of Prob. 55a to e 
nfter the third nonzero term. 

67. Evaluate the following to 3 significant figures: 

(a) e= s (6) sin 0.0175 

(c) In 3 (d) arcsin 0.9 

(e) s/e (/) cosh 3.1 

68. Remembering that Jdz/(1 4- z : ) = arctan x + c, obtain a series expansion 

for v/4. 

69. Express the series 


x — }ix s + %x 6 — yjx 1 + * • • 

in finite terms. Hint: Differentiate the series, identify the corresponding function, 
and integrate. 

60. A function y(x ) has the following properties: 

(a) i/(0) = 1 ( b ) y'( 0) = a (c) y"(x) = a-y(x). 

Find y(x) Hint: Differentiate c repeatedly, and use the results to form a Maclaurin’s 
series. 
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61. Evaluate the elliptic integral 


= // 


dl 


\/l — IP sin 5 ! 


for k = 0.5 and x = v/2 by expansion of the integrand into a series up to its third 
term. 

62. Evaluate the following integrals to 3 significant figures by their series 
expansion : 

(a) J* tanh xdx (b) 1 

(c) f* Vx sin x dx (d) — dx 

ro . 2 r o.6 ./z 

(c) f c~ x,/ - dx Cf) J o e v dx 

63. A monument to the soldiers of the Civil War has a group of 4 mutually tangent 
cannon balls all 10 in. in diameter. How high is the group? 

64. The mast of a ship is h ft above sea level. Assuming h to be very small in 
comparison with the radius R of the earth , prov e that the angle 0 under which the 
lookout sees the horizon is given by 0 = \/2h/R. (See Fig. 5'15.) 




66. Obtain an approximate formula (in terms of r and 0) for the difference in 
length between the arc of a circle of radius r subtending an angle 20 and the chord of 
the same arc, by using the first 3 terms of the expansion of sin 0. What is the maxi- 
mum value of 0 for this difference to be less than 1 per cent of the arc? 

66. Derive an approximate formula for the area A of a segment of a circle (see 
Fig. 5-16) in terms of its apothem a and radius - 

(a) if a <5C r 

(b) if a = r 


67. A crank arm AB of length r rotates with a constant angular velocity u. The 
crosshead C of the connecting rod l moves along the x axis. Obtain an approximate 
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expression for the displacement of the crosshead as a function of u, r, and l and, by 
differentiation, an approximate expression for its velocity. (See Fig. 5-17.) Assume 
r/l « 1. 

Note: 6 ~ at. 


3 



Fig. 5-17. 


68. In elementary beam theory the curvature y" /[ 1 + (y') ; ]'" is approximated by 
y”. What would be a better approximation? Compare this approximation with y” 
and with the exact value of the curvature at the point x = 0.1 of the curve y = x 3 /3. 

69. A continuous curve has its first 5 derivatives equal to zero at a point (x 0 ,i/o). 
What order parabola should you use to approximate the curve in the neighborhood of 
(zo.t/o)? Write the equation of the parabola. 

70. Test whether the following series are convergent or divergent, after writing 
the nth term for each series: 
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M On 2)~" 

(a) (-!)•.!»(” -J) 

X3> K ’ (n + 1) ! 


(/) (In 3)' 


73. Write the nth term and determine the interval of convergence of the follow- 
ing power series : 


(a) 

1 + 

X s 

+ 

3‘ + 

* 

(e) 

1 + 

x- 

3 J 

+ 

3^ , 
5 5 " r 

2T 5 

7 2 

(c) 

3 -T 

X s 

3! 

a. 

3 S , 
51 _r 

X 7 

7! 

<w 

x — 

x : 

¥ 

+ 

x ! 

¥ 

a: 4 

4 

(ft) 

1 + 

3x 

o 

+ 

3=x- 

5 

+ • 

(0 

In x 

+ 

In 

X" + 

In , 

(ft) 

1 + 

(3 

— 

1) + 

(£ 


(6) i +ir + if + 7+ • • 

00 I + 5l + 5l + ' ’ ‘ 


3«z» 3<x« 3hri 

10 + 17 + 26 + 


(i — 1)- , ( x — l) 1 


3! 


5! 


( j ) In x + In 2x + In 3x 
+ • ■ ■ 


(0 


1 , (3-3) , (s - 3) : (x - 3)» 

2-3 + 3-4 + 4-5 + 5-6 


74. Find the sum of the numbers in the nth group. 


fi> 

1 



= 1 

(2) 

2 

+ 3 


= 5 

(3) 

4 

+ 5 + 

G 

= 15 

(4) 

7 

+ 8 + 

9 + 10 

= 34 

(5) 

11 + 12 

+ 13 + 14 + 15 

= 65 


76. Write the following complex numbers in the form a + bi: 


(a) 4z — 2z + 3 


( 6 ) 


3z ; - 4 
z* + 2z- + 1 


(e) 

(e) sinh (4i) 


( g ) sin (si) 


(0 cos (j + zij 

(ft) 4e ,, - T ‘ 


z = -2 + : 
z = 2i 


(d) c- +< ' r/el 
(/) cosh (—2f) 

(ft) tan jj i 

(J) sinh (— r + r0 
(0 In (4 - 30 


76. Find the value of the following limits when they exist: 

(a) lira 6° z = a + Of s = 0 + bi 

2—* to 

( b ) lira z = 0 + 6i z = a + Of 
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77. Compute the moduli of the following functions: 


(a) c <= 

(c) sinh ix 

( e ) cos | (1 + i) 


(b) e~'~ 

(d) tanh ix 

(/) In (4 + 3t) 


78. Solve the following equations for the unknown x: 

(a) sin x — 2 ( b ) cosh 2 = 0 

(c) sinh nx = i (d) c ni - = i 

79. Solve the following equations for x and y: 

(a) (2 - yi)- = 3+2 i (b) (x + yi)’- = 7 

(c) (2 + yi)- = 4 + 3i (d) = 1 + 2£ 

80. Show that if 

A=l+<o*>+orP+.-- + a™’ 

where « = c 5ni/r and p and r are integers, then 

.4 = 0 if p is not divisible by r 
A = r if p is divisible by r 

81. Establish the following formulas, using complex notation: 

(а) sin (2 + y) — sin 2 cos y + sin y cos 2 

(б) cos (2 — y) = cos 2 cos y + sin 2 sin y 

Hint: = cos 2 + z sin 2 . 



CHAPTER VI 

FOURIER SERIES EXPANSION AND HARMONIC ANALYSIS 


6*1 Introduction 

Many of the quantities appearing in engineering problems have the 
property known as -periodicity. A function f(x) is called periodic when 

f(x + k) = fix) (6*1*1) 

where k is a constant called the period. The graph of a periodic function 
repeats identically the graph corresponding to any interval x, x + k for 
the variable x. 

The pressure in the cylinder of a reciprocating engine, the sea tide 
at a given point of the earth, the voltage, current, or flux density in an 
electric motor — all are examples of periodic functions of time. These are 
often known experimentally, but it is valuable and sometimes necessary 
to know their mathematical expression. Thus, once the tide func- 
tion is known, tides can be easily predicted and tide tables can be pub- 
lished in advance, to the advantage of navigation. The important 
field of applied mathematics concerned with the analysis of experimental 
periodic functions is called harmonic analysis. 

In Chap. V certain functions have been expanded into power series 
by means of Taylor’s theorem; let us consider the geometric meaning of 
this expansion. If we let 

2/i = ao + a ix, 2/= = a ^y 2/s = a s x 3 , . . . 

Taylor’s expansion of a function y(x) can be written as 
2/ = 2/i + 2/2 + 2/3 + ■ • • + y n + ■ • ■ 
and shows that the graph of a function y can be approximated by the sum 
of the graphs of a straight line t/i, a quadratic parabola yn, a cubic parabola 
2/3, etc. The graphs of other types of functions might be used to approxi- 
mate the graph of a given function; but when the function under study is 
periodic, it would seem logical to approximate it bj r means of periodic 
functions and more specifically by means of the simplest and best known 
periodic functions, cosine and sine. The expansion of a function known 
analytically into a series of sines and cosines is the concern of Fourier 
analysis, one of the fundamental branches of applied mathematics, whose 
full appreciation requires an elementary knowledge of the differentia] 
equations of physics. 
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In what follows we shall first cover the fundamentals of Fourier 
analysis and then review the elementary techniques of harmonic analysis. 

6-2 Fourier Expansion in — 

a. In a paper presented to the Paris Academy in 1807 (since become 
one of the most famous writings in the history of mathematics, both 
because of its importance and because of its rejection by a jury due to 
“lack of rigorous proofs”) the French physicist Fourier, in order to solve 
a problem in heat flow, assumed that a function y = f(x) could be 
expanded into a series of the type 

f(x ) = + ai cos x + ai cos 2x + 03 cos 3® -f- • • • 

+ bi sin x + b* sin 2x + 63 sin 3a; + • ■ • 

that is, let 

00 

a n cos nx + ^ b n sin nx (6-2-1) 

n = 1 



where the a n and b n are constants. 

The series (6-2-1) is now called the Fourier series of f(x). Its terms 
are sine and cosine functions, which make n complete oscillations (n — 1, 
2, 3, . . . ) in the interval — ir,-Hr and hence have all the common 
period 2- The right-hand member of Eq. (6-2-1) is therefore a periodic 
function of period 2r; and if f(x) has this same period, the problem of the 
Fourier expansion of f(x) consists in the determination of the coefficients 
a 0 ,ai,Ch, . . . ,bi,b2,b 3 , ... of Eq. (6-2-1). 

This determination is based on the following fundamental properties 
of the trigonometric functions, called orthogonality conditions: 



cos mx cos nx dx = 



cos mx sin nx dx = 0 


sin mx sin nx dx 



(m,n integers) 


m 9^ n 
m = n 


( 6 - 2 - 2 ) 


To prove, for instance, the first of the orthogonality conditions for 
m n, notice that 


cos mx cos nx — cos (to + n)x + % cos (to — n)x 
and integrate between — r and -f jr to obtain 


J cos mx cos nx dx = i 


cos (to — n)x dx 


2 (?n 


^ sin (to + *)sj_ r + sin (to - n)x 


2(ST7o C° - 0) + (0 - o) - 0 
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To prove the first condition for m — n, notice that, when m = n, 
cos mx cos mx = cos 2 mx = J4(l + cos 2 mx) 
and integrate between — it and + r to obtain 
1 f T i [ r 

cos 2 mx dx — ^ I dx + ^ I cos 2 mx d(2mx) 

= i : *] _ r + sin 2mx ] = \ ^ + T) + ik (0 + 0) = x 

The other orthogonality conditions are similarly proved. 

Just as Maclaurin used differentiation to obtain the coefficients of a 
power-series expansion, Fourier used integration. To obtain the con- 
stant a 0 he multiplied both sides of Eq. (6-2-1) by cos Ox = 1 and inte- 
grated between — t and -Hr. 






cos Ox dx -f 



n«=* 1 


00 


cos Ox cos nx dx 


+ 



n = l 


cos Ox sin nx dx 


By Eqs. (G-2-2) all the integrals under the series signs are equal to zero, 
since m = 0 and n -A 0, and the equation is simplified to 




cos Ox dx = ^ on 



dx 



Ooir 


from which 



(a) 


Similarly, to obtain a given cosine coefficient as, multiply both sides 
of Eq. (6-2-1) by cos nx and integrate between — ir and -fir. 



cos nx dx 


1 


/: 


a 0 / cos nx dx + 


2 -/. 

n *= 1 

-to:. 


cos nx cos nx dx 


cos iix sin nx dx 


Owing to the orthogonality conditions (G-2-2), all the integrals in this 
equation are zero except the cosine integral for which the running sub- 
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script n equals the given integer n; hence the equation reduces to 
J~ f(x) cos fix dx = an cos ilx cos fix dx 
and, by the first orthogonality condition for m = n, 

j~ f(x) cos fix dx = C7H7T 
from which, reverting to the general subscript n, 

a n = ^ J f(x) cos nx dx (6-2-3) 

It must be noticed that, for n = 0, Eq. (6-2-3) gives the value (a) of 
the first constant a 0 . The first term of the Fourier series is called J-^ao and 
not a o in order to avoid the use of a special formula for its computation. 

To compute a given sine coefficient bn, multiply both sides of Eq. 
(6-2-1) by sin nx, and integrate between — tt and +tt. 


J f(x) sin iix dx = ^ n 0 J sin fix dx + /-. si 


sin fix cos nx dx 


sin fix sin nx dx 


Owing to the orthogonality conditions (6-2-2), all the integrals in this 
equation are zero except the sine integral, for which the running sub- 
script n equals ii; hence the equation simplifies to 


/!/(*) 


sin fix dx 


= bn 


sm fix sin fix dx 


and, by the second orthogonality condition for m = n, 

y_" f(x ) sin fix dx = bmr 
from which, reverting to the general subscript n, 


b 


n 



sin nx dx 


(6-2-4) 


The expansion (6-2-1), with the coefficients a n and b n given by Eqs. 
(6-2-3) and (6-2-4), respectively, is called the Fourier expansion of f(x) 
in the complete Fourier interval 

b. The expressions for the Fourier coefficients can be simplified when 
the function f(x) is either even or odd. 
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Since a r . is given by a definite integral, the name of its variable of 
integration can be changed from x to z without altering the value of a„ 
(see Sec. l-9a). Moreover, splitting the integral giving a* into two 
separate integrals, we can write 


On 



cos nz dz 



cos nz dx 




/(z) cos nz dz 


(b) 


Let us now set in the first integral z = —t and therefore 

/(z) = f(—t) cos nz = cos n(— t) = cos nt 
dz — —dl z = — 7T, t = 7T z = 0, t — 0 

obtaining 

if 0 if 0 l f T 

- I f(z) cos nz dz = - I f(—t ) cos ni(—dt ) = - J f(—l) cos nt dl 

Substituting this expression in Eq. (b) and changing the name of the 
variable of integration back to x in both integrals, we obtain 

1 f r 1 f r 

a„ = - / f(—x) cos nxdx +- / f(x) cos nx dx 
~ Jo -x Jo 

i r 

= - J [ f(x ) + f(—x)] cos nx dx (c) 

Similarly, splitting the integral appearing in Eq. (6-2-4) into two integrals 




f{z) sin nz dz + 


if 

■X Jo 


J{z) sin nz dz 


{d) 


and substituting in the first integral z = —t and therefore 

/( z ) = /(— t) sin z — sin (— t ) = — sin t 

dz = — dl z = — ■ sr, l = 7T z = 0, l = 0 

we obtain 

Z J /( s ) sin nz dz = z f /( — f (~ s ’ n t){—d£) 

= — - / fd—t) sin nt dl 
~ Jo 

and, changing the name of the variable of integration back to a; in both 
integrals of Eq. (d), 


bn = ~Z J 0 f(~ x ) £ i n nxdx +z J f( x ) s ' 11 nx dx 

1 f T 

- z / f/W ~ f(—x)] sin nx dx 
x Jo 


(e) 
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When /(rc) is an even function, f(x) — /(— x) and, by Eqs. (c) and (e), 


(In 



cos nx dx 


b n = 0 [/(rc) an even function] (6-2-5) 


When /(rc) is an odd function, /( x) = —/(—*) and, again by Eqs. 
(c) and (e), 


fln = 0 6„ = - / /(re) sin nrc cfo [/(re) an odd function] (6-2-6) 

tt jo 


Equations (6-2-5) and (6-2-6) give the Fourier coefficients of even and odd 
functions in the complete Fourier interval — ir,-Hr. 

c. It was noticed in Sec. 6-2a that the function /(re) defined by the 
series (6-2-1) is necessarily a periodic function of period 2 tt; hence only 
periodic functions of period 27r can be expanded, if we wish the Fourier 
series to equal the given function /(re) for all values of x. If, instead, the 
range of values with which we are concerned is limited to the Fourier 
interval —rr,+ir, we can expand into a Fourier series any function /(re) 
by means of what is known as periodic prolongation. 

If, for instance, we wish to expand the function y = x in a Fourier 
series in the interval — tt.+tt, this means that we wish to find a Fourier 
series of which the sum equals x between — it ,-f-7r but which is not neces- 
sarily equal to x outside this interval. To this end, prolong the graph of 
y — x beyond — v and +7r by repeating it identically in the intervals 
. . . ; -5? r, -3 tt; -3tt, -t; ir, 3tt; 3v, 5tt; . . . , as shown in Fig. 6-1. 



The new function, thus obtained by periodic prolongation of the function 
y = x given in the interval — ir, +7r, is periodic of period 2tt and may be 
expanded into a Fourier series, which will equal x between —7 r and +7r 
but will be different from y — x outside this interval. 

Since y = x is an odd function, its Fourier coefficients are given by 
Eq. (6-2-6), 

a„ = 0 

b„ — — I f(x) sin nx dx = - x sin nx dx 

* JO TT Jo 
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= — / x (—d cos nx) = — —x cos nx 4- / cos nx rfxj 

im J o wn Jo Jo J 


= £ f 

■trn l 


cos -nit H — sin nx 
n 


1 = - ? 
3 J n 


cos nr 


or, since cos mr equals +1 for n even and — 1 for n odd, 

by means of which Eq. (6-2-1) gives 


f(x) -= x = 2 ^ (-7T < x < +*-) (6-2-7) 

n = 1 

Figure 6-2 shows how the graphs, obtained by taking an increasing 
number of terms of Eq. (6-2-7), approach the graph of y = x between 
— and +7T. 



3 TERMS 


Fig. G-2. 


4 TER MS 
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Since every term of Eq. (6-2-7) becomes zero at x = kir (k — ±1, 
+ 2 +3, . . . ), the series equals zero at x = kw. It will be noticed 
that the periodically prolonged function y = x is discontinuous at x = hr, 
since it jumps there from +tt to —x, and that the average of the two values 
to the right and left of the discontinuity is zero. It can be stated in 
general that the Fourier series of a function will converge toward the value 
of the function at poin ts where the function is continuous; toward the average 
of the two limits from left and right at points of discontinuity. 

d. Since a function does not have to be continuous in order to be 
Fourier expandable, we can expand into Fourier series functions that are 
defined by more than one mathematical expression. For instance, the 
function 


V = 



— TT < X < 0 
0 < X < +7T 


& 







■ 


‘ 




2 

1 













“•3ir 

-2nj 

-ir 

0 

TT 

2rr 

3ir 





-2 














Fig. 6-3. 


whose periodic prolongation is shown in Fig. 6-3, has the Fourier coef- 
ficients 


«o 


= - r f(x) dx = - f° (-1) dx + - r (2) dx = 1 
r J - T r J r tt Jo 

1 f T if 0 l [* 

— ~ / fi x ) cos nx dx = - / ( — 1) cos nx dx H — / 

fJ-T r J TT Jo 

i no o 


- - — sin nx 
mi 


H sin nx 

mi 


(2) cos nx dx 
= 0 


1 if 0 1 [* 

o n — - I f(x) sin nx dx = - / (— 1) sin nx dx + - / (2) sin nx dx 

rj-r r J r TT Jo 


— — cos nx 
mi 


0 2 r 3 

cos nx = — (1 — 

_ _ r mi Jo mi 


cos mr) — •{ nx 
0 


for n odd 
for n even ( 
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and a Fourier expansion given by 

'«=5 + ; t 


sin nx 


(— v < X < + x) 


1,3,5, ... 


At x — = 0, ±1, ±2, • • • ) the value of the series is fj, average 

of the two values — 1 and 2 to the left and right of the discontinuity. 


6*3 Fourier Expansion in 0, r. 

When the range of values of x, in which we are interested, is limited to 
the half Fourier interval 0, x, the periodic prolongation of the given 
function is not unique but can be performed in an infinite variety of 
ways. For instance, the function y = x given in the interval 0, x can 
be prolonged in the other half interval — x, 0 as shown in Fig. G-4a, 



(a) 



(b) 

Fig. 6*4. 



giving rise to an odd function, or as shown in Fig. G-46, giving rise to an 
even function, or as shown in Fig. 6-4c, giving rise to a function that is 
neither odd nor even. Whenever there is a free choice in the prolongation 
of y to the left of the origin, even or odd prolongations are to be pre- 
ferred, since they save the computation of half the Fourier coefficients. 
It is thus seen that a function given in the complete Fourier interval has 
a unique expansion, while a function given in the half Fourier interval 
may have a sine, a cosine, and an infinity of sine and cosine expansions. 

For instance, the function y — x, which had to be expanded into a 
sine series when given in — x,x, has instead the following cosine expansion 
when given in 0, 


2 


/ x cos 7 ix dx = — \x sin nx — / sin nx dx | 
Jo ~n \ Jo Jo j 


2 

= — „ cos nx 

X7i- 




o 


(cos Tlx — 1) = 

XT?' 



a. 


for n even 
for n odd 
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IT 2 

X ^ (0<x<.) (6*3-1) 

n — 1,3,5, . . . 

Equation (6-3T) converges more rapidly than Eq. (6-2-7), since in Eq. 
(6-3-1) the increasing integers n appear squared at the denominators of 
the successive terms of the series. 

The even- and odd-fimction coefficients (6-2-5) and (6-2-6) can thus 
he used for the expansion in terms of sines only or of cosines only of any 
function given in the half Fourier interval; for this reason they are also 
called the half-range coefficients or the cosine and sine coefficients of /(x), 
respectiveljx 




6-4 Fourier Expansion in — L,L and 0, L 

Since in most engineering problems the range of values of the variable 
x is not limited to the Fourier interval — tt,tt or the half Fourier interval 
0, v, it is of interest to determine the Fourier expansion of a function /(x) 
given in any interval — L.L or 0 , L. 

To this end we introduce a new independent variable z, which varies 
in —ir, ir as x varies in —L.L, 



and let 

/(*) = / z ) = ^( z ) Q>) 

The new function <h(z) defined in — tt,- can now be expanded into a 
Fourier series by means of Eqs. (6-2-3) and (6-2-4), 


where 


w cc 

<(z) = ~ a 0 + ^ a„ cos nz + ^ si: 

n = 1 n = 1 

1 r 

<*n=Z 

K-lfl 


4>(z) cos nz dz 
4>(z) sin nz dz 


(c) 

(d) 

(e) 


In order to obtain the expansion in terms of the original variable x, 
substitute Eq. (a) into Eqs. (c), ( d ), and (e). 



204 


SOLUTION OF ENGINEERING PROBLEMS 


[Sr.c. 04 


tc 00 

$(z) = fix) = i a 0 + ^ a„ cos y x + ^ b„ sin ~ x (6-4-1) 

n « I n •** I 

a„ = i f fix) cos xd^- — ~ [ fix) cos ^ x dx (6-4-2) 

7T j -X, ir L h J -b 

b n — ~ J f(x ) sin y 2 ; d y = y J fix) sin y x dx (6-4-3) 

Equations (G-4-1) to (6-4-3) give the Fourier expansion of f(x) in any 

finite interval —L,L. This expansion is periodic of period 2 L. 

It can be proved that the coefficients «„ and b„ can also be computed 
by extending the integrals in Eqs. (6-4-2) and (6-4-3) to a complete 
period 2L starting at any point. Thus, more in general and with c an 
arbitrary constant, 


1 rc+2L n ^ 

a n = j / f(x) cos y x dx 

, 1 / C+2L „ . . nr 

b n = z J fix) sin y x dx 


For c = 0 we obtain the commonly used formulas 


K ~ii: 


f{x) cos y x dx 
f{x) sin y x dx 


(6-4-2a) 


(6-4-3a) 


(6-4-26) 

(6-4-36) 


The half-range expansions in 0, L are similarly given by Eq. (6-4-1) 
with the following coefficients: 


0 in cosine terms (6-4-4) 


2 C l u 

a„ = y / /(x) cosyidi; b„ = 0 in cosine terms (6-4-4) 

2 f L n - 

b n — j- J fix) sin y x dx; a„ = 0 in sine terms (6-4 ; 5) 

For example, the sine expansion of y — x in (0, 3) is given by 

, 2 f 3 .nr . 2 f 3 . nr , nr 

b n — o / * sin x dx = — / x sm — x d-^- x 
& J o 3 Jo 3 3 

2 nr P f 3 nr ,1 

= — -x COS v X + / COSr-xrfx 
n- [ 3 Jo yo 3 j 

2 ( „ . 3 . nr l 3 ) 6 . 6 

= — —3 cos nr d sin -r- x j = — — cos nr = ( — l)” -1 — 

nr nr 3 o) nr nr 


. nr , nr 
sinyxdyx 


3 . nr 


3 cos nr + — sin y xJ^J = --cosnr=(-l)»-»- 
2 ^ (-1)- 1 ^ (0 < x < 3) 
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By means of the half-range coefficients any function given in the 
interval (0, L) may be expanded into a series containing only cosines or 
only sines, but a suitable periodic prolongation also allows the expansion of 
any function given in (0, L) in terms of only odd cosines or only odd sines. 
To this purpose, notice that, for example, the odd sines have graphs 
antisymmetrical with respect to the origin 0 and symmetrical with respect 
to the quarter-period points A,B (Fig. 6-5). If the interval (0, L), in 




ff-x)--f(x) 
f(2L-x)=f(x) 
Fig. 6-6. 


which f(x) is given, be considered as one-fourth the period 2 L and the 
graph of f(x) be prolonged to —2 L, +2L, symmetrically with respect to 
0 and antisjnametrically with respect to —L and +L (Fig. 6-6), its 
expansion will contain only odd sine terms. The coefficients of this 
expansion are 


b n 



(n odd) 


or, 


since both/(x) and sin (nir/2L)x (n odd) are symmetrical about x = L, 


S= _2f 

" Ljo 


f(x) sm X dx 


( n odd) (6-4-6) 






206 


SOLUTION OF ENGINEERING PROBLEMS 


[Sec. 6-4 


Similarly, it being noted that the odd cosines are symmetrical about 0 
and antisymmetrical with respect to the quarter points, f(x) may be 
prolonged to —2 L, +2 L in the same manner (Fig. 6-7) and its coefficients 
null be given by 


a n = ££ Jo ^ C0S 5L xdx = Z Jo ^ C ° S lzL xdx odd ) (6-4-7) 

Wien the Fourier series expansion of a function contains both cosine 
and sine terms, these may be combined by noticing that the sum of 



ffZL-x)--f(x) 

Fio. 6-7. 

the nth cosine and the nth sine terms is equivalent to a single cosine term 
containing an angle of phase 


tm . , . run tin , , N 

a„ cos ~j~ x -p b n sm -j- x = c„ cos {x + x n ) (/) 

where c„ is the amplitude and n~x n /L the phase angle of the nth harmonic. 
To determine c„ and x„, expand the right-hand member of Eq. (/), 


TItt . , v /nr /nr . /nr . /nr 

C n COS -T- {X + X n ) = C n COS ~y~ X n COS -y- X — C n Sin -y- X n Sin -y 

1m Lt Lj Jj Lt 

and equate the coefficients of cos ( mr/L ) x and sin (nir/L) x on both sides 
of Eq. (/). 

\ 


?!7T 


717T 


nir 

a n Cn cos i x n 

, . nrr 

On = —c„ sm ~y x n 


Squaring and adding, we obtain 

c„ = VW+bl 
while, taking the ratio, we get 


n- . —h 

~r~ x„ = arctan — 
L a 


(<>) 

(6-4-8) 

(6-4-9) 
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Of the two angles defined by this equation, that angle must be chosen 
which satisfies separately both Equations (g). 

By means of Eq. (6-4-8) and (6-4-9) the Fourier expansion of f(x) can 
be written 

eo 

f(x) = ^ a D + ^ c„ cos ^ (x + x „ ) (6-4-10) 


where the a„ and b n are given by Eqs. (6-2-10) and (6-2-11). 

6-5 Complex Fourier Series 

If we substitute in the Fourier expansion of f(x) in the interval (— Tr,ir) 
the expressions for cos nx and sin nx in terms of imaginary exponentials 
[Eqs. ( b ) and (c) of Sec. 5-12), 


cos nx = 


gmx g— : ntz 


gmx g — mx 


sin nx = 


gtitx g — nix 


2 i 




we obtain 


sin nx 


f(x) = i a 0 + ^ a n cos nx + b n si 

n=l n=l 

03 ec 

V e n “ + . V 7 

2/ ° n 2 1 4 " 


- 2 + 


gTMX g — fttX 


or, assembling in two separate series all the positive and all the negative 
exponentials, 


m 


But since 


-~ 2 a °+ 

n=l n^l 


+ ib n . 
" e -nu! 


(o) 




/(x) cos na: dx b 


and 


-i r 


/Or) sin da; 


cos n-a: — i sin nrc = c - cos na: + z sin na; = e n£s 
tlie coefficient of e m ' r , which we shall call c n , becomes 

On — t‘6 n 


C« — • 


^ = J_ f r 

2zr 


f(x) cos nx dx 


- - r 

2zr 


/(a;)z sin na; da: 


~ 2rr J_ t ~ f ' z) (cos nx ~ * sin nx ) dx== ^Z J f(z)e~™ T dx (6-5-1) 
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Similarly, the coefficient of c~"' r becomes 


a„ + ib 


-if: 


j{x) cos nx dx + 


1 [' 

2 ~ J - T 


f{x)i sin nx dx 


f(x) (cos Tix + i sin nx) dx 




f(x)c Mx dx (b) 


Comparison of Eq. (5) with Eq. (6-5-1) shows that the coefficient 
(a„ + fb„)/2 is obtained by changing n into — n in the expression for c„; 
hence it is logical to let ( a„ + ib n )/2 = c_. Remembering finally that 



dx 


we notice that Co, that is, the value of Eq. (6-5-1) for n — 0, is equal to 
Hence the Fourier expansion may be written as 


f(x) = c 0 + ^ c n e nix + ^ c_„e 


(c) 


In the second series of Eq. (c), as the running integer n takes the values 
1, 2, 3, . . . , the subscript and exponent — n take the values —1, —2, 
—3, . . . ; hence the series is unaltered if the subscript and exponent —n 
are changed into +n and the running integer is given the values —1, —2, 
-3, 


f(x) = c 0 + ^ c„e ml + 

n ■*= 1 



c„e nix 


By noticing that e oix = 1, the expansion can finally be written by means 
of a single sum from — w to + <» , 


f(x) = 


2 


n « — « 


c n e 


nix 


where the coefficients c„ are given by Eq. (6-5-1). 


c„ 


2 - 



f(x)c~ nix dx 


(6-5-2) 


(6-5-1) 


Equations (6-5-1) and (6-5-2) give the complex form of the Fourier 
expansion in (— x,t), which is particularly useful in theoretical deriva- 
tions. When the expansion is needed in —L,L, the corresponding 
formulas become 




The advantages due to the conciseness and simplicity of the complex 
Fourier expansion are somewhat impaired by the fact that this form of 
Fourier series makes no distinction between odd and even functions, 

i.c., between sine and cosine expansions. 


6-6 Dirichlet’s Conditions 

The conditions for a function to be Fourier expandable are not restric- 
tive. In practice, almost all the functions met in engineering problems 
are Fourier expandable. The following set of conditions, due to Dirich- 
Iet, guarantees that the Fourier expansion of fix) will converge toward 
fix) at all points of continuity: 

1. fix) must never become infinite in the interval of definition. 

2. fix) must be single-valued. 

3. /(.t) must have, at most, a finite number of discontinuities in the 
interval of definition. 

4. f(x) must have, at most, a finite number of maxima and minima in 
the interval of definition. 

When the periodically prolonged function f(x ) is discontinuous, its 
Fourier coefficients approach zero at least as fast as 1/n [see, for example, 
series (6-2-7)]; when fix) is continuous with discontinuous first deriv- 
ative, its coefficients approach zero at least as fast as 1/n 2 [see, for 
example, series [6.3.1)]; when fix) is continuous together with its first 
is — 1) derivatives but its sth derivative is discontinuous, its coefficients 
approach zero at least as fast as 1 /»* +1 . 

When the prolonged function is continuous, the derivative of its 
Fourier series gives the Fourier series of its derivative. The integral of 
the Fourier series of a function equals the Fourier series of the integral of 
the function. 
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6-7 Harmonic Analysis 

a. In order to investigate the stresses and strains in the structural 
members of an airplane in flight, special strain gauges are attached to 
the wings and fuselage of the airplane, and their readings of the strain 
fluctuations are recorded during the flight. 

Many of these records are taken in a complete survey, and it becomes 
necessary' to analyze them in order to determine the causes of the strain 
variations, since failure in flight is often due to resonance between the 
natural frequencies of a structural member and the frequencies of the 
engine disturbances, which are always of a periodic character. The 
strain records are therefore analysed for periodic components, as many 
other experimental periodic functions are analyzed to determine the 
"spectrum” of their components. 

It is proved in the theory of sound that a note emitted by r the human 
voice or by r an instrument is a combined vibration in which every com- 
ponent is sinusoidal. The component of lowest frequency' is called the 
fundamental or first harmonic and gives the pitch of the note; the other 
components, called the higher harmonics of the note, have frequencies 
that are multiples of the fundamental frequency and define the "color,” 
or “overtones,” of the note. 

Borrowing the terminology from the theory of sound, the determina- 
tion of the components of a periodic function is called harmonic analysis. 
Harmonic analysis is generally applied to functions of known period, 
represented by graphs or tables. Occasionally' it is also applied to func- 
tions known analytically', whenever it is impossible to perform rigorously' 
the integrations required for the determination of their Fourier coefficients. 

Harmonic analysis can be performed by means of special instruments, 
called harmonic analyzers, by' geometrical constructions, or by numerical 
methods. Only numerical methods will be considered here. 

h. Given a function f(x) and its Fourier expansion in (0, 2 L), 


in which 


« ae 

f(x) = ^ a 0 + ^ a„ cos — x + ^ h n sin ~ : 

n = 1 n « 1 


a n 

h n 


1 

L 

1 _ 

L 



f(x) cos ~ x dx 
f(x) sin ~ x dx 


an approximate value of the coefficients a„ and 6„ can be easily obtained 
by substituting finite sums for the integrals of a n and b n . 

Dividing the interval (0, 2 L) into N equal parts of length Ax = 2L/N 
and calling x r (r = 1 , 2, 3, . . . , A r ) the separation points, we find that 
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a n and b„ are given approximately by 

N 

an ^L 

r = l 
N 

= ^ f(x r) COS ~ X T (6*7-1) 

r==l 

N 

b n ~ W X Sin XT (6*7-2) 

r=l 

The values y r of the function /(re) at the A'’ points x r can be taken from 
the table or the graph of f(x), and the a n and b n are twice the average of 


1.2 


0.8 


0.4 


0 

0 0.4 0.8 1.2 1.6 2.0 2.4 

jr= 1 2 3 4 5 6 



V f(x r ) COS ~ Xr Ax 


Fig. 6-S. 


these values multiplied by the corresponding values of cos ( mr/L)x r and 
sin (mr/L)x n respectively. For the results to be accurate, the number of 
intervals N into which the period is divided must be high. If n is the 
largest component expected to be present in the graph or table, N must 
be at least equal to 2 n and sometimes much larger than this number. 

Table 6T shows the computation of ao,ai,a 2 ,a 3 ,&i for the case of a 
function f(x) in the shape of a triangular wave of period 2 L — 2.4 and 
amplitude 1.2, taking six subintervals (A r = 6) (Fig. 6-8). [It is easy to 
see that all the 6„ as well as all the even a n (n ^ 0) will be zero.] 

Although Eqs. (6-7-1) and (6-7-2) give a simple method for the compu- 
tation of the coefficients a„ and b n in harmonic analysis, other more 
practical procedures have been devised and are extensively used. 


6-8 The Runge Schemes 

Let us assume that the Fourier expansion of f(x) can be stopped after 
three cosine terms and two sine terms, i.e., that no cosine terms higher 
than the third and no sine terms higher than the second appear in the 
graph of /(x). In this case, 

f(x) = + Ax cos x + Ai cos ^ x + As cos ^ x 

+ Bi sin jr x + S 2 sin x (6-8-1) 



^ M tO 
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Table 6T 



•*? C» O 
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Table 6T ( continued ) 

= ^ = 0.6 ox = - M = -0.533 °2 — 0 

0 4 

a 3 = - ~ = -0.133 


bi = 0, b 2 = 0, . . . , b„ = 0 

3?r 

/(x) = 0.6 — 0.553 cos — jj •' c — 0.133 cos j-g a;. 


The Runge method consists in determining the six coefficients A 0 , 
Ai, A 2 , A 3, Si, and B 2 by compelling the curve (6-8-1) to pass through the 
six points x r ,/(x r ) (r = 0, 1, 2, 3, 4, 5) of the graph of /(a:), whose abscissas 
divide the period 2 L into six equal parts. Substituting x T for x and y r 
for /(; x) in Eq. (6-8-1), we obtain the following set of six simultaneous 
equations for the unknown constants A and B: 


= A 0 + Ai COS ^ X r + As COS ^ X T + A 3 COS ^ X r 

7T 2-7T 


+ B x sin y x r -f B 


It must be noticed that since x r = r(2L/6), the angles appearing under 
the sine and cosine functions are of the type 

= A-r^ (A- — 1, 2, 3; r = 0, 1, 2, 3, 4, 5) 


A’TT 

IT*'" 


Air 2L 
L T 6 


i.e., are all multiplies of 27r/6 = 60°. Hence the coefficients of the 
unknowns in Eqs. (a) are the numbers ±1, ± -\/3/2, +3^. Due to this 
fact, system (a) can be easily solved by means of a simple scheme, called 
the 6 -ordinate Runge scheme, in which the known ordinates y 0 , Ui, yi, y 3 , 
Vi, y 5 are added and subtracted and their differences and sums are added 
and subtracted again as shown in the following table : 


6-ordinate Scheme 



Po 

y i 

y 2 


2/3 

2/i 

ys 

Sum 

Vo 

Vi 

v 2 

Dig. 

■Wo 

Wi 

w 2 

Vo V 1 


Wo 

Wi 

Vi 




Po Pi 

Sum 

To 

n 


DifE. 


Si 


Po 


r 0 


Pi 


Sl 

Sum 

to Dig. 

Uo 
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Table 6-2 shows how the coefficients A and B are obtained in terms of 
the sums and differences of the 6-ordinate scheme. The numbers 
appearing in the same column are multiplied by the constants appearing 
in the first column and then added to give three or six times the constants. 


Table 6-2 


Multiplier: 

0.5 

O.SGO 

1.0 

^0 

Si 

To 

-pi 

P» 

Vo 

n 

<7i 


6A 0 

2Ai 

3Aj 

6^1 a 

3 B, 

3B 5 


The following example shows .he use of the scheme with reference to 
the triangular wave function of Fig. 6-8: 




0 

0.4 0.8 





1.2 0.8 0.4 





v 1.2 1.2 1.2 





w - 1.2 - 0.4 0.4 



Vo 

«x 1.2 1.2 

Wo 

Ml 

to 

1 

0.4 


t> 2 

1.2 


Wo 


0.4 

Vo 

Px 1.2 2.4 

To 

Tl 

- 1.2 

0.0 


<1 1 

0.0 


Si 

- 

0.8 


Vo 1.2 


T\ 

- 1.2 



Pi 2.4 


Si 

- 0.8 



to 3.6 


no 

- 0.4 


M 

G4o 

SAx 

3A t 

GA, 

! 

3B, 

1 

3Bj 

0.5 


-0.8 

-2.4 


i 


0.8GG 





0 

0 

1.0 

3.6 

-1.2 

1 2 

-0.4 




3.6 

-l.G 

0 

-0.4 

0 

0 


-4 0 = ^ = O.G -4, = - ^ = -0.535 A* = 0 

0 4 

A 3 = - ~ = —0.0667 
6 

B 1 = 0 B» — 0 

/( x) = 0.6 — 0.533 cos ^ x ~ 0.0G67 cos ~ x 
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Upon dividing the period 2 L into 12 parts and taking 6 cosine terms 
and 5 sine terms, the function 


6 5 

f(x) = + V cos ^ x + ^ 

n = 1 n = 1 


B n sm -j- x 


( 6 - 8 - 2 ) 


can be made to pass through 12 equally spaced points of the experimental 
graph or table. The solution of the corresponding system of 12 equations 
can be obtained by the following 12-ordinate Bunge scheme. 

Twelve-ordinate Schbice 




Va 

Vi 

yn 

Vi 

yia 

Vs 

Va 

yi 

ys 

ys 

yi 

ys 

Sum 


Va 

Vl 

V« 

Vl 

Vl 

Va 

Vs 

Diff. 



Wi 

W2 

Wi 

V>1 

Ws 


v a 

Vl 

Vi 

Vl 



Wi 

102 

Wl 

Vs 

Vs 

Vi 




Ws 

Wl 


?0 

Pi 

Pa 

Pa 

Sum 


ri 

Tz 

Tl 

So 

Si 

Sa 


Diff. 


Sl 

Si 



Pa 

Pi 



ri 

So 




Pi 

P» 



rs 

Sa 



Sum 

la 

h 

Diff. 


h 

li 




Pi 

Pa 

Si 


la 





Pi 

Ps 

Si 


h 




Sum 

mi 

VI 2 

Ml 


h 




Difi. 

v.1 

n 2 

Zl 


Cl 





Table 6-3 
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In the following example of 12-ordinate scheme is applied to the tri- 
angular wave of Fig. 6-8. 



0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 



0.2 

0.4 

0.6 

0.8 

1.0 


V 

~o~~ 

0.4 

0.8 

1.2 

1.6 

2.0 

1.2 

w 


0 

0 

0 

0 

0 



Since all the w are zero, the r and s and are also zero and all the 
B are zero. 


0 0.4 

1.2 2.0 

1.2 2.4 

- 1.2 - 1.6 

- 1.2 
- 0.8 


0.8 1.2 

1.6 

2.4 1.2 

- 0.8 

2.4 1.2 

2.4 J.2 

m 4.S 2.4 

n 0 0 


1.2 2.4 

2.4 1.2 

l 3.6 3.6 


3.6 

343 

6i 7.2 

ci 0 


M 

! 

12A 0 1 

l 

64, 

64, 

64 > 

64, 

Gils 

.1 

124 1 

BI 


mm 

o 


— 4.S 

— 


9 

1 I 

EE9i 







1.0 I 

teai 

-1.20 

0 

-0.4 

2.4 

-1.2 

0 

1 

■9 

-2.9S5G 

i 

0 

-0.4 

0 

-0.2144 

0 


Ao — 0.6 4 1 — — 0.49/6 A? — 0 A$ ~ — 0.0667 

Ai — 0 .4 5 — — 0.0357 Ac — 0 

f(x) = 0.6 — 0.498 cos x — 0.0667 cos ^ x — 0.0357 cos x 

1 ./ 1 ,£j 1.2 

To check the accuracy of this result we may compare it with the actual 
Fourier expansion of the same triangular wave, 

f(x) = 0.6 - 2.4 V ™ s ..('!Z/ L2 > 

Z-/ 

n =» 1,3,5, . . . 

whose first few coefficients are equal to 
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-4. 0 = 0.6 Ai = —0.405 A 2 = 0 A 3 == —0.0450 

Ai = 0 A 5 = -0.0162 A 6 = 0 

Upon dividing the period 2 L into 24 parts and taking 12 cosine terms 
and 11 sine terms the function 


12 11 

/(x) = Ao + ^ A „ cos X x + ^ Bn sin X x (6-8-3) 

n = l n = 1 

can be made to pass through 24 equally spaced points of the experimental 
table or graph. The solution of the corresponding system of 24 equations 
can be obtained by r a scheme similar to the 6- and 12-ordinate schemes. 

There have also been worked out 48- and 72-ordinate schemes. These 
are used in the harmonic analysis of complicated graphs. 

A detailed explanation of the 24-ordinate scheme appears in J. B. 
Scarborough’s “Numerical Mathematical Analysis.” 1 “Wave Form 
Analysis”- by R. G. Manley- contains both the 24- and the 48-ordinate 
schemes. 

6-9 The Selected-ordinate Method 

Another numerical method of harmonic analysis, due to Fischer- 
Hinnen and called the selected-ordinate method, is based upon a particu- 
lar property of periodic graphs, which we shall now prove. 

Given a function y{x) periodic of period 2 L, write its complex Fourier 
expansion 

V (z) = ^ c n exp ) 

71 = — o c 

[exp (x) is a typographically more convenient way of writing e- when the 
exponent x is complicated] 

Starting from an arbitrary' point x 0 , divide the period 2 L into k equal 
parts by means of the k points 

zo, xo + x 0 + 2 • - * > Xo + (k — 1) 

1 Johns Hopkins Press, Baltimore, 1930. 

: John Wilev & Sons, Inc., New York, 1945, 
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The values of y at these points are given by the series 


| Sr.c C-9 


y(x o) = ^ <\ exp (^j~^ 

n «= — « 

v { Xo + t) = X Cn exp [^zr ( Xo + t)] 

7) 9 — to 

Y' ( iri7rXo\ ( in2-\ 

= 4 c " exp V~J exp V~J 

tt « 

* [ Xo + (/; “ (t)] = X Cb exp {? [*• + (,; " 1} (t)] } 

n *= — « 

= I) c » t >xp( H! p)e X p(tnLzi2r) 


(a) 


Jfc-1 


Indicating with ^ y k the sum of the I: values (a) and letting 


a = e” 


we obtain 

k - 1 


(&) 




/ in- rxo ' 


c n exp ^ [1 T c m;r/i + e ;m;tr/i 

-4- e a™:r/t _J_ gU— 1) (tn2r/jfc)J 

ec 

= ^ c r . exp i -f a -f a= + a 3 + • • • -f- a i_I ) (c) 


or, since 


1 o -{- -f- * * * "f - = 


1 - a* 
1 — a 


(see Sec. 5*10 a) 


4 *” X 


w 


n “ — « 


We now notice that the exponential 


e m:r — C03 m 2- -L. { s i n m 2- 
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equals 1 when m is an integer and is different from 1 when in is not an 
integer. Hence, whenever njk is not an integer, e i2rn/k is different from 1 
and the denominators of the fractions in Eq. ( d ) are different from zero. 
The numerators of these fractions are, instead, equal to zero, since 
c tnir = i; therefore all the terms of the series (d) for which n/k is not an 
integer , i.e.Jor which n is not a multiple of k, vanish. 

The terms for which n /k is an integer, say r, assume the indeterminate 
form 0/0, but in this case a = e ir2r = 1 and the sum of the terms in the 
parentheses of Eq. (e) is k. 

In conclusion, the sum ( d ) contains only those terms for which n is 
a multiple of k, n = rk, and it may be written as 

y* = k ^ c rt exp ( e ) 

0 r= — 

The complex expansion (e) may be transformed into a trigonometric 
expansion by reversing the procedure used in Sec. 6-2, 


X ( irkTrxo\ V ( irkwx 0 \ . 

a. exp (-j - ) - 2, ex P \~L~ ) +c ’ 

' — co r = — eo 

+ £ ** (tt) = e " + ^ exp (tt) 

r= 1 r=l 

+ c_ rt exp ^ = Co + ^ 


rk-n-xo 

rk cos — f (- B T k sin 


and hence Eq. (c) becomes 


in which 


k— 1 « 

2/* = A'Co + A' 

0 r = l ' 


rli'TTXo . „ . r/,'7r.r 

COS — = f~ x> r Jt sin 


rkirxo\ 

L ) 


. rknxfs 

m -JT) 


(6*9-1) 


i r L 

= 2L / 0 ^ = avera S e ordinate of the y graph (6-9-2) 

Equation (6-9-1) is the basis of the Fischer-Hinnen method. 

If in Eq. (6-9T) we let x 0 = 0, that is, if the period 2 L is divided into 
k equal parts starting from its left end and we call AM the corresponding 
sum of ordinates, 

1'»Lo - 


= AM 


(6-9-3) 
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we obtain 

A (ki = /.To 4 k ^ Ark = /to + k(A t 4 A«k 4 Aik + • • •) 


r ** 1 


from which 


A = -r d (i) — Co — (A^ 4 Ask 4- Aik 4* 

/,- 


•) 


(6-9-4) 


If in Eq. (6-9- 1) we let x 0 = 2L/4J;, that is, divide 2 L into 4k parts 
and consider the ordinates 2 /i, 2 /s, 2/9,2/13, • - • > we obtain 

r/.— L - [ 0 for 7 °dd 

cos r ‘J x ° = cos -jj^p = cos r ^ { — 1 for r = 2m and m odd 


. rkTX o ■ rk-L ■ ~ _ 

sm ~L~ ~ sm ~L2k ~ Sm r 2 ~ 


( 1 for r — 2m and m even 

0 for r even 

1 for r = 2m 4 1 and m even 
— 1 for r — 2m 4" 1 and n odd 


and, upon calling 


Eq. (6-9-1) becomes 


Jb-l 


2-1 


Tae*L/2h 


= £<« 


B lk} — kca 4 k( — Aik A An ~ 4«. 4 A$i- — • - - 

4 B k — Bn-. 4 Bik — B 7 k 4 • ■ •) 

from which 


B* = j B <h) — co 4 (dj* — Atk 4 A^ ~ A^ 4 • • • 

4 Bit - B%k 4 B-,y. — B<ik 4 • • (6-9-5) 

The evaluation of the coefficients (6-9-4) and (6-9-5) is started by 
computing the average ordinate c 0 ; this is done by evaluating the area 
under the y graph by Simpson’s rule (see Sec. T9 f) and dividing it by 
the period 2L. 

The index k m of the highest harmonic appearing in the graph is then 
estimated and A L „ and Bi- m are computed by means of Eqs. (G-9-4) and 
(6-9-5), in which all the A and B appearing in the right-hand members are 
neglected, since their indices are multiples of k m and l; m is the highest 
index considered. 

A k „ = 4- — co 

‘‘tn 

= i- - co 

n m 
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The next lower index k is then considered, and the corresponding A k and 
Bh are computed by means of Eqs. (6-9-4) and (6-9-5), the procedure 
being continued until Ai and B i are evaluated. 

The method will now be applied to the triangular wave of Fig. 6-8. 
The area under the y graph equals (2.4 X 1.2)/2 = 1.2 2 , and the average 
ordinate is Co = L2 2 /2.4 = 0.6. The highest harmonic considered will 
be the third. Dividing the period 2.4 into k ~ 3 equal parts, starting 
at x = 0, we obtain 


and 


4 ® = 0 + 0.8 + 0.8 = 1.6 


As = y z x 1.6 - 0.6 = -0.0667 


Dividing the period 2.4 into 4k = 12 parts and considering the ordinates 
yhVhys, ■ ■ • , we obtain 


B< 3 > = 0.2 + 1.0 + 0.6 = 1.8 
and 

B 3 = H X 1.8 — 0.6 = 0 

Similar]} 1 -, dividing the period into k = 2 equal parts, starting atx = 0, 

AW = 0 + 1.2 = 1.2 
Ao = ^ - 0.6 = 0 

and, dividing the period into 4& = 8 equal parts, 

£<2) = 0.3 + 0.9 = 1.2 
Bo = ^ - 0.6 = 0 

Dividing the period into k = 1 parts, 

= 0 

-4i = ^ A (1) — co — (A o -f- A 3 + A 4 + - - - ) 

= 0 - 0.6 - (0 - 0.0667) = -0.5333 
and, dividing the period into 4/; = 4 parts, 

£<« = 0.6 

= j. — co + (Ao — A4 +---) + (B3 — Bb + • • • ) 

- j X 0.6 - 0.6 + 0 + 0 = 0 
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The values of the constants thus obtained are, in this case, identical with 
the values obtained 'by the G-ordinate scheme. 

When the highest harmonic to be considered is the 6th, we obtain, 
similarly, 

k = G A«> = 0 + 0.4 + 0.8 + 1.2 + 0.8 + 0.4 = 3.G 

A 6 = ^ - 0.6 = 0 
6 

k = 5 A<*> = 0 + 0.48 + 0.96 + 0.96 + 0.48 = 2.88 

A s = _ 0.6 = -0.024 

0 

k = 4 A«> = 0 + 0.6 + 1.2 + 0.6 = 2.4 

2 4 

At — —7- — 0.6 = 0 

A- = 3 A< 3 > = 0 + 0.8 + 0.8 = 1.6 

A 3 = ^ - 0.6 - At = -0.0667 
k = 2 A* 21 = 0 + 1.2 = 1.2 

At = ~ — 0.6 — (At + A g ) = 0 
A- = l A‘» = 0 

Ax = j — 0.6 — (A 2 +• A3 + A4 4* Ac + A e ) 

= -0.6 - 0 + 0.0667 - 0 4- 0.024 - 0 
= -0.5093 

The B have not been computed since they are equal to zero. 

These results are different from those obtained from a 12-ordinate 
scheme, which shows that the two procedures are not equivalent. 

It should be noted that the fundamental formulas (6-0-4) and (6-9-5) 
of the selected-ordinate method have been obtained by chosing xc = 0. 
Hence the graph to be analyzed must always be referred to an x axis with 
origin at the left end of the graph. 


Problems 

1. Prove the orthogonality conditions 

(а) J cos mi sin nxdx =0 

(б) j Q sin mi sin m dx = j 

2. (a) What essential conditions should be satisfied by a family of functions 
/i(x),/:(z), . . . ,/r.(i), . . . in order that the functions may be used in expansions of 
the Fourier type with interval (a, 6)? 


m n 
m — n 


(m,n = integers) 
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(6) Why would a series 


f(x) = a 0 + ^ On cosh nx + ^ b„ sinh nx 
n=l n=l 


not jdeld as fruitful results as a Fourier series? 

3. Determine the constants A h A 5 , Az, B«, B z , C 3 such that the polynomials 

fi(x) = Ai 

fz(x) = A- + B~x 

fz(x) = A s + B s x + C s x- 

form an orthogonal set in the interval (0, 1) with 



(i = 1, 2, 3) 


4. (a) Expand in a Fourier series the function illustrated in Fig. 6-9. 

(b) Sketch the series using 1, 2, and 3 terms of the expansion. 

(c) What would be the expansion of the function if the x axis were shifted up half 
a unit? 



6. Expand in a Fourier series the function illustrated in Fig. 6-10. What is the 
value of the series at 0? at r? 
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6. Expand in a Fourier series the function defined in the complete Fourier interval 
by the sketch of Fig. 6-11. 


-7 


2 

| 


! 



i 

r 


! 

1 

1 


1 

! 0 
L__-i 

+Z 4TT 

T 2 



-2 



Fig. 6-11. 


7. Sketch a square wave (y = —r, — r < x < 0; y = 0 < x <-) with the 

first and third harmonics removed. 

8. Given a Fourier expandable function in an interval (xi,x 2 ), is it always possible 
to obtain (a) a Fourier series containing only sine terms, (6) a Fourier series containing 
only cosine terms, that will represent the given function in the interval (xj,x-)? 
Discuss. 



9. The function shown in Fig. 6-12 is 
defined in the half Fourier interval. Expand 
it (a) in sine terms only, (6) in cosine terms 
only. 

10. Expand the function shown in Fig. 
6-13 as an even function. 



11. Expand the function defined in the complete Fourier interval (—2, +2) in 
Fig. 6-14. What is the value of the series at 0? at +27 



Fio. 6-14. 
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12. Expand the function defined in the complete Fourier interval (—1, +1) in 
Fig. 6-15. What is the value of the series at 0? 



13. Expand the function shown in Fig. 6-16 


(a) in sine terms only 

(b) in cosine terms only 


3 

2 

y 




\ 

I 



! i 




i i 

i i 

i i 

1 

1 

1 , 

0 


2 4 

Fig. 6-16. 

6 


14. Expand the function shown in Fig. 
6-17 


(a) in sine terms only 

(b) in cosine terms only 



16. (a) Expand the function shown in Fig. 6'18 in a Fourier series. 

(b) Taking the limit as a approaches zero in the coefficients of the previous 
expansion, obtain the expansion of the so-called “unit-impulse” function 



— 

1 

a 

y 

— 


~ir -ir+a 0 

7T-CL Z 


Fig. 6-18. 


Note: While this latter series is not convergent, many useful engineering problems 
can be solved by its means. 
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16. Write the series expansion of the function shown in Fig. 6-19 in the form 


V 


2 a ° + 


2 e. cos ( 'j; x + a " ) 



17. Expand in a complex Fourier scries the function y = e* defined in the interval 

(- 1 , 1 ). 

18. A voltage-wave shape has the form given in Fig. 6-20. 

(а) By referring c(t) to a new set of axes is it possible to transform e(l) into an even 
or an odd function? 

(б) What is the fundamental frequency of c(t) ? 

(c) What is the period of its third harmonic? 

(d) Calculate the first term (J^a 0 ) of the Fourier expansion of c(t), that is, the 
so-called “d-c component.” 


cCi! volts 



19. Expand in a Fourier sferies the function obtained by passing y — sin x through 
a half-wave rectifier. Hint: A half-wave rectifier clips off the negative portions of 
the input wave, 

20. What are the characteristic properties of a function whose Fourier expansion 
contains only 

(а) even cosine terms 

(б) odd cosine terms 

(c) even sine terms 

(d) odd sine terms 
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21. Which of the following functions may and which may not be expanded into 
Fourier series in the intervals indicated? 

(—*•,*■) 

(0, 2) 

(- 1 , 1 ) 

(- 0 . 1 , 0 . 1 ) 

22. How fast will the Fourier coefficients of the following functions approach zero 
with increasing n? 

(a) f(x) of Prob. 4 

(b) }{x) of Prob. 10 

(c) f(x) of Prob. 14 

(d) y of Prob. 17 

23. (a) At what points does the derivative of the Fourier series of the functions of 
Prob. 22a to c give values different from the derivatives of the functions? 

(6) Does the integrated Fourier series of the same functions give the Fourier 
series of their integrals? 

24. Apply the 6-ordinate Run go scheme to the following functions in the intervals 
indicated: 

(а) y = x ' (0, 6) 

(б) y - ** (0, 3) 

(c) y = cosh a; (—3, 3) 

(d) y = lagio x (1, 4) 

26. Apply the 12-ordinate Runge scheme to the following functions: (a) the func- 
tion of Fig. 6-21 



Note: Take y = 0 at points of discontinuity. 


x\ 

0 

0.5 ' 

1.0 

1.5 

2.0 ' 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 

5.5 

6.0 

v\ 

1 

1.2 

1.5 

1.9 

2.3 

2.0 

1.7 

1.4 

1.0 

0.6 

0.8 

0.9 

1.0 


2a: 

1 


(a) sin 

® (SET- !)• 

(c) y t = 1 — x 2 
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26. Analyze by the selected-ordinate method the following functions in the inter- 
vals given up to the indicated harmonic : 


( 6 ) 

(c) 


(x - ip 

(0 < * < 2) 

4th harmonic 

<i=l 

(0 < i < 1) 

(1 < x < 2) 

4th harmonic 

{« 

(0 < i < 2) 

(2 < x < 4) 

6th harmonic 


Note: Take y = 0 at points of discontinuity. 


(d) y = x (0 < x < 3) 6th harmonic 

Note: Analyze y = x — M, and add % to the result. Why? 



ANSWERS TO ALTERNATE PROBLEMS 


Chapter I 

1. A rational number is an integer or a fraction. An irrational is a real number 
neither an integer nor a fraction. An imaginary is a number whose unit is ?'. 
A complex number is a number composed of a certain number of real units and 
a certain number of imaginary units. 

3. -\/5 Is the diagonal of a square, whose side (\/2) can be built as the diagonal 
of a square of side 1. -\/i0 is the diagonal of a square, whose side ( \/5) can 

be built as the hypotenuse of a right triangle of sides 1 and 2. 

6. Assume logio 5 = m/n, with m,n integers without common factors. Hence 
10”‘/ n = 5, or 2"‘5 m = 5», thatlis, 2 m = 5 n_m . But 2 m is even, and 5 n ~ m is odd. 
Hence the assumption logio 5 = m/n is false and logio 5 is an irrational 
number. 

6. (6) Fraction; (d) integer; (/) complex; ( ft ) fraction; (j) fraction 

7. ( ft ) 4.5; (d) \/l3 

8. ( ft ) H(l - a/ 3?); (d) -H(l + 3 ?); (/) M - V 2 i ; ( ft ) 46 + 9t; 

O') Msoa(-106 + 371?) = -0.0377 +0.132? 

9. ( b ) 1 + 6i; (d) o(3 + 4a + 6t); (/) K r, (3 + 4t); (ft) -8 + 12 i; (j) 5 + 12? 

10. (ft) -2 + 4 f; (d) -4; (/) + x/2 t 

11. (ft) 7.280/16°; (d) 0.001802 /303°40'; (/) 5.10 /281 ”20' ; (ft) 0.01/270°; O) 
2.04 X 10 6 /348M(y 

12. (ft) 0.299 - 0.1937; (d) 5.36 + 4.507; (/) 1.90 + 1.20? 

13. (6) 2.01 /20°50' ; (d) 2.35 X lQ- yi64° ; (/) r 2 /0°; (ft) r* j | 

14. (ft) 2.41, -1.21 +2.09?, -1.21 -2.09?; (d) 1.85 + 0.765?, -1.85 -0.765?, 

-0.765 + 1.85?, + 0.765 - 1.85? 

(/) 2.11 /0.2, 1,77, 3.34, 4,91 ; (ft) ± (1.516 - 4.62?) 

0) + 0.257 + 0.703?, -0.590 + 0.461?, -0.620 - 0.417?, 

+ 0.206 - 0.720?, +0.748 - 0.0268? 

15. (ft) +1.189, ±1.189? 

(d) +(1.225 - 1.225?) 

(/) 0.866 + 0.5?, ?, -0.866 + 0.5?, -0.866 - 0.5?, -?, 0.866 - 0.5? 

19. 3 = 20 /22,5° = 18.48 + 7.65? 

21. (a) Height of a tree, temperature in a room, speed of a car, sales of stock at. 

the New York Stock Exchange 

(c) Volume of a parallelepiped, distance between two points in space 

(e) Amount of work done by a man, amount of money spent in running a 
refrigerator 

22. (ft) x *= 4 sin ^ t 

24. (a) |3:| < 6; (c) x > 0; (e) \x\ < 3; (g) 2n^ < x < (2 n + IV 

25. (1) Velocity of a body as a function of the coordinate, the coordinate being a 

function of time 
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(2) Volume of a gas depending on tlic pressure, function of the temperature 

(3) Cost of manufacture depending on later costs, ■which depend on number 
of manufactured items 

27. x must approach x 0 , x must remain near x 0 

28. (6) Zero; ( d ) no limit; CO 1; (h) + «; 0) zero 

29. (6) \ (d) zero; (/) zero 

30. (6) None; (d) (J) |, (A) 1 

31. (6) ± «; (d) 1; CO 

32. (6) aH 

33. (6) First; (d) not an infinitesimal; (/) order 
(A) first; O') first 

34. (6) 6x 5 - 7; (d) cos 2x; (/) nx- 5 ; (A) 


35. (6) An*" -1 ; (d) — £=; (/) (6 - 7x)6x - 7 (a + 3x J ); 

V2x 

(A) - vT+T* + O') x"-»(l + X»)U-"V» 

Vl+z ! 

3G. (6) §; (d) cot x; (/) ^ + §; (A) cos x «-»; O) ^ 

37. (6) l; (d) e~* ( 1 - ^ S ^ C0S *) ;(/) A* (4 In A In 4x + i); 0) ^ 
38- (A) - — — -r r- r J W 60C " 1 1 + - 7 ==; CO - 1 ' 


(1 + x 5 ) (tan -1 x) 5 

(A) - * ;(j) 6 


Vx’ - 1 


c 1 4- <r 


x vT — x 5 ' sinh 2x 

39. (A) cosh x <r lnh ' ; (d) — e -51 ; (/) esc -1 x; (A) zero; 

- 5 1 

U1 cos 5 (x/2) 16 + [5 tan (x/2) + 3)’ 

40. (A) (d) — 3 cos 5 x sin x; (/) sin x sinh x + cos x cosh x; 

(A) - 


sin x , 28x 5 1 /-. = 

cos 5 sin 5 (see x — 4)’ ^ 3 A ^ sm 1 


41. (A) 2 sin x + x cos x; (d) — [(x 5 — l)(sin x + cos x)] 


(O -2 


3x 5 


sin x’ 




(A) 


(x - l) 5 1 
2x 5 tan x 5 — 1 
: Vi 5 cos 5 x 5 — 1 


1 


0) 2 cos x 5 — -5 sin x 5 


42. (6) sin i, (d) ^ CO , ( , n t + 3) 

(A) - 2 [cos (2 sin-* <)]; O) + — - 
V 1 — < 5 cos l 

44. (b) 3x 5 + 3 y, 3y 5 + 3x, 6x, 6y, 3 

(d) 2 cos (2x + y), cos (2x + y), —4 sin (2x + y), —sin (2x + y), 
—2 sin (2x -f- y) 

«)i i _! _i 0 

U) x’ !/’ x 5 ’ y 5 ’ 0 
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45. (6) 12x; (d) -2 sin 2x; (/) n(n - l)x n_i ; (ft) 

48. sin x, cos x 
BO.' z = 4 + y + c 
dx 

E2 - -a = 

rl 3(1 /r) _ x — a 3 2 (l/r) 1 , 3(x — a) 5 

to r 3 ’ to 2 r 3 ‘ r 5 

66. (a) 10.15; (c) 7.047; (e) 0.004926; (g) 0.9657; (i) 0.0198 

67. 0.43 per cent 

68. (a) 1.05 cu ft per sec; (6) 0.482 sq ft per sec 

60. d( 1 + e) n 1 - »i(l + O' 1-1 1 de = mde 

J«=o Je = 0 

d(l + me)J _ q = mde 

(1 -f- e) m (1 + t]) n — (1 + me)( 1 + 7!jj) = 1 + me + fit) + mnetj 
= 1 + me + ni 7 
or use binomial expansion 
(6) zero; (d) zero; (/) 1; (ft) e ai ; (j) « ; (l) J^ 4 
(6) — H cos 4x + c; (d) sinb 1 x -f- c; (/) In x — 4/x + c 
( ft ) — V a- — x 1 + c; (j) }£x [sin (In x) — cos (In x)] + c 

(6) tan x + c; (d) In (x — 1) -f- c; (/) cos (a + i>x) + c 

(ft) ^ V(2x - a) 2 + c; (j) - 2 - ( --- 3 ~ bx) - VF+Tx + c 

64. (ft) 4.045; (d) -(m = n), zero (m X n); (J) 0.014; (ft) -4.40 (i) 0.363 
66. (6) J4e"(x sin x — x cos x + cos x) -f c 

glr 

(d) (cos 4x + 2 sin 4x) + c 
e 3x 

(/) -g- (sin 3x — cos 3x) 

(ft) — (at — sin at) ; (d) — i 5 4 — = (cos at — 1) 

CJ 03 03 Z 

/o" x '' e ~ X(ix = - /o" xn<fe_r = - {*" e ^] 0 “ - » / 0 ” 

= n fo xn ~ le ~ d x = n(n — 1) J Q x n-: c“ i 

(6) 2.004571, 2.0002S3; e 2 = 0.00032; (d) 28.70; (/) 2.609 
20.2 X 10~ 6 coulombs 
3.180 

, 4 c 3 . 2c 3 fe/fc 

4c ~ 3 k ~ Ap = T ~ J- c/k V -v)** 

0.S21 amp 

(«) VHE, HE; (ft) VHE, 0 


61. 

62. 

63. 


66 . 

67. 


: dx 


n I 


68 . 

69. 

71. 

73. 

76. 

77. 

79. 

81. 

83. 


ft _ r ) b: (1_r) - ui a ~ r) ] 
Mep = 114.3 psi 

P = 

2ftf 


85. H = 
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87. T = ?Za' 

89. m = raka* 

SX. The integral of an odd function in the interval (—a ,~ f 
an even {unction is unchanged by changing x into —x. 
93. 1700 ft 


--FI 

9G. Per = - •' 

(V%Ly 

98. 20 Btu per hr 


Chapter II 


1. («) 7.S1, 1.2; (c) 1.41, -1; (c) 13.00, -3.25; (y) 1.12, • 

2. (a) y = 0.5r + 2; (e) 2 = 0 

3. (a) 4y + 3z - 22 = 0, rn = b x = 7.33, = 5 

(c) 2y + 32 + 2 = 0 , m = -? 4 , 6, = = - 

(c) 4y — 3x — 15 = 0, b g — —5, 6 r = 3.75 

4. (a) m ■= -?4, 6* = 1.33, b„ = 2 

(c) m = -4, 6.. «= 0, 6, = 0 

if) m = 0.3SS, i_- = -4.S5, = 1.8S 

6. (a) (-3, 2.5); (c) (0,0) 

6. (a) 2y + x - 2 = 0, y - 2x - 1 = 0 

(c) 3y — 2 4- 16.2 = 0, y + 3n — 1.6 = 0 

to 2 = 0, y = 0 

(?) V — x — 1.14 = 0, y + x — 1.14 = 0 

7. (a) 0 = 30°; (c) 90= 

8. (a) 0.071; (c) 4.23; (<•) 24; (y) 300 


9, Coordinates of mid-points of sides: 

11 . 1 



13. (4.40, 10.19), (-2.46, -0.190) 

16. 5.00 

17. The first automobile, by 23.5 min 

18. (b) (2 + 2.4) J -i- (y -1.2)5 = 23.04 
(d) (2 - 1.1)5 + (y - 4 0)5 = 6S.00 
(/) (2 - 1.33)5 + (2/ _ 2.54)5 = 8.22 

19. (6) (0, 0.75) r = 1.031 

(d) (1.19, -0.194) r = 1.41 

20. A circle 
22. 37° 


24. 



1 



26. (6) y = ±0.8032; (d) r = 0, y = 0 
25. (6) y = -2x5; (d) y = 1.4S2 ! - 1.44r 

28. Length of side = 

31. (a) Ellipse; (c) circle; (c) parabola 

32. ) x’ -f y5 = 4; (c) 2 5 — y5 = 9; (t) y = sin 


■ a ) is zero; the integral of 


5.5; (i) 1.41, -1 

.5 

1 
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33. (a) (z') ! + (J/0 2 = 4; (c) x' + y' = 0 

34. (6) 2.21a: 2 + 0.793;/ 2 = 2; (d) y' = - \/2 

37. 0 = 45°, = 1.18, ye = —0.707 

39. xa = H, Vo = — 

41. x = K, 2/ = % 

42. (6) r = cos 6 

(d) r-(l - 3 sin 2 0) = 8 

(/) r 2 [6 2 - (a 2 + 6 2 ) sin 2 fl] = a 2 M 


44. /:=/"“ f' 7 " re-^ dr dfl = £ 

Jo Jo 4 

46. (6) 2/ = 1; (d) y = 3.46a; + 3.46 

46. (6) 2/ = — 2.71Sx; (d) 2/ = ±0.577(a: - 4) 

48. 2y- « (s - 1) 

49. (6) Decreasing; (d) increasing; (/) increasing 
60. (6) -0.0377; (d) -0.00260; (/) -0.0949 

62. C = ± p 


64. C = +1 

66. (6) Negative; (d) positive; (/) negative 

56. (6) Minimum at a: = + \/j? ; maximum at a: = — y/%, inflection at x = 0 
(d) Maximum at x = 0; minimum at x = ±0.5; 

inflection points at x = +0.289 
(J) Inflection point at x => 1 

67. (6) V2 o, -2= 

68. Depth 2.5 in., width 5 in. 

61. 60°, 60°, 60°, that is, equilateral 
63. CO stories 



67. (250 X 500) sq ft 
69. d = 500 miles 
71. a:o = 25.3 ft 
73. 4 in. X 4 in. X 2 in. 
76. o- = 45° 


77. 0 = ~ 

4 

79. x = 90.5 ft 

81. 0.55S mile from stronger light 
83. v = c 

86. 6 floors, 4 lots 
88. x = 0.519L 


89. (6) l = 24 in.; r = — = 7.67 in. 

ir 

91. X L = -X„ R 0 = R l 
93. f = 0 (x = -1, y = 10) 


95. R = S 


D In (4/a) 
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97. 

99. 


1.28 hr 
S\/2 


1. (a) x = M ; (c) x = 


Chapter III 
4a ! 6 


2. 2 = 1 - 


In (a + 6) 


56 - 5a J + a6 5 ’ 


(e) i = 


7nb 

76-3 


4. 

G. 

8. 

10 . 

11 . 

13. 

16. 

17. 

19. 

21 . 

22 . 

24. 


26. 

26. 

27. 

28. 
29. 


+0.43G; (/) 2 = 3, 3 


32. a 


In a 

V = 12S.5 ft per min 
185.7 per cent 
22.2x 

C = 2 knots 

(6) x = — 1 ± V2i; ( d ) x <= — 1.1G5, 2 
x J - Sx + 25 = 0, x = 4 ± 3f 
i = 1 .95 sec 

Fa = 31.30 inph, Fb = 21.30 mph 

x = 125, C = S20 

2=2 

(6) V2 (±1 ±i); (d) ± \/3, ±j; (/) ±4.08, ±1.2Gi 
(6) 0 < 2 < 1; (d) -4 < 2 < -3; 

(f) -4 < 2 < -3, -1 < 2 < 0, 4 < x < 5 

(6) — 1 < 2 < 0, I < 2 < 2; (/) 0 < 2 < 0.9 and 2 = 1 

(c) 2 = 1.2; ( g ) x = —1.5 

(а) x = -2.7G; (c) x = 1.21; (e) 2 = 0.453 
(?) -1.51, 1.16 ± O.GGOt 

(б) +4, +3; (d) -2, -7; (/) 0, +5; (/.) 0, -1; ( j ) 0, +2 

(6) Positive, 3 or 1; negative, 0; imaginary, 2 or 0 

(d) Positive, 2 or 0; negative, 1 ; imaginary, 2 or 0 

(/) Positive, 1; negative, 2 or 0; imaginary, 2 or 0 

(h) Positive, 1; negative, 1; 

(j) Positive, 2 or 0; negative, 0; 

8P'V C 


■■ 3 F,>P C ; 6 = £ ; R 


imaginary, 2 
imaginary, 4,2 


3 P, 


34. 

36. 

38. 

40. 

41. 

43. 

46. 


£ = 0.25G ft 
a = 24°0G' 

/ = O.OOSOO 

(a) 2 = 0.244; (c) x 


r 1 — 1 + r 1 sin 

l = 1.83RC 
n = 4 


0.5S8 
- 1 (;) = 4, r = 2.1 


1- (a) y 


-8 


T» X es 


12 . 


2a + 36 
(c) 2 = 1, y = 1 
(c) 2 = J3 + any y 
(a) 2 = 1, y = 2, : = 3 
(c) 2=4 ,t/= — 1, r •= 
(a) 729; (c) -1203 


Chapter IV 
56 + Ga 
2a + 36 


-2 
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14 . (a) *1 = 1, s 2 = 1, *3 = -1, *4 = 2 

(c) xi = 1.25, *2 = -1.42, x 3 = 2.12, x 4 = -2.12, s 6 = 3.07 

16. x = ^ (1 — cos a cos 3a — 3 sin a sin 3a) 

v = ^ (3 — 3 cos a cos 3a — sin a sin 3a) 
y 3A 

s = — (3 sin 3a cos a — cos 3a sin a) 


t = 7 T- (cos 3a sin a — 3 sin 3a cos a) 

3A 

where A = 4(5 sin a sin 3a + 3 cos a cos 3a — 3) 

17. ( 6 ) Si = 1, X} = 2, s 3 = 3, x< = 4 

18. ( b ) Si = 2, s 2 = —1, = —1 

20. Si = 1.20, s» = 1.70, s 3 = 1.45 

21. ( 6 ) Inconsistent 



26. s = - 2 % 

flZi; 

27. Zi2 = 


R + Z 22 

28. ( 6 ) 7i = 9.24“, / 2 = 5.19», I 3 = 11.51“ 

29. 3s 2 + 2xy ~ 4x + 7y - 7 = 0 


30. (6) Mi = + g, 


qL- 

M ~ ~ ~ lT 


(fi) ilfi = — 12.5 ft-kip, ill ; = —31.3 ft-kip, ilf 2 = — 73.5 ft-kip, 
Mt = —64.2 ft-kip, Ms — —12.5 ft-kip 


Chapter V 

1. (a) 20, 12; (c) 499, 3; (c) 12.62, -4.2 


2 . (a) - 


1 


■ + 


1 


8 s + l‘4s — l' 8 s— 3 


+ 


1 


, . 1 ,3 

(C) 2 5 + 8 s -(l/V 2 ) 


+ 


S s + (1/V2) 


w \ 


( g ) 


2 s + 1 
1 




2 s 2 - s + 2 
s 

s +2 s 2 + 2 s + 1 
3 s - 1 3 s - 3 


... o a 

® 4 s 2 " 

6 . (ct) -0.904; (c) -15.90; (e) +0.584 

7. (a) —sin 0; (c) cot 6 ; (e) sin 9; (g) esc 6; (i) cos 6 

8 . (a) 0.9690; (c) 2.28; (e) -4.84 

9. (a) Neither; (c) odd; (e) odd; (< 7 ) even 

14. (a) 54°, 3.07; (c) 82°50', 0.185; (e) 48°50', 1.19 
16. Odd; neither; odd; neither 

16. ( 6 ) 6351; (d) 7.436; (/) 0.4895 

17. ( 6 ) V5; (d) ±; (/) |; (A) i 

18. ( 6 ) 0.295; (d) 1.34; (/) 0.994; (A) -4.11 

19. ( 6 ) s > 3.8 
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28. 

37. 


■ / sin 
c 


r-.I 


[cos (i-'s — — ; — COi -f- ' 


- C3-C* cr f — 


c 

; CO* J o 


= | (cot 1 o — 1), i «= -f COt : a 


46. 

48. 

£ 0 . 


51. 

52. 

53. 


ZfyZB east of north 
s- = S.S7 yd 
.1 = 33.200 sq ft 
P — 11.633 million 
ft) I -f- Jjr - J<=* 

, . . 11 z 1 t’-z- 

• c> c '~ 3 c-- 9 c'- 
v 3 _ r _ ^ ~ 1) 

ft; 3.107: (d) 1.974: CO 4.023 
(5; 0.523; fd) 1.019; CO 0.427 

OX} co=h J = ir^TTiT • 


54. 


V. = 3-= 5 -r|;--- 

, r 1 , 1 3rd 
\jj nre^mr z . c . 5 

(5) = 1 - f -gr* 

(l) ^ cosh = 

—6 r* 

(1 


55. 


53. 

57. 

53. 

61. 

62. 

65. 

67. 


69. 

70. 


^ (1 d-r,<4! 

ft) £-- = c [ 1 d- (= - l) 4- ( - J.- 1 - - -- d* • • •] 

(d) In s s = In 4 d- (r - 2} - 14'= - 2)* -f • • * 

/ \ / « 


(j ) z — 1 


«(«-!) 

,.2! (z - 2)» 
ft; m {- — 1)*: ft! 5 -1 =7-4- 

v> . O Z‘ O. 

ft) 0.0175; (d, 1.120; CO 11.12 

nrct-in r 
l . CSSS 

ft) 0.271: 'd) 01172: CO 1-312 

— 

2 “ rTOS ^‘ -i[l -1(7) ^’^] 
✓ 1 - \ 


[sn t.4 - | j sin 2cd) 

^ ft 2? 


:/ - dft -r : )' -f B 

ft) Divergent; (d) divergent; CO convergent ; ft.) converge 
fj) convergent 

ft) Convergent; ft) divergent: ft) divergent; ft; converge 
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73. (6) — 1 < x < +1; (d) — M < x < » ; (/) — 1 < x < +1 

<» - ^ * ^4 = nth term 

(;') Always divergent 
© 2 < x < 4 

76. (a) -1 + 42*; (c) ^ (1 - *); (d) -0.767 *; (jr) 11.54* 

(*) -11.54*; (fc) -4* 

76. (a) x — a, no limit; a; = hi, zero 

77. (a) 1; (c) |sin s); (e) 1.12 
79. (6) x = 0, x — ±2.646 

•y = ±2.646*, y = 0 
(d) x = 0.2, y = 0.4 

78. (6) x = |* 


W * = 


2n 


Chapter VI 
A- = const; i — j 


2. (a) f* <pi(x)<pj(x) dx = | ^ 

(b) The sinh and cosh functions are neither periodic nor orthogonal 

4 •(“)»“? | 


n = 1,3,5, . . . 


Sin AS 
n 2 




n = l p 3,5, 


sin nx 
n 


CO so 

c 6 V sin nx , 4 V 

6* y = - / — h- > 

tt A/ n ir 

n = 1,3,5, . 

8. (a) Yes; (6) yes 
in 2 16 Y 


sin nx 
n 


n =2,4,6, . . . 


n =2,6,10, 

cos (nir/2) 
n- 


12 


1 i 2 V 
- ! '-2 + ; 2, 


71=2,4,6, . 


Sin 7171-3 

n 


y(0) = H 

14 ‘ (a) y = ? X i (-D (n+3,/! sin^+^ V i ( - 1} » si 

Vl + *r 2 n s 


sm 


n-Trx 


n = 1,3,5, . . . 


l 


71 = 1 

■ cos (nirx + tan -1 nir) 


n = 1,3,5, . . . 

18. (a) Yes. New Origin (4, %). Odd 
(c) T = % sec 

20- d>) f(z) = f(x — L) = —f(x). A function even in the complete 

Fourier interval; odd in each half interval 
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(d) f(—x) = —fix)', fix — L) = —fix). A function odd in the completo 
Fourier interval and even in each half interval 


0.C25 cos 


0 rX 


22. (6) At least as 

n 1 

24. (6) y = 2.292 - 0.500 cos - 1.167 cos -Tp 
+ 2.59S sin — 0.8G6 sin Pp 

(d) y = 0.3101 - 0.1423 cos ^ - 0.1171 cos ^p _ 0.0507 cos ^ 

- 0.1570 sin =jj 0.0551 sin 

20. (b) y — }4 •+• 0.444 cos ri 4- 0.0556 cos 3rf: 

(d) j/ == 1.5 — 0.850 sin ^ - 0.500 sin ~ - 0.250 sin ~ 


0.1875 sin 


Snx 


. lO-Z . 12rX 

0.150 sm — g 0.12o sin ^ * 
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A 

Absolute value, of a number, 6 
Algebraic equations, 94-113 
Algebraic fractions, 149 
Algebraic functions, 147-152 
Alternating series, error in, 176 
Alternating series test, 176 
Analysis, Fourier ( see Fourier expansion) 
harmonic, 194, 210—222 
Analytic geometry, 60-93 
circle, 65 
distances, 61, 65 
ellipse, 66 
hyperbola, 67 
parabola, 70 
parallel lines, 63 
perpendicular lines, 64 
slopes, 60 
straight lines, 61 
Angle between lines, 64 
Anti-differential, 37 

Approximate numerical computations, 
165-167 

Arc, length of, 163 
Asymptotes of hyperbola, 69 
Axes, coordinate, 60, 73 

B 

Banachiewicz’s method, 128n. 

Bessel functions, 178 
Binomial coefficients, 164 
Binomial expansion, 162-167 
Binomial series, 162-167 
Binomial theorem, Newton’s, 164 
Biquadratic equation, 96, 165 

C 

Cable equation, 15S, 162 
Calculus, applications of, 74 
Cartesian coordinates, 60 
Catenary, 160 


Chords, method of, 100 
Circle, center and radius of, 65 
equation of, 65 
osculating, 78 
unit, 152 
Cofactor, 118 
Comparison test, 174 
Complex exponential functions, 179 
Complex Fourier series, 207-209 
Complex hyperbolic functions, 180 
Complex logarithmic functions, 181 
Complex numbers, 6-11 
absolute value of, 6 
conjugate of, 6 
division of, 8 
exponential form of, 181 
graphical construction of, 7, 10 
modulus of, 6 • 
multiplication of, 6-8 
operations on, 7-11 
phase of, 8 
polar form of, 7 
roots of, 9 

trigonometric form of, 8 
Complex roots of unity, 11 
Complex trigonometric functions, 179 
Complex variable, functions of, 178-181 
Composite functions, 13, 26 
derivatives of, 26 
Compound interest law, 158 
Conditions of Dirichlet, 209 
Conic sections, 65-71 
equation of, 65 

Conjugate of a complex number, 6 
Conjugate hyperbolas, 69 
Consistency of simultaneous equations, 
140 

Contacts between curves, 75, 78 
Continuity, 17 
Continuous functions, 17 
Convergence, interval of, 176 
range of, 176 
of series, 172-177 
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Converging increments, extrapolation 
formula of, 137 

solution of simultaneous equations by, 
135-13S 

Coordinate axes, CO, 73 
rotation of, 73 
translation of,' 72 
Coordinates, Cartesian, 60 
polar, 73 

tra.nsformation of, 71-74 
Cosh x, 160 
Cos -1 x, 27, 15G 
Cosine, hyperbolic, ICO 
Cosine lav, 1S3 
Cosine scries, 163 
Crout’s scheme, 128n. 

Cubic equation, 97 
solution of, by chords, 100 
by Newton's method, 107-110 
bj- separation intervals, 9S 
by successive approximations, 100 
by synthetic division, 100 
by tangents, 107-110 
Curvature, 75 
radius of, 76 
sign of, 78 

Curve, behavior of, 98 
circle, 65 
ellipse. 66 
hyperbola, 07-69 
length of, 163 
parabola, 70, 71 
slope of, 28 
tangent to, 74 

Curves, contact between, 75, 78 
D 

Definite integral, 34-36 
Definition, interval of, 13 
Degenerate conic section, 66 
Do l’Hospital’s rule, 33 
Delta method, 22-25 
De Moivre’s formula, 8 
Derivative, 21-2S 
of composite functions, 26 
definition of, 21 
delta method for, 22 
of elementary functions, 23, 25 
of exponential functions, 15S 


Derivative, expression for, 29, 31 
of Fourier series, 209 
geometrical interpretation of, 2S 
higher, 27 

of hyperbolic functions, 161 
of integral with variable limits, 3S 
of inverse functions, 26 
Leihnitzuin s}-mbol for, 31 
partial, 27 

of product of functions, 25 
table of, 27 

Descartes’s rule of signs, 103 
Determinants, 115-124 
cofnctor of, 1 IS 
definition of, 117 
elements of, 117 

evaluation of, by Laplacinn expansion, 
118-120 

by pivotal condensation, 121-124 
higher-order, 116 
minor of, 118 

pivotal condensation of, 121-124 
properties of, 120 
rows and columns of, 117 
second-order, 116 

solution of simultaneous equations by, 
116-120 

of systems of linear equations, 116 
Diagonal systems of simultaneous equa- 
tions, 132 
Differences, 21 
Differentials, 28-34 
applications of, 32 
definition of, 30 
higher-order, 31 
use of, 32 

Differentiation, rules of, 25-27 
Dirichlet’s conditions, 209 
Discontinuities, IS 
Discontinuous functions, 18, 201 
Distance, between point and line, 65 
between two points, 61 
Divergent series, 173 
Division, of complex numbers, 8 
synthetic, 101 

E 

e ( -, 179 

Elementary functions, 147-162 
derivatives of, 23, 25 
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Ellipse, equation of, 67 
Equation, algebraic, 94-113 
biquadratic, 96, 165 
of cable, 15S, 162 
of circle, 65 
of conic sections, 65 
consistency of, 140 
cubic, 97 

(See also Cubic equation) 
of ellipse, 67 
of hyperbola, 68 
linear, 94 

( See also Linear equations) 
parametric, 71 
quadratic, 94-96 
of quadratic parabola, 70 
of straight line, 61 

Equations, algebraic, factored form of, 96 
factoring of, 101 
general solution of, 103 
general theorems on, 103 
higher degree, 97-104 
linear .simultaneous, 114-147 

(See also Simultaneous equations, 
linear algebraic) 
solution of, 94-113 
by graphical interpolation, 97 
by method of chords, 100 
by method of tangents, 107-110 
by Newton’s method, 107-110 
by simplified Newton’s method, 
109 

by successive approximations, 97, 
100, 107 

by trial and error, 97 
(See also Simultaneous equations, 
linear algebraic, solution of) 
systems of linear, 114-140 
transcendental, 104-107 
Error, in alternating series, 176 
in Simpson’s formula, 44 
in solution of simultaneous equations, 
12S 

Error equations, 129-131 
Euler's formula, 179 
Even functions, 149 
Fourier expansion of, 197-199 
Expansion, binomial, 162-167 
Laplacian, IIS-120 
Maclaurin’s, 167-169 


Expansion, Maclaurin’s, of cos x, 168 
of e x , 16S 
of tr=, 16S 
of sin x, 168 
Taylor’s, 169-172 
of In x, 170 

Exponential form of complex number, 181 
Exponential functions, 157, 179 
derivatives of, 15S 
Exponential series, 168 
Extrapolation formula of converging 
increments, 137 

F 

Factorials, 164 

Fischer-Hinnen method, 217-222 
Fourier analysis (see Fourier expansion) 
Fourier expansion, in complete interxml, 
195-202 

complex form of, 207-209 

into cosines only, 197-199 

derivatives of, 209 

of discontinuous functions, 201 

of even functions, 197-199 

in half Fourier interval, 202 

integration of, 209 

in — L, L, 203 

into odd cosines only, 206 

of odd functions, 197-199 

into odd sines only, 205 

orthogonality conditions for, 195 

periodic prolongation for, 199-202 

with phase angles, 206 

in — -, +7T, 195-202 

at points of discontinuity, 201 

into sines only, 197-199 

in 0, L, 204 

in 0, it, 202 

Fourier expansion coefficients, complex, 

20S 

full-range, 197, 204 
half-range, 199-204 
Fourier series (see Fourier expansion) 
Fractions, 3 
algebraic, 149 
partial, 149-152 
Frequency, fundamental, 210 
Functions, algebraic, 147-152 
average rate of change of, 22 
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Functions, Bessel, ITS 
complex exponential, 179 
complex hyperbolic, ISO 
complex logarithmic, 181 
complex trigonometric, 179 
of complex variable, 178-181 
composite, 13, 25 
continuous, 17 
discontinuous, 18, 201 
elementary, 147-102 
derivative of, 23, 25 
even, 149 

Fourier expansion of, 197-199 
exponential, 157, 179 
hyperbolic, 15S-IG2, 180 
increasing and decreasing, 75 
instantaneous rate of change of, 22 
interval of definition of, 13 
inverse, 11, 20 
inverse hyperbolic, 102 
inverse trigonometric, 153-150 
limit of, 13-10 
logarithmic, 150, 181 
' multivalued, 12 
odd, 149 

Fourier expansion of, 197-199 
orthogonality conditions for, 195 
periodic, 194 
poles of, 149 
single-valued, 12 
trigonometric, 152-150, 180 
Fundamental frequency, 210 

G 

Gauss’s scheme, 124-128 
Gauss-Seidel method, 132-135 
General theorems on algebraic equations, 
103 

Geometric series, 173 
Geometry, plane analytic, 00-93 
Gracffc’s method, 103rt. 

Graphical construction of complex num- 
bers, 7, 10 

Graphical solution of equations, 97 
H 

Harmonic analysis, 194, 210-222 
by approximate sums, 210 


Harmonic analysis, by Fischer-Hinncn 
method, 217-222 
by Runge schemes, 213-217 
by selected-ordinate method, 217-222 
by six-ordinate scheme, 213-211 
by twelve-ordinate scheme, 215-210 
Harmonic series, 173 
Harmonics, 210 

Higher-degree algebraic equations, 97- 
104 

Higher derivatives, 27 
Homogeneous equations, systems of, 139 
Hyperbola, 07 
asymptotes of, 09 
conjugate axes of, G9 
equation of, 08 
equilateral, 09 
rectangular, 09 
transverse axes of, 09 
vertices of, 09 
Hyperbolas, conjugate, 09 
Hyperbolic functions, 158, 180 
derivatives of, 101 
table of identities of, 102, 180 

I 

Imnginary numbers, 5 
Increments, 21 
Indefinite integral, 39 
Independent variable, 1 1 
Indeterminate forms, 32-34 
do l’Hospitnl’s rule for, 33 
table of, 31 

Infinite scries, 105-178 
(See also Series) 

Infinitesimals, 18-21 
order of, 19 
principal part of, 20 
Inflection point, 79 
Integral, as an anti-differential, 37 
definite, 31-30 
of elementary functions, 40 
elliptic, 40 

Fourier scries of, 209 
indefinite, 39 
table of, 40 

with variable limits, 37 
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Integration, of Fourier expansion, 209 
numerical, 41-45 
by parts, 40 
by series, 165 
techniques of, 40-45 
variable of, 34 
Interpolation, linear, 100 
Intersection of lines, 63 
Interval, of convergence, 176 
of definition, 13 
separation, 99 
Inverse functions, 11 
derivatives of, 26 
hyperbolic, 162 
trigonometric, 153-156 
principal value of, 156 
Irrational numbers, 5 
Iterative methods, 132-138 
conditions for convergence of, 134 

I£ 

K series, 175 

L 

Laplacian expansion, IIS-120 
Law, of cosines, 183 
of sines, 184 

Leibnitzian symbol for derivative, 31 
Length of arc, 163 
Limit, of a function, 13-16 
of a variable, 13 
Linear equations, 94 
determinants of, 116 
systems of, 114-140 

(See also Simultaneous equations, 
linear algebraic) 

Linear interpolation, 100 
Lines, angle between straight, 64 
condition of parallelism for, 63 
equation of straight, 61 
general, 62 

intersection of two, 63 
orthogonality condition of, 64 
slope-intercept equation of straight, 62 
slope-point equation of straight, 61 
two-point equation of straight, 62 
Log z, 181 

Logarithmic functions, 156 
principal branch of, 181 


Logarithmic series, 170 
Logarithms, natural, 24, 156 

M 

Maclaurin’s series, 167-169 
Maxima and minima, 79-82 
table of determination of, 81 
Minors, 119 

Modulus of a number, 6 
Multiple roots, 151 

Multiplication of complex numbers, 6-8 
Multivalued functions, 12 

N 

Natural logarithms, 24, 156 
Negative numbers, 1 
Newton’s binomial theorem, 164 
Newton’s method, 107-110 
Newton’s relations, 104 
Normal to a line, 64 
Numbers, absolute value of, 6 
complex, 5-11 
complex conjugate, 6 
exponential form of complex, 181 
fractional, 3 
imaginaries, 5 
integers, 3 
irrational, 5 
modulus of, 6 
natural, 3 
negative, 1 
rational, 4 
real, 5 
table of, 7 

trigonometric form of complex, 8 
Numerical computations, approxi 
165-167 

Numerical integration, 41-45 
error in, 44 

O 

Odd functions, 149 
Fourier expansion of, 197-199 
Order of infinitesimal, 19 
Orthogonality conditions, of func 
195 

of lines, 64 
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Oscillating s-erie*, 173 
Osculating circle, 73 

P 

Parabola, equation of quadratic, 70 
n-th degree, 71 
Parallel lines, 03 
Parametric equations, 71 
Partial derivatives, 27 
Partial fractions, 1-19-152 
Pascal’s triangle, 1G4 
Period, 194 
Periodicity, 194 
Periodic functions, 194 
Periodic prolongation, 199-202 
Perpendicular lines, G4 
Phase, of complex number, S 
Pivotal condensation, of determinants. 
121-124 

diagrams for, 123 
Point of inflection, 79 
Polar coordinates, 73 
Polar form of complex numbers, 7 
Poles of a function, 149 
Polynomials, evaluation of, 148 
Power series, 165-17S 
range of convergence of, 176 
remainder of, 170-172 
Power-series test, 170 
Principal branch of logarithmic function. 
181 

Principal part of infinitesimal, 20 
Problems, 45, 82, 110, 140, 181, 222 
Prolongation, periodic, 199-202 

Q 

Quadratic equations, 94-96 
Quaternion*, 7 

Quotient of complex numbers, 8 
R 

Radius of curvature, 70 
Range of convergence, 176 
Rate of change of functions, 22 
Ratio test, 175 
Rational numbers, 4 
Real numbers. 5 


Remainder of power series, 170-172 
Roots, approximate evaluation of, 100 
of complex numbers. 9 
multiple, 151 
of unity, 11 
Rotation of axes, 73 
Rule, Simpson’s, 42-45 
Rules of differentiation, 25-27 
Runge schemes, 211-217 

S 

Selected-ordinate method, 217-222 
Separation interval, 99 
Series, alternating, 176 
binomial, 162-1G7 
comparison test for, 174 
convergence of, 172-177 
divergent, 173 
expansion of cos x, 10S 
expansion of i~, 10S 
expansion of c~~, 10S 
expansion of In x, 170 
expansion of sin x, 10S 
Fourier ( see Fourier expansion) 
geometric, 173 
harmonic, 173 
infinite, 105-178 
I; scries, 175 
logarithmic, 170 
Maclaurin’s, 107-109 
oscillating, 173 
partial sum of, 172 
power, 1G5-17S 
remainder of, 170-172 
sum of, 173 
summation of, 178 
Taylor’s, 109-172 
Biropen's formula, error in, 44 
Simpson’s rule, 42-45 
Simultaneous equations, linear algebraic, 
114-147 

consistency of, 140 
diagonal systems of, 132 
homogeneous, 139 
ready for iteration, 133 
solution of, by Banachiewicz's 
scheme, 128n. 

by converging increments, 135-13S 
by Crout’s scheme, 12Sn. 
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Simultaneous equations, linear algebraic, 
solution of, by determinants, 
116-120 

by elimination, 114 
error in, 12S 

by error equations, 129-131 
by Gauss’s scheme, 124-12S 
by Gauss-Seidel iterative method, 
132-135 

by iteration, 132-13S 
by successive substitutions, 131 
symmetrical systems by Doolittle’s 
method, 128n. 

(See also Equations, algebraic, 
solution of) 

triangular systems of, 126 
Sin -1 x, 27, 156 
Sine, hyperbolic, 160 
Sine law, 1S4 
Sine series, 168 
Single-valued functions, 12 
Sinh x, 160 

Six-ordinate scheme, 213-214 
Slope, of curve, 28 
of straight line, 60 

Solution of equations ( see Equations, 
algebraic, solutions of; Simultaneous 
equations, linear algebraic, solution 
of) 

Stationary points, 79, SI 
Substitution, solution of equations by, 
131 

Synthetic division, 101 


Systems of equations, consistent or incon- 
sistent, 139 

linear algebraic, 114-140 
T 

Tan -1 2 , 27, 156 
Tangent, hyperbolic, 161 
Tangent line, to a curve, 74 
Tangents, method of, 107-110 
Tanh x, 161 

Taylor’s series, 169-172 
Techniques of integration, 40-45 
Transcendental equations, 104-107 
Transformation of coordinates, 71-74 
Translation of axes, 72 
Trial-and-error solution of equations, 97 
Trigonometric form of complex number, 8 
Trigonometric functions, 152, 180 
inverse of, 153-156 
Trigonometric identities, 153 
Twelve-ordinate scheme, 215-216 

U 

Unit circle, 152 
Unity, roots of, 11 

V 

Variable, complex, functions of, 178-181 
dependent, 11 
independent, 11 
of integration, 34 
limit of, 13 
Variables, 11 
Vectors, 7 



